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PREFACE 


The problem of specifying the radiation field in an atmosphere which 
scatters light in accordance with well-defined physical laws originated 
in Lord Rayleigh’s investigations in 1871 on the illumination and 
polarization of the sunlit sky. But the fundamental equations governing 
Rayleigh’s particular problem had to wait seventy-five years for their 
formulation and solution. However, the subject was given a fresh start 
under more tractable conditions, when Arthur Schuster formulated in 
1905 a problem in Radiative Transfer in an attempt to explain the 
appearance of absorption and emission lines in stellar spectra, and Karl 
Schwarzschild introduced in 1906 the concept of radiative equilibrium 
in stellar atmospheres. Since that time the subject of Radiative Transfer 
has been investigated principally by astrophysicists, though in recent 
years the subject has attracted the attention of physicists also, since 
essentially the same problems arise in the theory of the diffusion of 
neutrons. 

In this book 1 have attempted to present the subject of Radiative 
Transfer in plane-parallel atmospheres as a branch of mathematical 
physics with its own characteristic methods and techniques. On the 
physical side the novelty of the methods used consists in the employ¬ 
ment of certain general principles of invariance (Chapters IV and VII) 
which on the mathematical side leads to the systematic use of non¬ 
linear integral equations and the development of the theory of a special 
class of such equations (Chapters V and VIII). On these accounts the 
subject would seem to have an interest which is beyond that of the 
specialist alone: at any rate, that has been my justification for writ¬ 
ing this book. However, my own partiality has led me to include two 
chapters (Chapters XI and XII ) which arc probably of interest only to 
the astrophysicist. 

I am grateful to Dr. C. Mfinch, who drew all the diagrams which 
illustrate this volume, to Miss Donna D. Elbert, who assisted with the 
proofs and the preparation of the index, and most of all to the Clarendon 
Press for bringing to this book that excellence of craftsmanship and 
typography which is characteristic of all their work. 

8. C. 

YERKESOBSERVATORY 

1 August 1949 
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THE EQUATION OF TRANSFER 

1. Introduction 

In this chapter we shall define the fundamental quantities which the 
subject of Radiative Transfer deals with and derive the basic equation 
—the equation of transfer—which governs the radiation field in a 
medium which absorbs, emits, and scatters radiation. In formulating 
the various concepts and equations we shall not aim at the maximum 
generality possible but limit ourselves, rather, by the situations which 
the problems considered in this book actually require. 

The chapter also includes a classification and discussion of the various 
types of problems which will be treated in this book. 

2. Definitions 

2.1. The specific intensity 

The analysis of a radiation field often requires us to consider the 
amount of radiant energy, dE vi in a specified frequency interval (v, v-j-dv) 
which is transported across an element of area 
do and in directions confined to an element of 
solid angle dw, during a time dt (sec Fig. 1). This 
energy, dE v , is expressed in terms of the specific 
intensity (or, more simply, the intensity), I v , by 

dE v — I v cos id dvdodcodt, (1) 

where d is the angle which the direction con¬ 
sidered makes with the outward normal to da. The construction we 
have used here defines also & pencil of radiation. 

It follows from the definition of intensity that in a medium which 
absorbs, emits, and scatters radiation, I v may be expected to vary from 
point to point and also with direction through every point. Thus, for 
a general radiation field, we may write 

I v — I p (x, y, z\ l, m, n; t), (2) 

where (x, y, z) and the direction cosines (/, m, n) define the point and 
the direction to which l v refers. 

A radiation field is said to be isotropic at a point, if the intensity is 
independent of direction at that point. And if the intensity is the same 
at all points and in all directions, the radiation field is said to he 
homogeneous and isotropic. 

3595.64 
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The case of greatest interest in astrophysical (and terrestrial) contexts 
is that of an atmosphere stratified in parallel planes in which all the 
physical properties are invariant over a plane. In this case we can write 

I v = ( ; 0 

where z denotes the height measured normal to the plane ol si r at ideation 
and # and 9 are the polar and azimuthal angles, respectively. If I y 
should he further independent of 9 we have a held which has ua ml 
symmetry about the 2 -axis. 

Another case of interest which also arises in practice is that of 
spherical symmetry when 

I v ^L(r,#;t), W 


where r is the distance from the centre of symmetry and >)• is the 
inc lin ation of the direction considered to the radius vector. 

The intensity I v integrated over all the frequencies is denoted by I 
and is called the integrated intensity ; thus 


I = J I v dv. (f») 

0 

While for most purposes the intensity I v {x,y,z\l , m, 11 ) sufficiently 
characterizes a radiation field, it is important to note that further 
parameters describing the state of polarization of the radiat ion field 
must be specified before we can regard the descript ion of t lit* Held as 
really complete. We shall consider the characterization of these further 
parameters in § 15. 


2.2. The net flux 

Equation ( 1 ) gives the energy in the frequency interval (i\ v \ dv) 
which flows across an element area of dcx in a direction which is inclined 
at an angle # to its outward normal and confined to an element of solid 
angle dev. The net flow in all directions is therefore given by 


dvdadt J I v cos# da>, 


(‘l) 


where the integration is to be effected over all solid angles. 

quantity r 

ttF v — /„COS#cZa> 


The 

(7) 


which occurs in the expression ( 6 ) is called the net flux and defines the 
rate of flow of radiant energy across da per unit area and per unit 
frequency interval. 
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Por a system of polar coordinates with the 2 -axis in the direction of 
the outward normal to dor 

dco = sin ■& d&dcp, (8) 

and the expression for the net flux can be written in the form 

7V 27 T 

ttF v — j* J /„(#, q^sind-cos^ dd'd<p. (9) 

o o 

As F v has been defined, it depends on the direction of the outward 

normal to the elementary surface across which the flow of radiant 

energy has been considered. However, this dependence of the flux on 

direction is simple and is of the nature of a vector. For, considering 

the flux across a surface the direction cosines of whose normal are l, m, 

and n, we have T , /• 

' rr *v3,m,n = J 4( Z > m > n )COS0 (Lcj, (10) 

where 0 is the angle between the directions ( l r ,m',n') and ( l,m,n ). 
Hence 


7 T F y 

JIJL 


I v {l r , m', -| -nn/) dco , 


( 11 ) 

or (12) 

where Jr^, F rM , and j 0],.. define the fluxes across surfaces normal to the 
x, y, and 2 directions, respectively. 

For a radiation field which has an axial symmetry the expression for 
F v along the axis of symmetry is 


7T 


it 


2 j u») 


kiln# cos {h 


(13) 


2.3. The density of radiation 

The energy density u v dv of the radiation in the frequency interval 
(v,v~\~dv) at any given point is the amount of radiant energy per unit 
volume, in the stated frequency interval, which is in course of transit 
in the immediate neighbourhood of the point considered. 

To find the expression for the energy density at a point P we con¬ 
struct around P an infinitesimal volume v with a convex bounding 
surface a. We next surround v by another convex surface S such that 
the linear dimensions of E are large compared with those of cr; never¬ 
theless, we arrange that the volume element enclosed by E is still so 
small that we can regard the intensity in any given direction as the 
same for all points inside E. 

Now all the radiation traversing the volume v must have crossed 
some element of the surface E. Let dh be such an element; further let 
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© and # denote the angles which the normals in dZ and an (dement dtr 
of o- make with the line joining the two elements. The energy flowing 

across dZ which also flows across da is 

, , (•< >s iV- cos (“) d adZ 

i" v cos 0 dZdco'dv - ■ l v <h> 

since the solid angle doj' subtended by da at dZ is 

da cos/>//•", 

where r is the distance between da and dZ. H / is the length iia\< 
by the pencil of radiation considered through the volume element*, 
the radiation (14) incident on da per unit time will have tni\eised t it 
element in a time Ijc, where c denotes the veloeity <d light. Ihe ton 
tribntion to the total amount of radiant energy in course of transit 
through v by the pencil of radiation considered is 


I v dv 


cos#cos© dadZ l 


I v dvdnlto* 


( 15 ) 


r* r <’ 

where dco — dZ cos<").t~ 

is the solid angle subtended by dZ at. / > and 

dv ~ Ida cos fb 

is the volume intercepted in v by the pencil of radiat ion. 1 heretore the 
total energy in the frequency interval (r, r | dv) in eours<‘ oi transit 
through v, due to the radiation coining from all directions, is obtained 
by integrating (15) over all v and to: thus, 

— J* dv J* dco J v k-: dv | /,, do. 


(l«) 


Hence 


u. 




d a >. 


( 17 ) 


The integrated energy density, u, is similarly given in trnns oi the 
integrated intensity I\ thus, 


u v dv = * J I dw. 

0 

It is often convenient to introduce the average intensify 

Jv ~ Itt J ^ 

which is related to the energy density by 


(IK) 


( 19 ) 


u. 


4 - 7 T r 

—— e/,. 


( 20 ) 
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For an axially symmetric radiation field (cf. eq. [13]) 

77 

./„ = J | sin# d». (21) 

0 


3. Absorption coefficient. True absorption and scattering. 
Phase function 

A pencil of radiation traversing a medium will be weakened by its 
interaction with matter. If the specific intensity I v therefore becomes 
I. v -\-dI v after traversing a thickness ds in the direction of its propagation, 
we write 


dl„ 


■ /Cy pd"p ds, 


( 22 ) 


where p is the density of the material. The quantity k v introduced in 
this manner defines the mass absorption coefficient for radiation of 
frequency v. Now it should not be assumed that this reduction in 
intensity, which a pencil of radiation in passing through matter ex¬ 
periences, is necessarily lost to the radiation field. For it can very well 
happen that the energy lost from the incident pencil may all reappear 
in other directions as scattered radiation. In general we may, however, 
expect that only a part of the energy lost from an incident pencil will 
reappear as scattered radiation in other directions and that the remain¬ 
ing part will have been ‘truly’ absorbed in the sense that it represents 
the transformation of radiation into other forms of energy (or even of 
radiation of other frequencies). We shall therefore have to distinguish 
between true absorption and scattering. 

Considering first the case of scattering, we say that a material is 
characterized by a mass scattering coefficient k v if from a pencil of 
radiation incident on an element of mass of cross-section da and height 
ds, energy is scattered from it at the rate 

k v p ds X cos $ dvdadto (2,3) 

in all directions. Since the mass of the element is 


dm =■- p cos# dads, (24) 

we can also write k v I v dmdudeo. (25) 

It is now evident that to formulate quantitatively the concept of 
scattering we must specify in addition the angular distribution of the 
scattered radiation (25). We shall therefore introduce a phase function 
£>(cos©) such that , 

k v I v p( cos 0) — dmdvdcu (26) 

4tt 


gives the rate at which energy is 


being scattered into an element of 
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solid angle dco' and in a direction inclined at an angle © to the direction 
of incidence of a pencil of radiation on an element of mass dm. Accord¬ 
ing to (26) the rate of loss of energy from the incident pencil due to 
scattering in all directions is 


k v I v dmdvdco 


s 


y>(cos0) 


da>\ 

4tt ; 


(27) 


this agrees with (25) if 

J y(eos©)^-= 1, 


(28) 


i.e. if the phase function is normalized to unity. 

Returning to the general case when both scattering and true absorp¬ 
tion are present, we shall still write for the scattered energy the same 
expression (26). But in this case (in contrast to the case of scattering 
only) the total loss of energy from the incident pencil must be less 
than (25); accordingly 

f p(cos©)^-= m 0 <1. (29) 

J 47r 


Thus the general case differs from the case of pure scattering only by 
the fact that the phase function is not normalized to unity. 

It is evident from our definitions that <ot 0 represents the fraction of 
the light lost from an incident pencil due to scattering, while (1 — w 0 ) 
represents the remaining fraction which has been transformed into 
other forms of energy (or of radiation of other wave-lengths). 

We shall refer to to 0 as the albedo for single scattering. Moreover, 
when rxr 0 — 1 we shall say that we have a conservative case of perfect 
scattering : perfect scattering is, in our present context, the analogue 
of the concept of conservatism in dynamics. 

The simplest example of a phase function is 


2 >(cos©) = constant = -!xr 0 . (30) 

In this case the radiation scattered by each element of mass is isotropic. 
ISText to this isotropic case greatest interest is attached to Rayleigh’s 
phase function (cf. § 16) 

£)(cos0) == f(l-j-eos 2 ©). (31) 


This phase function is normalized to unity so that this is an example 
of a conservative case of perfect scattering. Another phase function 
which is of particular interest in problems relating to planetary illumina¬ 
tion is £)(cos©) = TD’ 0 (l-f-a; cos0) (—1 < £ < -f 1 ). (32) 
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In general we may suppose that the phase function can be expanded 
as a series in Legendre polynomials of the form 

p(cos©) = 2 nr z P z (cos0), (33) 

z=o 

where the txt/s are constants. In practice the series on the right-hand 
side is a terminating one with only a finite number of terms. 


4. The emission coefficient 

The emission coefficient j v is defined in such a way that an element 
of mass dm emits in directions confined to an element of solid angle da> 3 
in the frequency interval (v, v~\-dv) and in time dt, an amount of radiant 
energy given by ^ dmdo>dvdt {34) 

In the case of a medium which scatters radiation (not necessarily 
with an albedo -m 0 = I) there will be a contribution to the emission 
coefficient from the scattering of radiation from all other directions 
into the pencil of directions considered. Thus it follows from (26) that 
the scattering of a pencil of radiation from a direction (#', <p') (say) 
contributes to a pencil in the direction (#, 9 ), energy at the rate 


k p dindvdto y(tf\ cp; , 9 ')j r „(#'. ) 9 ') 


sin#' drd y 
4-77 


(35) 


where wo have written ^(#,9; cp') to denote the phase function for 
the angle between the directions specified by (#, 9 ) and (#', 9 '). Hence 
the contribution, to the emission coefficient by scattering alone is 


j ( SK&,9) 


== K, 


4:77 


7T 271 

JJ 

0 0 


p(& 9 9 ; #', 9 ')/’„(#', cp')sin O '' d&'dcp'. 


(36) 


We may expect that in general there will be contributions to the 
omission coefficient from causes other than scattering. When this is 
not the ease we shall say that we have a scattering atmosphere. In other 
words, for a scattering atmosphere 

dv ( 37 ) 


(Note that a scattering atmosphere does not imply that we have a case 
of perfect scattering.) 

A case which is in some sense the opposite of a scattering atmosphere 
is that of an atmosphere in local thermodynamic equilibrium. In this 
latter case, it is assumed that the circumstances are such that we can 
define at each point in the atmosphere a local temperature T such that 
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the emission coefficient at that point is given in terms of the a bsorption 
coefficient by Kirchhoff’s law: i.e. at each point wo have the relation 

j v = k v B v {T), (38) 


where 


B V {T) 


2hv* 1 

c 2 e hv/kT _X 


(39) 


is the Planck function (Jc and h are the Boltzmann and Planck constants, 
respectively). 


5. The source function 

The ratio of the emission to the absorption coefficient plays an impor¬ 
tant role in the subsequent developments of the theory. It is called til© 
source function. We shall denote it by Thus 

3„ = k (-to) 

K v 

According to equations (36) and (37), for a scattering atmosphere 

rr 27 t 

3„(#,<p) = — J J p(&,v,V,<p')U&',<?')sm&' dO'dr ? ', (41) 

0 0 

while for an atmosphere in local thermodynamic equilibrium 

X = B v (T). (42) 


6. The equation of transfer 

We shall now derive the fundamental equation which governs the 
variation of intensity in a medium characterized by an absorption, 
coefficient k v and an emission coefficient^. (It should he noted that 
the emission coefficient can itself depend on the radiation field as will 
be the case, for example, in a scattering atmosphere.) For this purpose 
consider a small cylindrical element of cross-section da and height d# 
in the medium. Prom the definition of intensity, it now follows that 
the difference in the radiant energy in the frequency interval (r, \>\-dv) 
crossing the two faces normally, in a time dt and confined to an element 
of solid angle, is given by 


~ dsdvdadcodt. 
ds 


(43) 


This difference in energy must arise from the excess of emission over 
absorption in the frequency interval and element of solid angle con¬ 
sidered. Now the amount absorbed is (cf. eq. [23]) 


K v p dsx I v dvdodcodt, 


( 44 ) 
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while the amount emitted is 
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j v p dcrdsdvdcodt. (45) 

Counting up the gains and losses in the pencil of radiation during its 
traversal of the cylinder, we have 


df, 

ds 


— k v p - 4 + i ,, p- 


(46) 


In terms of the source function 3„ (eq. [40]) we can rewrite this equation 
in the form j j 

(47) 


K v P 


cis 


T — q . 

Op' 


This is the equation of transfer. 

For a scattering atmosphere and an atmosphere in local thermo¬ 
dynamic equilibrium the source functions are given by equations (41) 
and (42): 

In a Cartesian system of coordinates the equation of transfer can be 
written in the form 


jd . d . C)\ r , 

= 4(;r, y, z ; l, m, n) — 3„(as, y, z; l, ?n, n). (48) 

Since the source function is functionally dependent on the intensity 
at a point, the equation of transfer is generally an integro-dijferenticd 
eqwition. We shall presently have examples of such integro-differential 
equations. 



7. The formal solution of the equation of transfer 

in our further discussion in this and the following chapters it is 
convenient to suppress the suffixes v to the various quantities: no 
ambiguity is likely to arise from this. Thus we shall write the equation 
of transfer (47) in the form 


(II 

Kp (is 



(49) 


The formal solution of equation (49) is readily written down. We 
have (see 'Fig. 2) 

I(s) = l(0)e .[ 3(6*>-~^*Vp ds', (50) 

o 

where r(s,s') is the optical thickness of the material between the points 
.9 and s '; thus H 

t(s, s') ~ r /<p ds. 


( 51 ) 
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The physical meaning of the solution (50) is clear: It expresses the 
fact that the intensity at any point and in a given direction results 
from the emission at all anterior points, s', reduced by the factor * 

to allow for the absorption by the intervening matter. 



Sometimes it is convenient not to stop the range of integration over 
the source function at some definite point as we have done in equation 
(50) but write instead 

I(s) = f 3(s')e-^\ P ds'. (52) 

— CO 

If the medium extends to —co in the direction s, no ambiguity arisen 
by expressing the intensity I(s) in the manner of equation (52). .But if 
for decreasing s' we should encounter a 'radiating surface’, for example, 
then -we should stop the integration over s' at this point and add ail 
extra term (as in eq. [50]) to take into account the intensity radiated 
by the surface. We shall take equation (52) to mean this. 

It is of course clear that equations (50) and (52) do not in any real 
sense 'solve’ the equation of transfer. But it is clear that if the source 
function should depend on the intensity in some specified way, then we 
can convert the formal solution (52) into an integral egtaition for the 

source function. We shall encounter examples of such integral equa¬ 
tions in § 11. 

8. The equation of transfer for a scattering atmosphere. The 
flux integral for conservative cases 

Tor a scattering atmosphere the source function can be written in 
the form (cf. eq. [41]) 

3(r, s) = ~ J p( s , s')Z(r, s') daj s ,, (53) 

where s is a unit vector specifying some direction through a point r. 
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The equation of transfer (48) can accordingly be written, in this case, 
in the form 

—— (s.grad)I(r, s) = I(r, s)— f p(s, s')I(r, s') da> s r. ( 54 ) 
Kp 4-77 J 

Integrating this equation over all directions s we have 
(s.grad)J(r, s) dco s 

— j* I(r,s)dco s JJ p(s,s')I(r, s') dco s dco s ,. (55) 

It is evident that the quantity on the left-hand side is the divergence 

of the vector vF whose components are the fluxes parallel to the x~, y-, 

and ^-axes. And the first term on the right-hand side is clearly 

(cf. eq. [19]); the second term is also expressible in terms of J by 

evaluating the integral of p(s, s') over the directions s first (cf. eq. [ 29 ]). 

We therefore have j 

— 7 — div F — ( 1 — cr 0 )«/, (56) 

4 tcp 

where m 0 is the albedo for single scattering. 

In cases of perfect scattering <nr 0 —- 1 and 

di v F = 0 . (57) 

This represents the Jinx integral for conservative problems. 

For a plane-parallel atmosphere equation (57) reduces to 



dFl 

dz 


0 or F„ --■= constant; 


(58) 


the net flux normal to the plane of stratification is therefore constant 
through the atmosphere. 

For radiation fields having spherical symmetry the flux integral 
reduces to v 

h 1 ^ / r* n\ 


where F 0 is a constant; similarly for fields having cylindrical symmetry 


F 

/>* 


*1 


m 


9. The equation of transfer for plane-parallel problems 

In problems of radiative transfer in plan o- paral lei atm ospheres it is c< >n - 
venient to measure linear distances normal to the plane of stratification. 
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If z is this distance, the equation of transfer becomes 
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— COS# — ( 61 ) 
Kp dz 

where fr denotes the inclination to the outward normal and 9 the 
azimuth referred to a suitably chosen :r-axis. 

Introducing the normal optical thickness 

CO 

t — J* Kp dz, ( 62 ) 

Z 

measured from the boundary inward we have 


dl(r , ft, 9) 


I(r, p,cp) — 3(t 5/ u, 9). 


( 63 ) 


In equation (63) we have further let p — cosd. 

Equation (63) is the standard form of the equation of transfer for 
plane-parallel atmospheres. 

In considering transfer problems in plane-parallel atmospheres we 
shall distinguish two cases: (i) the semi-infinite atmosphere which is 
bounded on one side (t = 0 ) and extends to infinity in the direction 
t-> 00 ; and (ii) the finite atmosphere which is bounded on two sides at 
'r — 0 and at r = t x (say). 

In the case of an atmosphere with a finite optical thickness the 
formal solution (50) reduces to 

Tl 

f* T # 

7(r, = 7 (t 1j/ u, cp)e-CTi-T)/^q. p)e-»- T ^— (1 > p > 0), 

J P 

( 64 ) 

and 

T 

I(t, — p, 9) = -1(0, — y,cp)e- T ^-f f 3(b — p, cp)e“ (T ~ w ^ — ^1 ^ /x > 0), 

J P 

0 ( 65 ) 

giving respectively the outward and the inward intensities at each level. 
In particular for the emergent intensities we have 


Tl 

7 ( 0 , -+-£1,9)-= I {nr ■]_, [x, 9)e -ri ^-f- f e~^3(tf, +p,,cp) —, 

J p 


( 66 ) 


Tl 

and 7 (r ls —^, 9 ) = 7 ( 0 ,—y, 9 )e-^-f J e -Cn~o/^(^ _^cp) 


dt 

F (67) 


0 
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In the case of a semi-infinite atmosphere the foregoing equations 
reduce to 

/(r, 4-^,9) = f 3(«, ( 68 ) 

J h 1 

T 

T 

3 (<, (69) 


00 


and 7(0, 4 -^, 9 ) = J 3 (<> 




o 

dt 


(70) 


10. Plane-parallel scattering atmospheres. The/f-integral 

For a plane-parallel scattering atmosphere the equation of transfer 
can be written in the form (cf. eq. [41]) 

-(-X 2 ?r 

dl{r, f, 6 , 9 ) 




dr 


/(T^.cp)- A U d^'dcp'. (71) 

— 1 0 

In conservative cases (td- () =1 ) equation (71) admits the flux integral 
(eq. [58]) jp __ cons tant, (72) 

where ttF represents the flux of radiation normal to the plane of 
stratification. 

There is another integral of importance which conservative problems 
generally admit. This is the so-called -integral and can be obtained in 
the following manner: Multiplying equation (71) by y and integrating 
over all solid angles we have 


d 

dr 


1 2tt 


J j I(r, fjL,(p)fj? dixdtp 
-1 0 


• 4-1 2 i 7 T "i ■ 

= ttT-~ L J J dix'dtp'liT,^,'?') | J d/xritp fip(W>pW)- (73) 

-1 0 “1 9 

ISTow we shall suppose that p(cos( H )) can be expanded, as in equation (3.1), 
in a series in Legendre polynomials. Then 

^)(ja,<p;/z',cp') = 2 m i 4~( 1 —/T“)Kl — Z^' 2 ) 4 °os(<p 9 ')], (74) 
where it may be recalled that rcr 0 = 1. .Expanding 7] in equation (74) 
by the addition theorem for spherical harmonics we readily find that 

-+-1 27r + 1 

J J p0x,9;^',9 , ) / a c^9 = l*nr a /x' J dfi — (75) 


1 277 


_ 1 _ 

47T 


-1 0 
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-1 A 

4ztt dr 


+ X 277 

J J I{T,fi,<p)p* d/xdcp = l(l—l'ur 1 )F. 
-1 0 


Now writing 

= i 

we have 

dK 


dr 

or, since F is a constant, 


+ 1 2tt 


-1 0 


(76) 

(77) 

(78) 

K = \F[{ 1—|-'ar 1 )r-f-Q], (79) 

where Q is a constant. This is the ^-integral. 

It is of interest also to notice that in conservative cases the equation 
of transfer admits a solution of the form 


I(t,[x) — constant (r-j- —V (80) 

Tor, inserting this form for /(r,/x) in equation (71) and remembering 
that w 0 = 1, we readily verify that the equation is in fact satisfied. 
Normalizing the solution (80) to yield a net flux ttF we have 

JW) = l^[(l-^ 1 )T+rf. (81) 

It should be emphasized again that equation (81) does not represent 
the solution of any physical problem we have formulated. But we shall 
see (Chap. Ill, § 25) that there are physical problems for which the 
solutions tend to (81) as r-> oo. The solution (81) is also useful in 
certain other contexts (Chap. IV, § 29.3). 


11. Problems in semi-infinite plane-parallel atmospheres with 

a constant net flux 

We have seen that in conservative cases of perfect scattering the 
equation of transfer admits the flux integral (72). Because of this con¬ 
stancy of net flux, a type of problem which arises in these contexts is 
that of a semi-infinite plane-parallel atmosphere with no incident 
radiation and with a constant net flux, 7 tF, of radiation flowing through 
the atmosphere normal to the plane of stratification. The particular 
importance of this type of problem for astrophysics arises from the fact 
that in stellar atmospheres (idealized as plane-parallel atmospheres) the 

constant net flux is provided by the radiation coming from the ‘deep 
interior’. 
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most extensively ill < th£ ° f transfer and has been studia 

solution of thiJ; S M-ohi adlatl0n moldent on the surface r = 0, the forma 

Problem is given by (of. eqs. [68] and [69]), 

i-V-i 


I(t ’ +/i) = / J(t ) ~ (0 < p < 1), 




{t) ~~ (0< <z) 


(90) 


7 

-^(' r 5 -yU,) = 0—(T—t)hl. T/J.\ dt 

With the foregoing solutioh the integral 

+ 1 

4(^) = f I{t, fjjpn dp (91) 

acooX^to^utiLrcsorwe havf (T) ' ThU8 ’ S " bstitUting f °’ 

jfe dtdfj,+ (^l)n j j e - ( r-B fajtypn-ldtdfj. (92) 

5 mver ^ mg the ° rder of the integrations, we have 

4M = J j d( J(t) f d ^ le _^ (g3) 

With the substitution u ~ i /« .. ° 0 

« J M ~~ l!x Ration (93) becomes 

= f dtJ(t) f e ~x(t~ r ) , / f 7 dr 

J J J #n+i e J +(~l) n | dtJ(t) l d 
or, in terms of the 'exponential integral, " 

-®„feO = J da: 




e -x(rr-t) } (94) 


"we have 




e -a2/ 


4M / A + (-!)» J J(t)En+i(T _ t) dt 


( 05 ) + 


(96) 


r J ' / — av w/€/ - \ i7u y 

-Remembering the •+• 0 

from equation. (96), that ° f ^ and we have, in particular 

00 

JlT) ~ * J smat-Ti) at, (97) 

and e = 2 j J(t)E z (t— T ) at — 2 f J(t\E < n ^ 

r * ] J dt. (98) 

t For a discussion of the property n-p+v ° 

ese and other related integrals see Appendix I. 
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We observe that equation (97) is an integral equation for J. This 
is the Schwarzschild—Milne integral equation-, and the solution of this 
equation is clearly equivalent to solving the equation of transfer (88). 


11.2. The case of Rayleigh’s 'phase function 

As a second example we shall consider the case of scattering in 
accordance with Rayleigh’s phase function (31). In this case 

p{[x,<$\y! = l[l+A t ' 2 ^ ,2_ f'(I—7 t>2 )( 1 —/d 2 )cos 2 (<p— <p r ) + 

-f-2yy'{l~y^(l—y' z )icos(cp~- <p')]- (99) 

Hence jp (( t(/x, y) — £[1 -\~y 2 y' 2 -\- -|-(1— /a 2 ){l —yu/ 2 )], 

or p^\y,y') — -£[3 — y 2 f-(Sy 2 — l)/d 2 ]. (100) 

The equation of transfer (82) is therefore 
dl{r,y) 


I{r,y)- 


3 

To 


+ 1 -T1 

(3— y 2 ) j* y) dy'-\~(3y 2 —1) j 1 (t, y')y' 2 dy' 


or, in terms of J and K defined as usual, 


y 


— /( T , y)-— g-[(3— y 2 )J (r) + (3 y 2 — 1 )if(r)]. 


( 101 ) 


( 102 ) 


The source function for this problem is therefore 

3 (T,H) = m-rW + W-VKW]. (103) 

Now quite generally (of. eq. [921) 

-1-1 « 1 

I” I(t, y)y n dy -- j j 3 (t, y)e ~^'~ T ^i l y n '' 1 dtdyf- 

-“l T 0 

T ^ 

-[- (— 1 ) n (* [ 3(>, ~y)e < T . VT y n ~ x dldy. (104) 

o b 

With 3(r,y) given by equation (103), the various integrals occurring 
on the right-hand side can be reduced in the manner of equations 
(93)-(96). We thus find 


f T(t, y)y n dy = ±\ J.(3^, i r -^ H _ 3 )a_ T ) J(t) dt- 1- 

1 L r 

CO T 

T 0 

+(-1)» J ,u\. (ior>) 


3595.04 


C 
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Considering the cases n = 0 and % — 2 of equation (105) we therefore 
have 


3 r 00 

A t -) = 16 J *+ / (3^-^)^ .£(*) * 


(106) 


and 


_ oo 


K(r) 


16 


^ 00 

/ (3A--E 5 )|«-ri^(i)^+ J (3B s ~~B 3 )^ rl K(i) dt 


(107) 


Equations (106) and (107) represent a pair of integral equations for J 
and K and the solution of these equations is equivalent to solving the 
equation of transfer (102). 

It is apparent from the two examples we have considered that the 
lineai integral equations which generally replace the equation of transfer 
become increasingly of higher order as the phase function considered 
includes more and more terms in the expansion (33). 


12. Axially symmetric problems in semi-infinite atmospheres 
and in non-conservative cases 

In the preceding section we have formulated the transfer problem in 
semi-infinite atmospheres with a constant net flux. Similar axially 
symmetric problems can be formulated also in non-conservative cases. 
To illustrate the nature of these latter problems, we shall consider the 
case of isotropic scattering with an albedo id- 0 < 1. The equation of 
transfer appropriate to the circumstances is 


dJ(r,p) /* 

p, bur 0 J I(T,p')dp'. (108) 

-1 

We first observe that equation (108) admits a solution of the form 

I(r,p) = e kr g(p), (109) 

where 1c is a constant (unspecified for the present) and g{p) is a function 
of ^ only. Thus inserting this form for I(r, p) in equation (108) we have 

+ 1 

(1 — kp)g(p) = J dp. (110) 

Hence g{p) must be of the form 


g{^) = 


constant 


( 111 ) 
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Substituting this expression for y(/x) back into equation (110) we are 


left with 


~h 1 


2^0 j 
-1 


d\L’ 
1 — kfL' 




2 k 


log 




( 112 ) 


k must therefore be a root of the characteristic equation 

2Jc 




(113) 


iog{(i-hfc)/(i— k)} m 

From this equation it follows that if k is a root then so is — Jc. And it 
can also be shown that for a given nr 0 < 1, there is a unique value 
of k 2 < 1 which satisfies equation (113). This is apparent, for example, 
from Table T, where the characteristic roots for various values of mr 0 
are listed. 

Table I 

The Characteristic Roots b 


TO-,, 

k 

•nr,, 

k 

0 

1-00000 

0-8 

0-71041 

0-2 

0-90991 

0-9 

0-52543 

0-3 

0-99741 

0-925 

0-45993 

0-4 

0-98502 

0-950 

0-37948 

0-5 

0-95750 

0-975 

0-27111 

0-(> 

0-7 

0-90733 

0-82804 

1-000 

0 

show 

mm 

n that the 

equation 

of transfer (108) 


1 (r, /x) — constant 


e 


±kr 


(114) 


J=F kp 

where 0 < k <; I is the positive real root of equation (113) for 
The source function corresponding to the solution (1.14) is 


0 < VTr 


1 JL 

3('r) I nr 0 | 1 (r, fj.) dyu ----- constant e ±kT . 


(11.5) 


[It may be noticed here that e ±kr is also a solution of the integral 
equation rj0 

J(r) = J«nr 0 j J(0ft\(|/,~T|) (it, (116) 


-oo 


which is a])])ropriate in the present context for a plane-parallel atmo¬ 
sphere extending to infinity on both sides (of. eq. [97]); for it may be 
readily verified that 

*| - OO 

Wo j |) dt = 


'00 


(117) 
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■which, shows that for k which is a root of the characteristic equation 
(113), e 7cr is a solution of equation (116).] 

The source function. 3( T ) — constant e kT (7c < 1) clearly satisfies the 
condition (85) at infinity. Accordingly, solutions of equation (108) may 
be expected to exist which behave at oo as 

l(r, fx) —-— C+ kr (r 


1 — kfx 


OO). 


(118) 


In particular, we can ask for solutions having this behaviour at infinity 
and which also satisfy the boundary condition 

1(0, —/x) = 0 (0 <>< 1 ), ( 11 $) 

at r = 0. This problem is therefore analogous to the one considered 
in § 11.1. And it is apparent from our discussion of this isotropic case 
that similar problems can be formulated for equations more general 
than (108). 


13. Diffuse reflection and transmission 

In some ways the most fundamental problem in the theory of 
radiative transfer in plane-parallel atmospheres is the diffuse reflection 
and transmission of a parallel beam of radiation; for it will appear that 
the solutions of all other problems can be reduced to this one. In thiR 
section we shall formulate the basic problem and make only some 
general comments; the detailed discussion of the various aspects of this 
problem will be taken up in subsequent chapters. 

The problem of diffuse reflection and transmission by a plane-parallel 
atmosphere is the following (cf. Fig. 3). 

A parallel beam of radiation of net flux rrF per unit area normal 
itself is incident on a plane-parallel atmosphere of optical thickness t 1 
in some specified direction — /x 0 , cp 0 . It is required to find the angular 
distributions of the intensities diffusely reflected from the surface r = <> 
and diffusely transmitted below the surface t — t x . 

We shall find it convenient to express the resulting laws of diffuse 
reflection and transmission in terms of a scattering function 

• £(t 1 ;/A,9;/i 0 ,<p 0 ) 

and a transmission function 

such that the reflected and the transmitted intensities are given by 


F 

^ &(ul;p',?;po> c Po) 

F 

^( r i> —^>9) = ^ (0 < p < 1). 


and 


( 120 ) 
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It is to be specially noted that the reflected and the transmitted inten¬ 
sities refer only to the light which has suffered one or more scattering 
processes; I( 7- l9 —/x, cp) does not include, for example, the directly trans¬ 
mitted flux in the direction (—/x 0 , cp 0 ). 



The reason for introducing the factor 1 /p, in the expressions defining 
/"((), -f/x, cp) and /(t 15 —/x, cp) is for securing the symmetry of jS and T in 
the pair of variables (/x,cp) and (/x 0 , cp 0 ) as required by Helmholtz’s prin¬ 
ciple of reciprocity (Ohap. YII, § 52): 


^( T i5 P* 9^ y<» 9 <>) = *'(ti ; /x () , cp 0 ; /x, 9 ), 


and / (h> P> 9? /hr 9 o) ~ ^ ( T n /hr 9<r /h9) - (121) 

Though the problem of diffuse reflection and transmission has been 
formulated for an incident parallel beam of light, it is apparent that 
the solution for an arbitrary incident field of radiation (with the same 
angular distribution at all points on the surface t — 0 ) can be expressed 
in terms of H and T. Th us if / im 5 i (/x', 9 ') represents the intensity incident 
on r — 0 in the direction (—p/,cp'), the angular distributions of the 
reflected and the transmitted light will be given by 

l S7T 


l~/h 9 ) :r; J j* ^d/h 9 ;/^ 9 ')W.(^V-p') dp'dtp' ( 122 ) 


and 


0 o 
1 a tt 


^t.nuis(’ 7 "l ’ pi ?) “ i // T (r 1 ; /x, cp ; p' , cp') I x ru .(/x', cp') dp'dtp'. (123) 


0 « 


The agreement of these expressions with the definitions (I 21 ) is apparent 
when it is observed that a parallel beam of radiation, incident in the 
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direction ( p, 0 ,<Po)j h- as an angular distribution expressible in terms of 
Dirac s S-functions in the form 

•^ineO^j 9') ~ 7rF S(/x' —/x 0 )S(<p'—cp 0 ). (124) 

For a semi-infinite atmosphere we are naturally interested only in 
the law of reflection. We shall then write 


F 

I(0,v,cp) = __ #(/x, <p;p 0 ,cp 0 ). 


(125) 

One general remark relating to the problem of diffuse reflection and 
transmission may be made here. It is that in the treatment of this 
problem it is convenient to distinguish between the reduced incident 
radiation ttF e~^o which penetrates to the level r without having 
suffered any scattering or absorption process, and the diffuse radiation 
field which has arisen in consequence of one or more scattering processes. 
It is this diffuse radiation field which we shall characterize by the 
intensity I (v, y, ep) in these problems. With this distinction between the 
two fields of radiation, we can write the equation of transfer appropriate 
for the problem of diffuse reflection and transmission in the form 

dl(T,ix,cp) j "r 1 p 77 " 

* dfr - = J ?')I(T,r', 9 ')d H .'d 9 '- 

~ IF e~^°p (pc, 9 ; — y 0 , <p 0 ). (l 26 ) 

Solutions of this equation are required which satisfy the boundary- 
conditions T 

1(0, — p, 9 ) = 0 ( 0 <p<l), (127) 

and -^( r iJ ~hfA, 9) = 0 ( 0 <p<l), (128) 

at t = 0 and t It will be noticed that in writing the boundary 

condition (128) we have assumed that at t — we have a perfect 
absorber (or, equivalently, a vacuum). However, we shall show latex* 
t at the solution for the case when different ‘ground conditions’ are 

impose at r r 1 can be reduced to the ‘standard problem’ we haves 

formulated. 

For the case of diffuse reflection by a semi-infinite atmosphere wo 
^ave to impose the condition (127) and the boundedness of the solution 

For isotropic scattering with an albedo zsr 0 , the radiation field will 
have axial symmetry, also for the problem of diffuse reflection and 
transmission, and the appropriate equation of transfer is 

dl(r, (jl) _ r/ ^ f 1 - r , 

— = f I(uy') d[x'~lw 0 Fe-^o. (129) 
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For more general phase functions the radiation field will show depen¬ 
dence on azimuth as well. However, for phase functions which can be 
expanded as a series in Legendre polynomials, the intensity I{t, /a, 9 ) 
can be expressed in the form 

I{ t, y,cp) = 2 ^ <m) (u ja)cosm(cp—<p 0 ). (130) 


14. Problems with spherical symmetry 

When the medium in which we are considering the transfer of radia¬ 
tion has spherical symmetry, the mass absorption coefficient, k , and 
the density, P , will be functions of the distance r from the centre of 
symmetry only. And when, further, no radiation from the outside is 
incident, the intensity and the source function will be functions only 
of the distance r and the inclination ■& to the radius vector. 

Now if ds denotes the element of length in the direction # at r, 

dr == cos # ds and r d& — —sin &ds, (133.) 


and the equation of transfer (49) becomes 


cos & 


81 

dr 


sin$ 81 
r dd' 




(132) 


or, writing /x for cost)', we have 

81 1 —/x 2 dl 
dr r dfL 


i*) — 3(r, p)]. 


(133) 


For a scattering atmosphere the source function is (of. eqs. [82] 
and 183]) i-i 

= i J 2 )<"WV(»%p') <V> C34) 

—1 

while for an atmosphere in local thermodynamic equilibrium, 

3(r,(135) 
where. B,(T r ) denotes the Planck function for the temperature prevailing 
at r. 

For isotropic scattering the equation of transfer (133) reduces to 
I —/x 2 dl 


^ dr r dfju 


-K P 


/% 

1 (r, p.) — | to-,) 1 {f, y') dpi 


(136) 


In investigations of transfer problems with spherical symmetry atten¬ 
tion has mostly been restricted to equation (136), though it is not 
difficult to generalize the results to include, for example, the case of 
Rayleigh’s phase function. Also, it may be stated that in astrophysical 
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contexts the case of greatest interest is when the medium extends to 
infinity and Kp varies as some inverse power of r (greater than 1); 
in physical contexts, on the other hand, it appears that interest is- 
principally centred on ‘diffusion’ in homogeneous spheres and spherical 
shells (with additional sources distributed through the medium). 



Finally, we may note that the formal solution of § 7 adapted to the 
present case is (cf. Fig. 4) 


r i r 

I(r,-&) = p 3(pcoseC9;cp)exp{— p {k p) 

d- ' l 


WsoccpCosec 2 ? dcpjx 


X ( k P ) 


p cosec cp 


) 

cosec 2 <p dcp. (137) 


In the case of isotropic scattering and for homogeneous spheres this 
solution can be used to obtain an integral equation for J as in the 
analogous problem in plane-parallel atmospheres (§ 11). 


15. The representation of polarized light 

So far we have not included the state of polarization in our specifica¬ 
tion of the radiation field. But it is clear that we must allow for this 
in any exact treatment of scattering problems since, on scattering, light 
in general gets polarized. For example, on Rayleigh’s classical laws 
(cf. § 16), an initially unpolarized beam, when scattered in a direction 
making an angle © to the direction of incidence, becomes partially 
plane-polarized with a ratio of intensities 1: cos 2 © in directions perpen¬ 
dicular and parallel to the plane of scattering. (This is the plane which 
contains the directions of the incident and the scattered light.) The 
diffuse radiation field in a scattering atmosphere must therefore be 
partially polarized, and the question arises as to how best we can 
characterize the radiation field under these circumstances, in order that 
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the relevant equations of transfer may be most conveniently formulated. 
In many ways this is a fundamental question: on its answer will depend 
the solution of a variety of problems, including the important one of 
the illumination and polarization of the sunlit sky. 

Now it is evident that to describe a general radiation field, four 
parameters should be specified which will give the intensity, the degree 
of polarization, the plane of polarization, and the ellipticity of the ' 
radiation at each point and in any given direction. But it is apparent 
that it would be impossible to include such diverse quantities as an 
intensity, a ratio, an angle, and a pure number in any symmetrical way 
in formulating the equations of transfer. A proper parametric repre¬ 
sentation of polarized light is therefore a matter of some importance. 

It appears that for the purposes of formulating the equations of 
transfer in a gaseous medium the most convenient representation of 
polarized light is by a set of four parameters, introduced by Sir George 
Stokes in 1852. With slight modifications, Stokes’s representation will 
be used in this book. 

In view of the general inaccessibility of Stokes’s considerations it 
may be useful to have them presented here in a form suitable for our 
purposes. 

15.1. An elli/ptically polarized beam 

As is well known, in an elliptically polarized beam the vibrations of 
the electric (and the magnetic) vector in the plane transverse to the 
direction of propagation arc such that the ratio of the amplitudes and 
the difference in phases of the components in any two directions at 
right angles to each other are absolute constants. A regular vibration 
of this character can be represented, by 

— £[ 0) sin(a>tf—e z ) and £ r — £j. 0) sin(cot — e r ), (138) 

where ^ and g r are the components of the vibration along two directions 
l and r at right angles to each other (see Fig. 5), co the circular frequency 
of the vibration, and $ 0) , £f. 0) , e f , and e r are constants. 

If the principal axes of the ellipse described by (£ /s £ r ) are in directions 
making angles y and y+|-7r to the direction l, the equations representing 
the vibration take the simplified forms . 

= | (0) cos /3 sin cot and — 4r (0) sin /3 cos cot, (139) 

where /3 denotes an angle whose tangent is the ratio of the axes of the 
ellipse traced by the end point of the electric vector. We shall suppose 
that the numerical value of /3 lies between 0 and Ijtt and that the sign 
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of ft is positive or negative according as the polarization is right-handed 
or left-handed. Further, in (139) denotes a quantity proportional to 
the mean amplitude of the electric vector and whose square is equal to 
the intensity of the beam: 

1 = [^o)]2 = K|o)p +K (o )]2 = JH _i r . (140) 

L 



The formulae connecting the representations (138) and (139) are 
important and can be obtained in the following manner. 

Starting from the representation (139) we obtain for the vibrations 
in the directions l and r, the expressions 

ii = i (0 H cos cos x sin cot — sin/3 sin x cos cot), 
and g r = ^(°)(cos J3 sin X sin -f- sin/3 cos x cosco£). (141) 

These equations can be reduced to the form (138) by letting 

& 0) = |(°)(cos 2 /? cos 2 x + sin 2 /? sin 2 y)*, 
ii 0] = ^(cos 2 ^ sin 2 * + sin 2 /3 cos 2 *)*, (142) 

tan e z = tan (3 tan x and tane r = — tan^cot *. (143) 


The intensities Ij and I r in the directions l and r are therefore given by 

= [£z 0) ] 2 = i(cos 2 /3cos 2 x -f- sin 2 /?sin 2 x), 
and l r = [^ 0) ] 2 = J(cos 2 /3sin 2 *-|-sin 2 /?cos 2 x). (144) 

Further, according to equations (142) and (143) we m ay readily verify 

cos(e z e r ) = 2[£<°>] 2 (cos 2 /? — sin 2 /?) cos x si- 11 X 


= I cos 2/3 sin 2*. 

Similarly, 2^>^sin( €r e r ) = I sin 2/3. 


(145) 

(146) 
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From the foregoing equations it follows that whenever the regular 
vibrations representing an elliptically polarized beam can be expressed 
in the form (138) we can at once write the relations 

i = [OT a +-[ft 0) P = 

Q = K 0 ) ] 2 -K - 0) ] 2 = Z cos 2/3 cos 2y = 

U = 2 $°>£<°>cos (€ Z —€,,) = I cos 2/3sin2y = (I z —I r ) tan2 x , 

and V — 2^ 0) ^. 0) sin(e / — e r ) — I sin 2/3 = (I r —i^tan 2/?sec 2y. (147) 

These are the Stokes parameters representing an elliptically polarized 
beam. 

We observe that among the quantities I, Q, U, and V defined as in 
equations (147) there exists the relation 

P = Q?-\~U 2 +V 2 . (148) 


Further, the plane of polarization and the ellipticity follow from the 

equations y y 

tan 2 X = ™ and sin 2 p = (14-9) 

In representing the vibration by (138) we have considered the ampli¬ 
tudes and the phases to be constants. But in practice this is not 
attainable; for even in the simplest case of approximately mono¬ 
chromatic light, the amplitudes and the phases must be regarded as 
liable to incessant variations, though they may remain constant, or 
sensibly constant, for a great number of vibrations. The known high 
frequency of the electromagnetic oscillations representing light allows 
us to suppose that the phases and the amplitudes may be constant for 
millions of vibrations and yet change irregularly millions of times a 
second. However, in an elliptically polarized beam these irregular 
variations must be such that the ratio of the amplitudes, (£j 0) : f£ 0> ) and 
the difference of phases, S = e*—e r , should be absolute constants . Con¬ 
sequently, all we will be able to appreciate is the (apparent) mean 
intensity in any direction in the transverse plane. Thus, the apparent 
intensities I z and I r in the directions l and r will he given by the mean 
values 


Ij = and 


Ir « [ft #> ? 


(150) 


Also, if we now let 


Q 

IJ 

V 


1,-Ir 


ra o) p-[& o) ] a . 


2 [$ 0) |<. 0) ]cos 8, 


2[^>^>]sinS, 


and 


(151) 
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it follows from equations (142) and (143) that 

Q = [£ (0) ] 2 COS 2/3 cos 2 X = I cos 2/3 cos 2 X , 

U = [| (0) ] 2 cos 2/3 sin 2y = I cos 2/3 sin 2y, 

and F = [^°>] 2 sin 2[3 = I sin 2/3, (152) 

since the shape and the orientation of the ellipse remain constant 
through all variations. 

It should be noticed that with the definitions (150) and ( .1 51) equation 
(148) continues to be valid (cf. § 15.3 below). 


15.2. The Stokes parameters for an arbitrarily polarized light 
An arbitrarily polarized beam of light can be completely analysed by 
the following procedure: We introduce a known amount of retardation 
in the phase of vibrations in one direction relative to the phase of 
vibrations in a direction at right angles to it, and then measure the 
intensity in all directions in the transverse plane. 

Let £ = $°>sin(a>*—«*) and sin (cot—c r ) (153) 

represent the instantaneous vibration in the beam. As we have already 
exp ained, the amplitudes and the phases are subject to irregular varia¬ 
tions. But certain correlations among them will persist during all the 
variations and it is these correlations which give to the light the 
c aracter of partial or complete polarization as the case may he; thus 
s e constancy of the ratio of the amplitudes and the difference in 
phases of any two components at right angles to each other that 
s mgmsh.es an elliptically polarized beam from one which is not. 

cmce we are at present concerned only with phase difference*, we 
may rewrite (153) in the form 

^ fz ( 0 ) sina>£ and £ r = sin (coif—S). (154) 

e seconci component be subject to a constant retardation so that 
— fz (0) sin and g r = £<°>sin(aj£ —S — e). (155) 

E Zitn w: We ati ° n (156) “ a dire0tiOn making “ * with 

$ 0) sin ^ cos ^+& 0) sin(co£—S- 6 ) s in ^ 

= K°> COS cos(S+e)sin £]sin cot- 

r r , ^ — ^ 0) sin(S+ e )sini/f cos . (156) 

The momentary intensity is therefore given by 

£ 2 (<A; e) = [lz (0) ] 2 COS 2 </r+[f<0)]2 si n 2^ + 

+ 2 $ 0) & 0) (cos 8 cose — sm 8 sme)sin^oos^, (157) 
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To get the apparent intensity in the direction ifj we must take the mean 
of this expression, keeping iff and e constant. Thus 

/(«//; e ) = [gorpcosV-f fg^painV-h 

cosSjcos e— 2 [^ 0) ?|. 0) sinSJsin e}sini/r cos ift. (158) 

From this equation, it is clear that the intensities in the directions l and 
r are independent of e and are given by 

UlT and I r = [I™?- (159) 

Now let 

U = 2 [f}®>g«oosS] and V = 2[$°>£sin 8]. (160) 

It will be observed that these expressions for U and V are in agreement 
with the earlier definitions (151) for an elliptically polarized beam since 
in the latter case the phase difference is a constant. 

According to equations (159) and (160) we can rewrite equation (158) 
in the form 

I(iff ; e) = J z cos 2 </r+J r sin^+K U cos V sine)sin 2 i/f, (161) 
or, defining 1 = I r \-I r = [fl^p+E ^ 5 ] 5 

and Q = T t -T r - SFlMS 05 ?. ( 162 ) 

we can also write 

./ ((//; e) — |[ / -f- cos 2ip~\- (U cos €— V sin e)sin 2if/\. (163) 

From equation (163) it follows that the character of an arbitrarily 
polarized light, in so far as experimental tests can reveal, is completely 
determined by the intensities in two directions at right angles to each 
other (or, equivalently, the total intensity 1 and Q = J t — I r ) and the 
parameters U and V. The intensities I, Q, U, and V are the general 
Stokes parameters representing light. 

Two beams characterized by the same set of Stokes’s parameters are 
said to be equivalent since two such beams cannot be distinguished by 
any optical analysis such as could be effected by transmission through 
doubly refracting crystals, reflection, etc. 

Again, from equation (1.63) it follows that when several independent 
streams of light a,re combined, the Stokes 'parameters for the mixture is the 
sum of the respective Stokes parameters of the separate streams. It is to 
be particularly emphasized that this additivity of the Stokes parameters 
holds only so long as the component streams forming a mixture have no 
permanent phase relations between themselves. This is what is understood 
by the streams being independent. 
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For a beam resulting from a mixture of several independent streams 
of elliptically polarized light the Stokes parameters are therefore given 
by (cf. eqs. [147]) 

Q = 2 £<*> = 2 I™ cos 2/3., cos 2 Xn , 

?7 = 2 27 (w) = 2 / (w) cos 2/3,,,sm2y„ 

and F = 2 7<%) = 2 JCft) sin 2 P™> (164) 

where Xw , and p w define the intensity, the plane of polarization, 
and the elliptieity of the component streams. 

15.3. Natural light as a mixture of two independent oppositely polarized 
streams of equal intensity 

The experimental definition of natural light is that when resolved in 
any direction in the transverse plane the apparent intensity is the 
same, and this is further unaffected by any previous retardation of one 
of the rectangular components relative to the other into which it may 
have been resolved. In other words, for natural light we must require 

I(iff j €) = \J, independently of iff and <=. (165) 

Hence the necessary and sufficient condition that light be natural is 

Q = U = V = 0. ( 166 ) 

This is the analytical representation of natural light. 

We shall now examine the circumstances under which two indepen¬ 
dent streams of polarized light when mixed will result in natural light. 

Let (xi,p x ) refer to the first and (x 2 , p 2 ) refer to the second stream, 
and let the intensities of the two streams be in the ratio l.:q. Tim 
resulting mixture will be equivalent to natural light, if and only if 

(cf. eqs. [164]) sin2 l S 1 + gS m 2/} 3 = 0, 

cos 2x 1 cos 2/3 1 -f --q cos 2 y 2 cos 2/3 2 == 0 , 

and sin 2 Xl cos sin 2 y 2 cos 2/3 a == 0. (167) 

Transposing, squaring, and adding, we find g 2 = 1 and since q is 
positive, q — 1 . Since and fi 2 are supposed to lie between — \rr and 
+■|- 7 r we next conclude from the first of the equations (167) that 

—P 2 = Pi or ~Pa = ( 168 ) 

where -f- or — sign in the second alternative should be taken depending 
on whether p x is positive or negative. 

Now it is apparent that the same physical situation can be analytically 
expressed in two ways: Thus (P ls xi) and (^tt—/3 X , Xi J rh 7T ) represent the 
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same physical situation for right-handed polarization and similarly 
(0i, xi) and (—1-7 t — fii,Xi J r\ rr ) represent the same physical situation 
for left-handed polarization. We may therefore reject the second 
alternative in (168) as expressing the same solution as the first in a 
different way. The second and third equations then give 

cos %xi — —cos 2^2 and sin 2^ = —sin2^; 2 . 

Hence Xi and y 2 differ by 90°: 

IXi~X»l = i”- (169) 

The equations (167) are also satisfied by f3 ± — —/? 2 = ±45°; hut this 
solution is only a particular case of (168). 

We have thus proved that two independent streams of elliptically 
polarized light of equal intensity are together equivalent to natural 
light, if and only if the ellipses described in 
the case of the two streams are similar, their 
major axes perpendicular to each other, and 
the sense of rotation in one stream contrary 
to that in the other (see Tig. 6). 

Two streams related in the manner 

(13, x) and (-/?,x+M (170) 

are said to be oppositely polarized. We may 
now restate the result enunciated in the pre¬ 
ceding paragraph as follows: Natural light is 
equivalent to any two independent oppositely polarized streams of half the 
intensity; and no two independent polarized streams can together he equiva¬ 
lent to natural light unless they he. oppositely polarized and of equal 
intensity. 

The concept of opposite polarization (due to Stokes) to which we 
have been led is of importance also in another connexion. Tor it can 
be shown that the total intensity of a mixture of oppositely polarized 
beams (independent or not) is unaffected by any retardation of phase 
of one stream relative to another. Two oppositely polarized streams 
can therefore never interfere. 



15.4. The representation of an arbitrarily polarized li 
of two independent oppositely 'polarized streams 


f as a mixture 


We shall first prove a theorem due to Stokes that the most general 
mixture of light can be regarded as a mixture of an elliptically polarized 
stream and an independent stream of natural light. 
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To prove Stokes’s theorem, it is first necessary to observe that among 
the quantities I, Q, U, and V there always exists the inequality 

I 2 >Q 2 -\-U 2 - pF 2 , (171) 

or, according to the definitions of these quantities (cf. eqs. [160]—[163]) 

W?xW? > [IP^oos 8] 2 d-[I 0 ^hTS] 2 - ( 172 ) 

This last inequahty can be established in the following manner. 

Let the amplitudes and the phase difference remaining constant (or, 
sensibly constant) during a time interval proportional to t x have the 
values £f 0,1) , and S l5 respectively. Similarly, let the values dis¬ 

tinguished by the indices 2, 3,..., occur during times proportional to 
£ a > ^ 3 , • • •. Then 

IS 65 ] 5 xK?T = (2 (2 

\ TL / \ Yfi ' 

= 2 «a3 0 -’*>S?-’*>] 2 + 2 K UK(173) 

«- ( [n,m ) 

where (n, m) indicates that the summation is to be extended over all 
distinct pairs of intervals n and rn. . Similarly 

[$ 0 ) ft 0) cos S] 2 + ffisgs sin Sf = £ 4[fS 1 > -*>f< 0 -’*>] 2 + 

n 

+ 2 2 Vm ^°» M) ^(p J r i . ) ^(o,m)£ : < o ,m ) [cog &. n cos S m sin S u sin S J. (17 4) 

{ 71 , 711 ) 

Hence 

p Q s — u *— v 2 — 2 

(n,m) 

r f^> n) cos(S,,-S J}. (175) 

Each of the summands on the right-hand side is essentially positive. 
And the only case in which the entire sum can vanish is when 


= S m anci 


hr br 


(176) 


for all pairs (n, m), i.e. when the ratio of the amplitudes arid the 
difference in phase remain constant through all fluctuations: those are 
the conditions for the light to he elliptically polarized. 

We have thus proved that 

J2 ^ Q2 + V 2 

and that the equality can occur, when and only when the light is 
elliptically polarized. 

Since we have already shown that for an elliptically polarized, beam 
/- = Q 2 -±-ty 2 _j_y 2 ( e q. [148]), it follows that the existence of this 
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equality is a necessary and sufficient condition for a beam to be 
elliptically polarized. However, in general 

1 > (<2 2 +t7 2 -|-F 2 )*, (177) 

and tlie original light can be resolved into two independent groups 
characterized by the Stokes parameters 

{/- (Q 2 + U* + F 2 )*, 0, 0, 0} (178) 

and {(<2 2 + IP~{- F 2 )*, Q, U, V}. (179) 


The former represents natural light and the latter, as we have seen, 
must represent an elliptically polarized beam, the plane of polarization 
and the ellipticity of which are given by 

= | and sin2/3 ^ ^^ ■ (180) 

These formulae can always be satisfied. It is therefore always possible 
to represent a general mixture of light by a stream of natural light and 
a stream of elliptically polarized light independent of the former. More¬ 
over, there is only one way in which this resolution can be accomplished. 
For though the second of the equations (180) gives two values of /3 
complementary to each other, these values, as we have already explained, 
represent only two different ways of ex pressing the same result. If we 
choose that value of fi which is numerically the smaller, then among the 
different values of y differing by 90° which satisfy the first of the 
equations (180) we must choose that which makes cos 2y the same 
sign as Q. 

An alternative way of resolving a partially polarized, beam defined 
by tlie Stokes parameters /, Q, U, and V is to express it as the resultant 
of two independent streams of elliptically polarized light in the states 
of opposite polarization {ft, x) an( l (—X'+i 7r ) where ft and y are given 
by equations (.180). The intensities in the two states can be readily 
written down when it is remembered that natural light is equivalent to 
a mixture of any two independent streams of oppositely polarized light 
of equal intensity. The component (178) of natural light is therefore 
equivalent to two independent polarized beams, each of intensity 

.|.[i__(< 32 + ?/ 2 d-F 2 )i], (181) 

in the states of polarization (/?, y) and (— fi, y+ %tt). Combining these 
components of the natural light (178) with the component (179) 
already .in the state of polarization (/?, y), we conclude that a beam 

3505.04 n 
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characterized by the parameters I, Q, TJ, and V is equivalent to two inde¬ 
pendent streams of elliptically polarized light of intensities j 

i(+) = i[/+(a 2 +c/ 2 +^ 2 ) i ] ! 

and /<-> = i[I-(Q 2 +!7 a +F 2 )i], (182) 

in the states of opposite polarization 

{/3,X) and (—fi’X+ii 7 )’ ( 183 ^ 

JJ y 

where tan 2 X=q and sin 2^ = ■ 

15.5. The law of transformation of the Stokes parameters for a rotation 
of the axes • 

In our discussion of the Stokes parameters we have so far referred . 
them to some chosen, fixed rectangular axes. We shall now obtain the ■ 
law of transformation of these parameters for a rotation of the axes. ' 
Since any general mixture of light is equivalent to two independent ^ 
streams of oppositely polarized light, it is clear that the required law 
of transformation can be obtained by considering the case of an j 
elliptically polarized beam for which the Stokes parameters are given 
by equations (151) and (152). From these equations it is at once 
apparent that the total intensity I and the parameter V are invariant for 
a rotation of the axes. But Q and U change with the axes, and if Q' and 
TJ' are the values of the parameters when the axes are rotated through 
an angle in the clockwise direction, then clearly 

Q' = I cos 2j8 cos 2(y—</>) and TJ' = /cos 2/3 sin 2(y— f>), (185) 

or Q' — Qcos2<£+Z7sin 2<f and TJ' — — (>sin 29 H- U cos 2<j>. (186) \ 
In our subsequent work we shall find it more convenient to use the 
intensities (f and If) in two directions at right angles to each other and 
the parameters TJ and V than the original set /, Q, U, and V used by 
Stokes. 

The law of transformation of I 2 , I r , TJ, and V for a rotation of the 
axes can be readily written down from equations (186) and the in¬ 
variance of I and V. Thus 

•^>+-^+j7r = V' — V, 

•^~-^+ 47 r= {Ij— I r )cos2<£+Z7sin2<£, 

and U' — — (I z —I 3 .)sin2<^+D'cos2<£, (187) 

or 1^ == I z cos 2 <^+I 7 .sin 2 <£+|-U'sin2<£, 

= J z sin 2 <£-f I r cos 2 <£—|Z7sin 2f>, , 

U' = — l 1 sm2f>-\-l r &m2cf>-] r U cos2^>, 

V' = V. 


and 


( 188 ) 
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Hence if I = (4 J r , U, V ) (189) 

denotes a vector whose components are the four parameters l z , I r , U, and V 
which characterize an arbitrarily (partially) polarized light, then the effect 
of a rotation of the axes through an angle in the clockwise direction is 
to subject I to the linear transformation 


L(cf>) = 


( cos 2 <j& 
sin 2 <£ 
— sin 2<f 
0 


sin 2 </> •§• sin 2<j> 0 

cos 2 <f> —-|-sin 2 <jS 0 

sin cos 2(f> 0 

0 0 1 


(190) 


It is to be noticed that L(<f>) is reducible with respect to V. 

It is evident that L (<•/>) must satisfy the group relations 

Z/(<^i)L( 96 2 ) = L((j> x - and L" 1 ^) = L( — f>), (191) 

relations which can be directly verified by using the representation (190). 


16. Rayleigh scattering 

The simplest and in some ways the most important example of a 
physical law of light scattering which has found wide application is 
that discovered by Lord Rayleigh in 1871 in. the context of his account¬ 
ing for the blue of the sky. Though Rayleigh’s earliest considerations 
were related to the scattering by a dielectric sphere of radius small com¬ 
pared with the wave-length of light, it was soon recognized by Maxwell 
and later by Rayleigh himself that the law is of much wider scope and 
generality. For example, we know now that the angular distribution 
and the state of polarization of the scattered light according to Rayleigh 
applies also to the Thomson scattering by free electrons. 

Rayleigh’s law as commonly formulated states that when a pencil of 
natural light of wave-length A, intensity I, and solid angle d<x>, is 
incident on a particle of polarizability <x, energy at the rate 

M^o^^x&l+cos 2 ©)^ (192) 

is scattered in a direction making an angle © with the direction of 
incidence and in a solid angle dco '; that the scattered light is partially 
plane-polarized; that the plane of polarization is at right angles to the 
plane of scattering f; and finally, that the intensities of the scattered 
light in directions (in the transverse plane containing the electric and 
the magnetic vectors) parallel and perpendicular respectively to the 
plane of scattering are in the ratio cos 2 ©: 1 . 

Tliis Ik tlio piano which contains tho directions of the incident and the scattorod 
light. 
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According to (192) the scattering coefficient, a, per particle is 

128tt 5 


3A 4 


a 2 . 


For electrons, the Thomson scattering coefficient 

8rre 4 


can be obtained by setting 


3 m|c 4 


(A\ 2 e 2 


OL 


{ c) 4:7r 2 m^ 


(193) 


(194) 


(195) 


in (193). (In eqs. [194] and [195] c denotes the velocity of light, c the 
charge on the electron, and m e the mass of the electron.) 



Fig. 7. The coordinate system for referring to the state of polarization of the 
incident and the scattered light in single scattering: the scattering -piano is the 
plane containing the directions of the incident and the scattered light; and 
II and ± refer to directions in the transverse planes (of the incident and the scat¬ 
tered light) parallel and perpendicular respectively to the plane of scattering* 

The usual statement of Rayleigh’s law which we have given is 
inadequate for the purposes of formulating the relevant equations of 
transfer, for it does not tell us how a partially polarized beam will be 
scattered. It is clear that what we require is a statement of the law 
which will enable us to relate the Stokes parameters of the scattered 
light with those of the incident light. Consider, then, the incidence of 
an arbitrarily polarized beam on a particle. Let the momentary vibra¬ 
tions representing the incident beam resolved along directions parallel 
and perpendicular respectively to the plane of scattering be (see Fig. 7) 

£ll = sin (cot —<q) and = ftp sin (oi—e 2 ). (196) 

The complete statement of Rayleigh’s law is that the vibrations repre¬ 
senting the light scattered in a direction making an angle 0 with the 
direction of incidence is 

ft, s> == (fcr)^| 1 0) COS0 sin(to£ — <q) 
ft? = (fo^ftj? sin(co£—<q), 


and 


(197) 
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where the phase , (e l5 e 2 ), and the amplitude, (£|| 0) 3 £j 0> ), relations in the 
incident beam are maintained, unaltered, in the scattered beam. Accord¬ 
ingly, the parameters representing the scattered light are proportional to 


COS 2 © = fcr^COS 2 ©, 


§ *im 2 = 


§O-[2| r [ 1 0) | :( _{ )) COS(e 1 — € 2 )]COS0 = $crU COS 0, 

and |a[ 2 ^ 1 ( | 0 ) 4 : 5 ) sin(e 1 ~e- 2 )]cos© = fexFcos©. 

Therefore, denoting the incident light by the vector 

(44,^7), 

we can express the scattered intensity in the direction © by 

AA 


( 


a^f-)RIdaj, 
4t t j 


where 


R 


/ cos 2 0 

0 

0 

0 \ 

1 ° 

1 

0 

0 1 

1 o 

0 

cos© 

0 / 

\ o 

0 

0 

COS0 / 


For natural light ,7j| — I A 


11 and U 


(198) 

(199) 

( 200 ) 

( 201 ) 

V — 0 and we verify that 


Rayleigh’s law as expressed by ( 200 ) and ( 201 ) reduces to the earlier, 
more usual, statement of the law. 

We may call JR the phase matrix for Rayleigh scattering (cf. [26] 
and [ 200 ]). 


17. The equation of transfer for an atmosphere scattering 

radiation in accordance with Rayleigh’s law 

When we consider the radiation field in an atmosphere in which each 
particle (atom, molecule, or electron as the case may be) scatters 
according to a definite physical law (such as Rayleigh’s) we must 
first inquire how an element of volume containing a large number of 
particles, as distinct from a single particle, will scatter light. The 
question at issue here is whether the light scattered by the different 
particles in a small element of volume can be considered independent 
or not. While a rigorous examination of this question requires some 
careful consideration, it is, nevertheless, fairly evident that if the 
scattering centres are distributed in a perfectly random fashion (as in 
a gas obeying Maxwell’s law) there would be no permanent correlations 
in the phases of the light scattered by the different particles. And if 
this is the case, the light scattered by the different particles will indeed 
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be independent and we can. add the Stokes parameters. In our future 
discussions we shall assume that these circumstances always prevail. 
A further consequence of this assumption is that the light in the 
different directions through the same point may also be considered 
independent. 

According to our remarks in the preceding paragraph, we can intro¬ 
duce a mass scattering coefficient k given by 


K 


-N, 


( 202 ) 


where N is the number of particles per unit volume and p is the density; 
further, we may write for the scattering by an element of mass dm the 
expression (cf. [ 200 ]) ( ^ , 


K 


dm 


'\ 


477 j 


RI dco, 


(203) 


where it should be particularly noted that I is defined in a rectangular 
system of coordinates in which the directions parallel and perpendicular 
to the plane of scattering define the axes. 

For electrons we have already given Thomson’s expression for k 
( eq. [194]). For the case of molecular scattering, Rayleigh’s formula, 
for k can be obtained from (193) by setting 

■ 2— l 

(204) 


n~ 


(X 


4-7 tN’ 


where n denotes the refractive index of the medium; thus 

8 tt 3 (n 2 —l ) 2 
* ~~ ~T ~~A Wp 


(2015) 


17.1 The equation of transfer for I(d\ cp) 

Proceeding now to the formulation of the equation of transfer, we 
shall characterize the radiation field at each point by the four intensitieR 
Ifd', 9), T r (-&, 9), U(■&,(. p), and V(d, 9), where & and 9 are the polar angU-n 
referred to an appropriately chosen coordinate system through ttie 
point under consideration (see Pig. 8 ) and l and r refer to the directions* 
in the meridian plane and at right angles to it, respectively. 

Letting = [7 z (^,cp), /,.(#,9), U(fr,cp), F(#,<p)], (200) 

we can formally write the equation of transfer in the vector form 

_d g (g < g) 

Kp as 

where 5 (^, 9 ) denotes the vector source function for J(^,rp). 


( 207 ) 
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To evaluate 3 (#,<p), consider the contribution d%(3,(?;-&' j cp'), to the 
source function arising from the scattering of a pencil of radiation of 
solid angle dco' in the direction (#', cp')- This will be given by 

Rl’tL (208) 

4t r 

if I(■&' 3 cp') is referred to the directions parallel and perpendicular to the 
plane of scattering. But as we have introduced it, !{■&',<p') is referred 



to directions along the meridian plane OL\ Z and at right angles to it. 
However, according to § 3 5 (§ 15.5, eq. [190]) we can transform W,<p') 
to the directions required for using (208) by applying to !{■&',<?') the 
linear transformation L( — i L ), where i % denotes the angle between the 
meridian plane OI\ Z through I\ (= (#', 9 ')) and the plane of scattering 
OP x T». Consequently, the contribution to the source function from the 
scattering of the pencil in the direction (#', 9 ') is 

( 200 ) 

But (209) refers the Stokes parameters to directions at P 2 , parallel and 
perpendicular to the plane of scattering. To transform (209) to the 
chosen coordinate axes at 1\ (namely, the directions along the great 
circle arc P Q Z and the direction at right angles to this) we must apply 
to (209) the linear transformation L{TT—i 2 ), where i 2 denotes the angle 
between the planes 0P 2 Z and 0P 1 P z . Thus, we finally obtain for 
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,<p') the expression 

d$(&, 9;#', cp') = L(tt— 4)fl(cos©)L(~4)J(#' j 9 ') ( 210) 

ifs: S’" “™ obM “ a <*■»> 

1 ^ ^ 7T 

3 (^ 9 ) = ^ J J i ^-i2)fi(cos©)L(_i 1 )/(^' j9 ' )sin ^^ cp -_ 

0 0 

w . ( 211 ) 

e can now write the equation of transfer (207) in the form 


dl{&, 9 ) ! / l ' 17 

Kpds (^’9) J J P(&,<p;&',%>')/(&',cp')ain&' d-fr'dap' 

o o 

wW the phase-matrix P(&, r ,&,?■) is given by 

= L(7t — i 2 )jR(eos@)L( — iff. 

17 . 2 . The explicit form of the phase-matrix 
ha™ Stltutmg for L and R according to equations ( 190 ) and (20] 


( 212 ) 

(213) 


•**(#> <p; 9') 


/ cosn 2 

sin 2 4 

—sin 2i 2 

o\ 

/ sin 2 4 

cos 2 4 

*+■ | sin 24 

0 I 

1 sin 24 

— sin 2 i 2 

COS 24 

0 

\ 0 

0 

0 

J 


X 


X 


’'cos 2 © 0 0 0 

0 1 0 0 

0 0 cos© 0 

^ 0 0 0 cos© 


cos 2 4 



sin 2 4 


i sin 2 i, 


cos2 4 -f~i sin 2 i x 
-sin 2 i 1 cos 2 i x 


0 


0 


or. 




/cos 2 4 

sin 2 4 

—£ sin 24 

°\ 

/ sin 2 4 

cos 2 4 

sin 24 

0 i 

1 sin 24 

—sin 24 

cos 24 

0 1 

\ 0 

0 

0 

1/ 



X 


^ COS 2 © cos % COS 2 © din 2o i „ 0/ -, • 

. ■ } usu sm h — t COS 2 © Sin Zi- 0 

sm 2 ?., r» nq 2 ; , . * 

__ ork . „ - 1 c °s H sm 2%-, 0 

cos@sm 2t, —cos© sin?* ^ * 

i ^oscisin^ cos© cos 2i-. 0 

u n ^ 

0 cos©, 

(215) 


X 
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Introducing the abbreviations 

(l, l) = sin ft sin —cos^ cos i 2 cos©, 

(r,r) = sin ft sin « 2 cos 0— cos cos i % , 

(r, l) — sin i x cos i 2 cos © -j- cos i x sin i 2 

an d (l,r) == —(sin^cos^cosQ-f-cosiaSin^), (216) 

we readily verify that the matrix product on the right-hand side of 
equation (215) is 

P(*,<p;*',<p') 

( (M) a {r,D* (U)(r,l) 0 \ 

„ 3 J (4 r ) 2 „ (r,r)~ • (l,r)(r,r) 0 | 

“212 2 (r, r)(r, l) (*,Z)(r,r)-f(r,Z)(Z,r) 0 /* 

(217) 

On the other hand, from the spherical triangle ZI\P 2 we have the 
relations ^ 

{ 1 , 1 ) sin {)• si n {)•'-[- cos & cos $iaods(9' — 

(r, /) --- - -jcos & si 11(9' —9), 

(/, /■) ----- —cossi 11(9'—9), 

and (r, r) = 008(9'—9). (218) 

Using these expressions for ( 1 , 1 ) etc., we find that the various matrix 
elements of P are 


(M) 3 - £[2(1 ~/m*)( 1 -p, /a )-|-/tV 3 j-h 

-1 2/x/x'( I —/x“)-(l —/x' 2 ) 4 008(9'—9»)-|- ig 2 /x' 2 C0S 2(9'—9), 

(r, Z) 2 « -^[1 -cos 2(9'—9)]f (l,r)* = ^[1-cos 2( 9 '- 9 )], 

(>\ ?•) 2 — £[ 1 4 cos 2(9'—9)], 

• (/, /)(/*,!,) =r- fL( l—^)*( l—/*'*)* sin( 9 '— 9 )-l- 1 /xVsin 2 ( 9 '— 9 ), 

(l, l)(l, r) — f.i (I —yu 2 ) 4 ( 1 — /x' 2 ) 1 si 11(9'— 9) — |/x/x' 2 sin 2(9' — 9), 

(l,r)(r,r) — 1 /.P sin 2(9'—9); (r, l)(r, r) — £/xsin 2(9'—9), 

(l, l)(r, r)4- (r, = (1 —ju. a )*(l—A* /a ) fc cos( 9 r — <p)-[-ju,ju/ cos 2(9'—9), 

and 

0(M = W /+(l-^)5(]- A c / 2 )^cos(9'-9), (219) 

where we have written fj, and /x' for cos# and cos#', respectively. 
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According to equations (219) we may express the phase-matrix 
cp; /x', 9') in the form 

Sp', <?') 

- p') ■+ (1 ■ 1 -p'*)*p«(p, 9 ; p', ?')+ * w (p, < r , nW )] 

( 220 ) 

where 


J*W') = l 




/2(l_^)(i__^ 2)4 _^, 2 

P 2 

0 

0 \ 

[ p ' 2 

1 

0 

0 1 

\ ° 

0 

0 

0 / 

\ 0 

0 

0 

pp'/ 

' cos(9'—9) 0 2 ft 

sin (9' — 

-9) 

0 

0 0 

0 


0 


( 221 ) 


-2/x'sin(9 / —9) 0 

0 0 


cos(9'—9) 
0 


0 


** C2) (p> 9 

pV* cos 2(9' — 9) 
— jm ' 2 COS 2(9'—9) 

—p,p/ 2 sin2(9'—9) 
0 


cos(9'—9); 

( 222 ) 


-/x 2 COS 2(9' — 9) 
COS 2(9'—9) 

/x sin 2(9'—9) 

0 



/ 1 

0 

0 

°\ 

and 

o-j® 

1 

0 

° 



0 

2 

0 / 


\o 

0 

0 

2/ 


ft 2 ^'sin 2(9'—9) o' 

— ju,' sin 2(9'—9) 0 

ftp/ cos 2(9'—9) 0 

0 0/ 

(223) 

(224) 


It will be observed that 

P®(n,r,nW) = 91^,9') (i = 0, 1 , 2), ( 225 ) 

wher e f*> stands for the matrix i*« after its rows and columns hare 

,-Xr aud tte variabIes M and ( A ', 9 ') have also been 

as we sy “ metr ^ of the PWmatrix for transposition is, 

of Helmh U lt S6 ’ e ■ 7 11 ’ § 52) ’ Simply the math ematical expression 

S H CIP n reoipr ° oit y for scattering when due 

owance is made for the polarization of the scattered light. 

It will also he observed that the matrix P is reducible with respect to 

“r satisfies an eciuation ° f s 

maependent of the other three parameters. 
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ITinally, we may note that for a plane-parallel atmosphere the equa¬ 
tion of transfer can he written in the form 

4-1 2t t 

f p (M du’df’, 

- 1 0 ( 226 ) 

where r denotes, as usual, the normal optical thickness, measured, in 
this instance, in terms of the scattering coefficient #c. 

17 . 3 . The equations of radiative transfer for an electron scattering 
atmosphere 

Rayleigh scattering is clearly a case of conservative scattering. 
Consequently, the axially symmetric problem in semi-infinite plane- 
parallel atmospheres with a constant net flux in the total intensity 
(/ z -f -I r ) is one which is physically significant. Indeed, the problem is 
one of particular astrophysical interest in view of the fairly definite 
indications we now have that the transfer of radiation in the atmo¬ 
spheres of early type stars with surface temperatures exceeding 
1 . 5 , 000 ° K. is predominantly controlled by the scattering by free 
electrons. And, as we have already remarked, Thomson, scattering by 
free electrons agrees with Rayleigh’s in the prediction of the angular 
distribution and the state of polarization of the scattered radiation. 

Now in a plane-parallel atmosphere with no incident radiation, the 
axial symmetry of the radiation field clearly requires that the plane of 
polarization he along the meridian plane (or, at right angles to it). 
Consequently, under the circumstances, U V = 0 and the two 
intensities Tfr, ft) and Ifr, ft) suffice to characterize the radiation held. 
And the equation of transfer governing the intensities I z and I r can be 
written in the form (c/f. eqs. [ 220 J, [ 221], and [ 226 ]), 



Solutions of this equation are required which satisfy the boundary 
conditions 


Iff), — ft) =- If 0 , — ft) ~-= 0 (t = 0 and 0</x^l) 
and 7j(r, /a) -< e T and Tfr, ft ) ~< < >T for r -■> oo; (228) 

and, as in similar transfer problems in the theory of stellar atmospheres. 
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greatest interest is again attached to the angular distribution of the 
emergent radiation. 

17.4. The basic problem in the theory of the illumination of the shy 

The problem of diffuse reflection and transmission by a plane-parallel 
atmosphere scattering radiation in accordance with Rayleigh’s law is 
clearly the basic one in the theory of the illumination and polarization 
of the sky. The problem is also of interest for the illumination of the 
other planets by the sun, particularly Venus and Jupiter. 

Though in practice we are mostly interested in the case of incidence 
of a natural beam of light, from a theoretical point of view it is 
advantageous to consider the following somewhat more general 
problem: 

A parallel beam of radiation of net flux 

7 TF = ^F„F r ,r v ,F v ) ( 229 ) 

per unit area normal to itself in the four Stokes parameters is incident 
on a plane-parallel atmosphere of optical thickness t x in some specified 
direction (—/x 0 , <p 0 ). It is required to find the angular distribution and 
the state of polarization of the light diffusely reflected by the surface 
t = 0 and diffusely transmitted below the surface t = t x . 

We shall find it convenient to express the resulting laws of diffuse 
reflection and transmission in terms of a scattering matrix cp; y {) , 9 0 ) 

and a transmission matrix T(t 1 ; fi, ®; ju 0 , <p 0 ) such that the reflected and 
the transmitted intensities are given by 

l(0;+y,cp) = S(t x ; y,cp; y 0 ,cp 0 )F 

and I^, — /^,cp) =-!- T(t x ; g,cp; g 0 ,cp 0 )F. ( 230 ) 

In the definitions ( 230 ) we have introduced the factor Ifou, to secure 
for S and T the symmetry for transposition similar to what we have 
already noticed for the phase-matrix (eq. [ 225 ]). 

Distinguishing, as in § 15 , between the reduced incident flux pre¬ 
vailing at the various depths and the diffuse radiation field which has 
arisen in consequence of multiple scattering, we may write the equation 
of transfer appropriate for the problem of diffuse reflection and trans¬ 
mission in the form 

+ 1 2t r 

-i e-^P( l u 1 ?;- l u 0 ,9 0 )f’. ( 231 ) 
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The standard 'problem in the context of this equation is to solve it with 
the boundary conditions 

1 ( 0 , —fx, 9) == 0 (0 < y < 1, 0 < cp < 2 t7) 

and J(r l3 H-fi 3 (p) 0 (0 < fx ^ 1, 0 < <p ^ 2 tt). ( 232 ) 

We shall later show (Chap. X, § 72 ) how the solution of the case when 
there is a 'ground 5 at r = can be reduced to this standard problem. 

18 . Scattering by anisotropic particles 

On Rayleigh’s law, when light is scattered at right angles to the 
direction of incidence it is plane-polarized, and this is true independently 
of the state of polarization of the incident light. (This follows directly 
from eqs. [200] and [201J.) On the other hand, experiments on scattering 
by gases and liquids have shown that in practice this situation is never 
fully realized and that the light scattered at right angles to the direction 
of incidence is always weakly admixtured with a certain proportion of 
natural light. This imperfection in the polarization of the light trans¬ 
versely scattered has been, interpreted by 'Rayleigh, Cabannes, and 
JL. V. King as due to the anisotropy of the scattering particles. While 
it is not within the scope of this book to go in any detail into the purely 
physical aspects of these and similar theories, it is nevertheless impor¬ 
tant for our purposes to generalize the current treatments of the 
problem to include the case of scattering of an arbitrarily polarized 
light characterized by a set of Stokes parameters. This generalization 
will be required in an eventual complete treatment of the illumination 
of the sky (cf. Chap. X, § 74 ). 

The basic idea underlying Rayleigh and King’s classical theory of 
scattering by anisotropic particles (molecules) is that a particle is 
characterized by three planes of symmetry such that if an electric (light) 
vector is incident along any of the three principal axes defined by the 
planes of sy mmetry, it induces dipole moments which are proportional, 
respectively, to three constants A, B, and C. Thus, if OX, OY, and OZ 
define the principal axes of a. particle, an incident light vector 

5 - (£,, Q 

induces dipole moments of amounts 

ix r — ■= A £ r , <Xy B£; y , and «„ = Ot~„, ( 233 ) 

along the three axes, in this respect an anisotropic particle differs 
from a spherical particle for which A. — B =- C and the induced dipole 
moment is always parallel to the instantaneous light vector. 

Consider now the incidence of an electric vector IE, = (£ l9 £ 3 ) on a 
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particle whose principal axes are along directions specified by the 
direction cosines (Z l5 m l3 %) 3 (l 2 , m 2 , n z ), and n 3 ). To find the 

dipole moment induced by ^ in the directions of the chosen axes, (1, 2, 3 ), 
we must first resolve £ along the principal axes of the particle, then use 
equations ( 233 ) to find the induced moment a in the coordinate system 
(X, Y, Z), and finally apply to a the transformation required to refer it 
to the coordinate system, (1, 2 , 3). Thus 

M\ Ik h h 

a = U = m 2 m 3 ) I B[l 2 g x -{-m 2 g 2 -\-n z £ 3 ] 1 • 

\aj \ n x n 2 n 3 }\ C[l 3 $ 1 J r m 2 g 2 -j--n 3 g 3 ]/ 

(234) 

Introducing the symmetric polarizability tensor, (p l7 ), with the com¬ 
ponents 

#n “ Al\-\-Bl\-{-Cl 3 \ p 12 — p 2x — Al x m x -j-Bl 2 rn 2 -\-Gl 3 rri 3 , 

#22 = p 23 = p 3% = 4 ^! %!+dm 3 %, 

#33 = An\+Bnl-\- On%; p 31 = p 13 = An x l x ~y~Bn 2 Z 2 + Cn 3 l 3 , (235) 

7b 

we can write = 2 Pijij (» = 1 . 2, 3 ). ( 236 ) 

Let the instantaneous vibration of the electric vector representing 
the incident light be (see Fig. 7 ) 

£1 = iw = £ f| 0J sin (coif —€ X ); g 2 = 0; g 3 = £ ± = ^sin(c ot—ef). (237) 

According to equation ( 236) 3 the co m ponents of the induced dipole 
moment are 

°h = #n6l+#i 3 £±> “2 — JP»£ir+^23 £±> “3 = Psiir^rPssid.’ ( 2SS ) 

FTow on the classical theory the vibration representing the scattered 
light is proportional to the projection of the induced dipole moment on the 
plane at right angles to the direction of scattering. For the light scattered 
in a direction 0, we can therefore write 

lfi s) — cqeos®—a 2 sin® and g { jj = oc 3 , ( 239 ) 

where for the sake of convenience we have omitted writing a constant 
of proportionality. 

From equations ( 237 )-( 239 ) we now have 
£|| S) = (Pi 1 cos 0 —P21 sin &)£f ] sin (cot— ef) 

+ CPis cos © —#23 sin © )I2 > sin(co t — e 2 ) 

and fi? = p 31 f jj«> sin(o)i— e x ) +#33 si n(oot-e 2 ). ( 240 ) 

It is important to note that in these expressions representing the 
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scattered light, the phase, (eq, e 2 ), and the amplitude, (£f| 0) , £^ } ), relations 
in the incident beam are maintained, unaltered. 

Expanding the sines and cosines in equations (240) we have 

ffi s) - 

[(ihicos©— p 21 sin©)£[| 0) cos ei-\-(p 13 cos©—p 23 sin©)^ ) cose 2 ]sina)i{— 
—[CPii cos © —£> 2 i sin ©)£[j 0) sin e x -\- (p 13 cos © — p 23 sin ©)^^ sin e 2 ]cos cot 
— %sinco^— bj^GOScot (say), (241) 

and 

£? = b 3 i^ ( | ,) cos€ 1 +^ 3 3 ^cose 2 ]sin^— 

~ feu i? } sin e x +p 33 sin qjcos ojt 

= <x 2 sin cot — b^Goscot (say). (242) 

The Stokes parameters for the scattered light must now be found 
according to equations (159) and (160), where it must be noted that in 
finding the various mean values we must now average not only over the 
fluctuating amplitudes and phases in the incident beam but also over 
the different orientations of the particle (i.e. also over all the directions 
l x , m lf 7 ^ 1 , etc.). However, the two averagings we have just mentioned 
can be performed independently of each other, "j* 

According to equations (241) and (242), the required Stokes para¬ 
meters are proportional to 

a|j-[-£>!, 2 (a 1 a 2 +b 1 /j 2 ), and 2(a 2 b ± — a^bl),t (243) 

respectively. The evaluation of these various mean values is con¬ 
siderably simplified when use is made of the fact that when averaging 
over the different orientations of the particle, the only non-vanishing 
contributions come from terms of the type 

¥fh J>%> and Pii'Pn- (244) 


•[• In tho quantum theory, at this stago, difficulties can arise (of. § 19). 

:j; These expressions for tho Stokes parameters become apparent when we write the 
equations (241) and (242) in the standard form 

£[(° = |[ | °-«> sm(oiii — 8 X ) and sin(cui — S 2 ) 

by making tho substitutions 

£f<u> „ («M-z>‘i)h - (a3+a§)* 

b , a 

tan. 8, — and tan § 2 = —. 

a, a 2 


from these equations it roadily follows that 

- Sf+Sf; ISFT’ 


3+1 
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These averages have the values 

Pa = Pm = plz = ™f 2 A 2 +2mfm$ 2 BG 

= M 3 2^ a + 2 2- BC '] = S 5 (say), 

i>E = Pis = A = «*!»! 2 ^ 2 +2m 1 »»i»i.2 TC 2 2 5(7 

= *[2 ^ 2 - 2 s °] = #~ 2 (^y)- 

and 

Pa Pm = i>s 3 J>2a = P22P11 = “i»! 2 4 2 + 2 ml»l 2 BC 

= fs[2^ 2 + 4 2- BC ']. ( 246) 

where for the sake of brevity we have written 

= and J, BC = AB+BC+CA. (246) 

We thus find from equations (241) and (242) that the Stokes parameters, 
(243), representing the scattered light are, respectively, 

[iPii cos 2 0-j-^ ) | 1 sm 2 @][£[, 0) ] 2 +[Pi3 cos 2 ©+y/|3 sin 2 ©]^^] 3 , 

SkPT+AES 5 ?. 

(P33 Pll H-A)cos©! — e 2 j]cos ©, 

and (PmPii—Piz) 2 [l|| 0) l±> sin(e 1 —e 2 )]cos©. 

The various averages over the amplitudes and phases which occur in 
the foregoing expressions are simply the Stokes parameters of the 
incident light. 

Using for the various means of the squares and products of the tensor 
components in (247) their values given by equations (245), we have 

(K* cos 2 ©-}-# 2 sin 2 0)if,-f ^4, 

x^[2 ^L 2 -|-3 BC~\U cos© = (K*—H*)U cos©, 

and [J 2 BC]V cos© = {K*—ZH*)V cos©, (248) 

respectively. Therefore, denoting the incident light by the vector 
I — (4 4, U, V ), we can write for the intensity scattered in a solid 
angle dco' and in a direction making an angle © with the direction of an 
incident pencil having a solid angle do, the expression 


V 

( 247 ) 


(249) 
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where or Is the scattering coefficient per particle, 


R 


3 


2(1+2y) 


/ cos 2 0 +y sin 2 0 

y 

0 

V \ 

1 7 

i 

0 

l 0 

0 

(1 —y)cos© 

0 1 

V o 

0 

0 

(1 — 3y)cos 0/ 


and 


__ (25°) 

y ^ (251) -j- 

For an incident beam of natural light the scattered intensities in 
directions parallel and perpendicular to the plane of scattering are 
proportional to , ° 

3 % 

[2y-|- (1 — y)cos 2 0 \I (||-component). 


4(l + 2 y) 


and 


3 


(252) 


4(1 + 27)(.L-component). 

From these expressions it follows that for light scattered at right angles 
to the direction of incidence 


J<7 




W <)()° 


1 + 


i-y 


(253) 


This is the so-called depolarization factor, generally denoted by p 
Hence ' u ' 

2 y 

P» ( 254 ) 

(The inequality y + now implies that p. n + 1 .) 

Again, according to the expressions (252) the angular distribution of 
the scatteied intensity, for an incident natural beam, is governed by 
the phase function 

[p(c ( )S W)J„ u t.nmlliKht = i-|Th>y) L( H- 3y) ) ( 1 —y)cos 2 0]. (255) 

It will be observed that this phase function, is normalized to unity. 
(This is indeed the reason for introducing the factor 3 / 2(1 + 2 y) in [250].) 

Foi scattering by anisotropic molecules the scattering coefficient is 
giV6nby 

3 A'hV 2 "6-777 

a formula due to (Jabannes. 


(256) 


! Biom the equations cloliniripj / /- aiul K" it followw that y J; that the caso y 

can. occur when, and only when, two of the throe constants A, C vanish; that in 

all other cases the inequality y • ; | is a strict one. 

3595.64 
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For air, experiments indicate that the depolarization factor, p n) 

is 0*04. 

The formulation of the equation of transfer for an atmosphere 
scattering according to the law expressed by (249) and (250) raises no 
difficulties: it can indeed be written down directly from the equations 
we have already derived in § 17. For, the matrix R being reducible 
with respect to V, this parameter is scattered independently of others 
and in fact, according to the phase function, 3(1 — 3y)cos0/2(l + 2y). 
Considering next the part of the matrix R referring to I b I r , and U we 
can write it as the sum of the two matrices 


3 (l-y) 

2(1+2 y) 


/ cos 2 © 

0 

0 \ 


/I 

1 

0\ 

0 

1 

° ) 

and ^ 1 

1 

1 

o) 

\ 0 

0 

cos 0/ 

2(1+2 y) 1 

\0 

0 

0/ 


(257) 


The first of these two matrices is, apart from a constant of propor¬ 
tionality, the same as the matrix which appeared in the theory of 
Rayleigh scattering (cf. eq. [201]), and the second represents isotropic 
scattering of I t and I r independently of the state of polarization, of the 
incident light. Consequently, the phase matrix which must he used in 
an equation of transfer of the form (226) for I b I r , and U is 


l —y 

l + 2y 


P(^,cp; +,+) + 


3y 

2(l + 2y) 



1 

1 

0 



(258) 


where P denotes the same matrix as defined in equations (220)—(223) 
with the fourth row and column omitted. 

We may summarize the results of this section by the statement that; 
the scattering of partially plane-polarized light by an anisotropic 
particle may be regarded as equivalent to a superposition of Rayleigh 
scattering with a weight (1— y)/(l + 2y) and isotropic scattering of each 
of the components I 2 and I r with a weight 3y/(l + 2y). 


19 . Resonance line scattering 

The quantum theory of resonance fluorescence leads to a law of 
scattering which is formally of the same type as the classical law 

of scattering by anisotropic particles which we have described in the 
preceding section. 

In the context of resonance line scattering we are concerned with, 
transitions from an initial ground state to an excited intermediate state 
and back to the ground state. However, in discussing these transitions 
we must distinguish between the different substates of each level as 
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specified by the magnetic quantum number m (which are the eigen¬ 
values of the s-component of the total angular momentum in units of fi). 
Let the relevant states of the radiating atom be designated by A lc , B n , 
and A py where A and B refer to the ground (initial or final) and the 
intermediate (excited) states, respectively, and the subscripts refer to 
the m-values of the different substates in question. 

Now the probability of a transition A lc —> B n between a single pair 
of m-states is easily calculable for any given stream of incident radia¬ 
tion; similarly, the angular distribution and the state of polarization of 
the quantum emitted in a transition B n —> A p between a single pair 
of m-states are also known. But attention must be paid in investiga¬ 
ting resonance fluorescence to the fact that the different sequences of 
transitions which are possible starting from the same state A Jc are not 
uncorrelated; for, when transitions from a given state A k to different 
substates B n are possible, the wave functions belonging to these sub¬ 
states have phases which are related in a definite manner to the phase 
of the wave function belonging to A k \ the resulting transitions B n —> A p 
from the different substates B n cannot therefore be regarded as inde¬ 
pendent of each other. A theory allowing for these correlations has 
recently been worked out by T). R. Hamilton, whose results we shall 
quote. 

In resonance fluorescence, the Stokes parameters I h I r , and U are 
scattered in accordance with a phase-matrix of the form. (cf. eq. [257]) 

/cos-0 0 0 \ /I 1 0\ 

ud o i o +pyi i <>), ( 259 ) 

where M t and M % are certain constants depending on the initial j- value 
and the A j (-— +1 or 0) involved in the transition, Burther, as in 
Rayleigh scattering and in scattering by anisotropic particles, the 
parameter V is scattered independently of the rest and according to 
a phase function of the form 

fJ& T 3 cos0, (260) 

where B. % is another constant de pending also on j and Aj. 

In Table II we list the values of E x , JS 2 , and B a as given by Hamilton. 
It will be observed from this table that 

= 1, (261) 

a condition which is clearly necessary for conservative scattering. 
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It will also be noticed that for j = 0 and A j = 1, 

E x = 1, = 0, and E 3 = I; (262) 

this case is therefore the same as 'Rayleigh scattering’. 

Table II 

The Constants E x , E 2 , and E s 


N 

E, 

E 2 

E a 

i 


3i(6jH-7) 

j + 2 


ibu+im+i) 

10(j+l)(2i + l) 

2(i4-l) 

0 

(2/-l)(2iH-3) 

Z(2f+2j+l) 

1 

%+l) 

W(jpi) 

2?(i+1) 


<2j-3)(i-l) 

3(6j 2 + 5i-l) 

j-l 


10i(2j + l) 

10;/(2j+ 1 ) 

2 3 

Since the 

phase-matrix 

(259) is of the same form 

as the 


sidered in § 18, no additional remarks are necessary as to how the 
appropriate equations of transfer are to he formulated. 
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QUADRATURE FORMULAE 

20 . The method of replacing the equations of transfer by a 
system of linear equations 

Iir Chapter I we have seen how the various problems in the theory of 
Radiative Transfer lead to integrodifferential equations of varying 
degrees of complexity. It is not to be expected that exact and complete 
solutions of all the problems will be feasible. In a study of the equations 
of transfer we must therefore have two objectives: First, the develop¬ 
ment of approximate methods of solution which will have sufficient 
flexibility for adaptation to any practical situation which may arise; 
and second, the development of methods of sufficient power and 
generality which will enable us to discover the various integral relations 
which may exist and also to obtain exact solutions for at least those 
aspects of the problem (such as the angular distribution of the emergent 
radiations) which are of particular interest. The two objectives we 
have mentioned are not as unrelated as they may appear at first sight; 
for in many problems the exact relationships which exist are not at all 
obvious ones and, indeed, in many cases it would be extremely difficult 
even to guess at their origin or nature if we did not already have some 
reason for suspecting their existence; and the grounds for ‘suspicion 5 
must often He in the form of the solutions obtained by the approximate 
methods. Therefore, in developing approximate methods of solution 
we can take one of two points of view: Either develop methods exclu¬ 
sively in the context of a particular problem (such as isotropic scatter¬ 
ing in a homogeneous medium) aiming at the highest accuracy possible, 
or develop methods which, though in particular cases may not he as 
accurate as the special methods, will yet have sufficient generality for 
disclosing all the invariant relationships among the problems. Roughly 
speaking, the former appears to he the point of view of the physicists 
in their investigations on neutron diffusion; the latter will be the point 
of view adopted in this book. 

Now in trying to develop a systematic method for solving equations 
of transfer it would appear most natural to start with the method first 
used by Schuster (1905) and Schwarzschild (1906)-f" in the context of the 

1* Actually Schuster considered the more general case of isotropic scattering with an 
albedo (Chap. I, § 12, eq. [108]); hut Schwarzschild considered only the conservative 
case. 
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simplest equation of transfer (Chap. I, § 11.1, eqs. [88] and [89]) 


dI(T, jJi) 


H-l 

J(T,p,)—| J I(t, fJ,') d\x . 


Dividing the radiation field into an outward and an inward stream of 
intensities I + and I_, respectively, Schuster and Schwarzschild replaced 
equation (1) by the pair of equations 


and 


1 dl + 

2 ~dr 

1 dl__ 

2 (It 


X h —K4+i_) 


• ( 2 ) 


where the factor d=X on the left-hand sides of these equations is to allow 
for the mean obliquity of the rays to the outward (inward) direction. 
This division of the radiation field into two streams is reminiscent of 
the method devised by Joule (1851) in the kinetic theory of gases, in 
which the molecules in a rectangular box are divided into three equal 
pairs of streams moving parallel to the length, breadth, and depth of 
the box, the streams belonging to a given pair moving in opposite 
directions; the method of Schuster and Schwarzschild has played a 
similar useful role in the early developments of the subject. 

The solution of equations ( 2 ) subject to the usual boundary conditions 
(/_ = 0 at t — 0 , for example) is, of course, immediate, and provides 
in fact a ‘first’ approximation to the solution of the problem formulated 
in Chapter I, § 1 1 . 1 . It is, however, evident that the division of the 
radiation held into two streams is far too crude to include any of the 
effects of anisotropic scattering or polarization in which we are primarily 
interested. Nevertheless, the directness of the conception underlying 
Schuster and Schwarzschild’s method suggests that we retain, its basic 
idea but refine it by dividing the radiation field into more than just two 
streams. Wo can then preserve the principal advantage of the method, 
namely, its visualization of the radiation field, in terras of a number 
of discrete streams. The possibility of this visualization is particularly 
valuable in the formulation of boundary conditions (such as the vanish¬ 
ing of the radiation field in a hemisphere) with a directness and a free¬ 
dom from ambiguity which would bo unattainable otherwise. Basically 
this is the reason why the method derived from the original Schuster 
and Schwarzschild 5 s method is as successful as we shall find it to he in. 
preserving the fundamental relationships of a problem in all orders of 
approximation. 
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Dividing then the radiation field into 2n streams in the directions 
[At ( i zhlj-.., and /x_£ = —/x^), we can replace the equation of 
transfer ( 1 ), for example, by the system of 2 n linear equations 

dl{ T, LL -) 

dr ~~ ^ a j IfaPj) = ± 1 ,-., ±n), ( 3 ) 

where the a 3 - s (j = 1 ,..., n) are the weights appropriate for a quadrature 
formula based on the division (^) of the interval ( — 1, +1) (see § 21 
below). (In eq. [3] the summation over j is to be extended over all 
values ofj, positive and negative; there is, however, no term with j — 0 .) 

Since equation (3) represents a system of linear equations with 
constant coefficients, the solution of this or any other similar system 
can hardly introduce any difficulties of principle. Indeed, it might 
even be argued that by making the division of the interval (— 1 , -f- 1 ) 
finer and finer we can approach the exact solution as a limit. However, 
the practical efficacy of the method will largely depend on how well th.e 
lower orders of approximation {n = 3 or 4) represent the true solution. 
Consequently, in the choice of the division of the radiation field into 
streams we must be guided by the accuracy with which the integrals 
over [a can he replaced by weighted means of the intensities at the points 
of the division. The problem which we encounter here is basically tine 
same as that considered by Gauss in 1814 in deriving his formula for 
numerical quadratures. In Gauss’s formula the interval ( — 1 ,-f-l) is 
divided according to the zeros (^) of the Legendre polynomial 
and the integral of a function /(y) over the interval (— 1 ,-fl) is 
expressed <is a sum in tlie form 


+1 

J m, 

f(lA dp ( 4 ) 

— 1 

where the weights are given by 


a i = 


+i 

f _ 


-1 




-Pi 


d[A. 


( 5 ) 


The reason Gauss’s formula is superior to other formulae for quadratures 
m e interval ( 1 , -f- 1 ) is that for a given m it evaluates the integral 

exactly for all polynomials of degree less than 2 m and not merely those 
of degree less than m; in other words, Gauss’s formula is almost twice 
as accurate as a formula using only m values of the function in the 
interval would be expected to be. It would therefore seem that in 
replacmg the equations of transfer by systems of linear equations in 
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the manner of (3), we use the Gaussian division of the interval (— 1, 4 -1) 
and evaluate the various integrals over /n which occur in the equations 
of transfer by sums according to Gauss’s quadrature formula. This is 
one of the principal methods we shall develop. 

In view of the fundamental role which Gauss’s quadrature formula 
plays in the subsequent developments of the theory, it will he useful 
to set out the derivation of the formula particularly, as it will give us 
an occasion, also, for establishing other quadrature formulae which are 
useful in other parts of the subject. For example, according to the 
formal solution (Chap. I, §§ 7 and 9, eq. [70]) of the equation of transfer, 
the emergent radiation in a semi-infinite plane-parallel atmosphere is 
given by 

= J • (6) 

0 

The question as to the best quadrature formula for numerically 
evaluating integrals of the form 


J er- r J'(x) dx (7) 

d 

is therefore of considerable practical interest. As we shall see (§ 22), 
in this case a quadrature formula based on the division of the interval 
(0,oo) according to the zeros of the Laguerre polynomials provides 
an accuracy comparable to Gauss’s in the interval (— 1, —1). 

Again, for computing the mean intensities and the fluxes in a plane- ' 
parallel atmosphere according to (of. Chap. I, eqs. [ 97 ] and [98]) 


J(t) 


3(^(|/-t|)^ 


T 

and F{ t) 2 J 3 (f) K a (l-r) <U-% J 3 (<)JB,(T~t) dt, ( 8 ) 

T 6 

it would be convenient to have quadrature formulae analogous to 
Gauss’s and allowing for the fact that weight functions with singularities 
(but with finite moments) occur. Wo shall consider quadrature formulae 
appropriate to these circumstances also (§ 2,‘i). 

21 . The construction of quadrature formulae 

Consider quite generally the integral 


j f(x)w(x) dx 


( 9 ) 
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between two assigned limits, a and b, of a function f(x) weighted by 
some given function w{x ). We shall assume that f(x) is continuous in 
the interval ( b, a) and that the integral exists. 

Suppose that we wish to evaluate the integral ( 9 ) by a quadrature 
formula using only m values of f(x) in the interval (b, a). The question 
which arises concerns the choice of the points which will lead to the 
best evaluation of the integral. We shall investigate this question in 
the following manner: 


• Let ( x j) = 

represent a division of the interval ( b,a ). Using JLagrange’s formula 
for interpolation we can construct a polynomial, <f>(x), of degree less 
than or equal to m— 1 , which will take the same values at the points (x.) 
as f(x) does. Thus 



F(x) __ 

{x—x^F'txjY 


( 10 ) 


where 


m 


F(x) — JJ (x—x,) 


i =i 


is a polynomial of degree m whose zeros are the 
(xj) and 


F'(Xi) 


(dF 


\ 


\ d *lx=*i m 


n. <*,- 


(ii) 

points of the di vision 

xj. (12) 


We may regard <f>(x) as an approximate representation of f(x). And 
the integral (9) evaluated with cf>(x), instead of f(x), is 


a 


/ m 

<j>{x)w{x) dx = 2 a j f{x j ), 




(13) 


where 


a. 


1 C F(x)w(x) T 

Tn^)) 

b 



( 14 ) 


The weights oq (sometimes called the Christoff el numbers associated 
with F(x)) are all independent of/(z) and can be evaluated once for all 
when the division ( Xj ) is prescribed. In the method of Newton and 
Cotes, the interval (b,a) is divided equally into (m+l) segments by the 
points of the division and it is assumed that an approximate evaluation 
of the integral is obtained by the formula 


Cl 


/ TTh 

f{x)w{x) dx = %a j f{x j ) 




(15) 
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But Gauss showed that it would be advantageous to choose (#•) differ¬ 
ently. And the criterion underlying this alternative choice is the 
following: 

The error made in the value of (9) by taking (13) as its approximate 
value is a 

J ni 

f(x)w(x) fix — 2 (16) 

h i~u 

This clearly vanishes if/(a;) is a polynomial of degree less than or equal 
to m — I. We now ask whether, by an appropriate choice of (xj), we can 
make the error vanish for polynomials J'(x) of degree higher than m —1. 
And if we can, what is the highest degree of /(as) for which this can be 
accomplished ? And what is the corresponding division (xj) ? 

We shall first show that by a proper choice of (xj) we can arrange 
that the error (16) can be made to vanish for an arbitrary polynomial 
f(x) of degree less than or equal to 2m—1. Tor, in order that (16) may 
vanish for an arbitrary polynomial of degree 2m—1, it is clearly 
necessary and sufficient that it vanish individually for every power 1 of x 
less than 2m. Thus, letting 


x f iv(.v.)dx (l 0,1,..., 2m —1) 


(17) 


denote the moments of the given weight function, we require that 

VI 

ix, — 2 a j a 7 .2m - 1). (1.8) 

7 1 

This provides us with 2m equationsfor the 2m‘unknowns’ a.j(j = m) 

and Xj (j 1 If equations ( IS) can be solved for (xj) and (a,j) we 

shall have constructed a quadrature formula which will, be the ‘best’ 
in the sense wo have described. And, in any case, it is dear that under 
no circumstances can we make the error (16) vanish for an arbitrary 
polynomial of degree higher than 2m—-1. 

The following method of solving equations (18) for (x,j) and (aj) may 
be noted: 

Considering the m set s of (m. ] I) equations 


a i+i ^ 2 <>» \ o < i < m—1), 

■j i 


we form the sums 


m — 1 

( ^i\m ”1* 0, 1 j..., W 1), 

/ -0 


(19) 


( 20 ) 
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where the c z ’s (l — 0,1,...,?% — 1) are m constants unspecified for the 
present. Using equations (18) we can rewrite (20) in the form 

m j m —1 v 

%^'j +- ^2c z xjj (i = 0, l,...,m — 1). (21) 


From (21) it is apparent that if we let the m constants o, be determined 
(uniquely) by the m linear equations 



m — l 

+ 2 ^l = 

z=o 

0 (i = 0, l,...,m— 1), 

(22) 

then 

m—l 

1 NZ7 f* ryX - 

\ — 
z=o 

: 0 ( j = 1 ,...,m). 

(23) 

The aq-’s (j = 

1,...,to) are therefore the roots of the equation 



F(x) = x 7 

m—l 

n + 2 C,x 1 = 0. 

(24) 


z = o 


Once the c {s and the x2 s have been determined in this fashion, the 
weights ctj can then be determined from any m of the 2 m equations 
included in (18): the remaining m equations will then be satisfied 
identically in view of the fact that of the 2m equations (18) only m are 
linearly independent (cf. eqs. [22] and [23]). 

The foregoing considerations show how we can always construct an 
to- point quadrature formula which will evaluate exactly integrals of 
the form (9) for all polynomials f(x) of degree less than or equal to 
2m — 1. However, it is often convenient to characterize F(x) (and 
therefore also (; x ^) as the zeros of F) somewhat differently as follows: 

Let/(sc) be a polynomial of degree 2m —1. Sine &f(x)—<f>(x) vanishes 
for x = Xj (j = l,...,m), we can clearly write 

m — 1 

j(x) = 2 <hx\ ( 25 ) 

z=o 

where the g/s (l = 0, l,...,m—1) are certain constants. If the error (16) 
in evaluating the integral (9) according to (13) is to vanish for air 
arbitrary polynomial of degree less than 2m, it is clearly necessary and 
sufficient that 

a 

J F {x)w[x)x l dx — 0 (l = 0, l,...,m — 1). (26) 

6 

If the nature of F(x) can he determined from these conditions, the aq-’s 
can then be defined as the zeros of F(x) and the weights oq determined 
according to equation (14). 
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22. Various special quadrature formulae 
22.1. Gauss ’ s formula 


Considering the integral 


\ 

( JV) 'fyx, 

— 1 

in the range (— 1, -f- 1), we have the conditions (eq. [26]) 


(27) 


0 (l = 0 , 


(28) 


(For uniformity with the rest of the book we have reverted to the 
variable fx in this and the following subsections.) 

Now it is known that the Legendre polynomial P m (/x) of order m is 
orthogonal to every power of /x less than m. For, using Rodrigues’s 
formula ftn 

1> (u) = -■ — ; -f—~ {a 1 —!)'"', (29) 

J 2 ,n m\ dfx m u ' v ' 


and integrating 


2 m m\ 


[X 1 - — 1 ) wi dye 

^ dfi m u ' A 


(30) 


/ times by parts and remembering that all. derivatives of (/x 2 —1 )' m of 
order less than l vanish for fx --- dz L we have 


(—i yn r d 




t (/x 2 — 1 ) m df.x. 


(31) 


Rut this is zero for all / -' m I. 'Thus the conditions (28) on F(fx) are 
satisfied by /* M (/x). (Conversely it may he shownf that a polynomial 

F(ix) of degree which is orthogonal to every power of/x less than m 
is necessarily a, numerical multiple of I* m (ix). Wo have therefore shown 
that if f(fx) is an arbitrary polynomial of degree 2w,— 1, then 


• ™ 

f([x) dfi <ij f(fij), 

z , J i 


(32) 


where /x x ,..., [i jn are the zeros of l] n (fx) and 

/ [kw 

t J d . dj 


This is Gauss’s formula. 


t Cf. E. W. I lo hson, idphv.rhit.il and FAlrpno hlul Jlannonictt (Cambridge, England, 
1931 ), p. 30 . 
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In our future work we shall find it convenient to restrict ourselves 
always to divisions of the interval (— 1, -fi-l) according to the zeros of 
the even-order Legendre polynomials P 2n (i^)- For such even divisions 
it is clear that 

dj = a_j and = —/x 3 - (j = 1 ,...,n). (34) 

Also, the fact that (32) evaluates the integrals of jJ exactly for all 
l ^ in — 1 can now he expressed in the form 

2 = f=% 0 < in-1), ( 35 ) 

j — ±1 c-\-i 

where S Zr = 1 if. I is even, 

= 0 if l is odd. (36) 

When we are using Gauss’s formula based on the zeros of .P 2n ,(^) we 
shall say that we are working in the nth. approximation. 

In Table III (which is an extract from a more extensive table by 
Lowan, Davids, and Levenson) we list the zeros of P-z tl {[T) and the 
corresponding Christoffel numbers for the first four approximations. 


Table III 


The Gaussian Divisions and the Gaussian Weights 
mZl) ^ = ±0-5773503 = .[ 


n = 2 /> ±1 = d=0-33S9810 a x = a_ x = 0-6521452 

m = 4\/i ±a = ±0-8611363 o 2 = a_ 2 == 0-3478548 


o f/t ±l = ±0-2386192 
_ R ^ ±2 = ±0-6612094 
v/»± s = ±0-9324695 

( ^ ±1 = ±0-1834346 
fi ± 2 = ±0-5255324 
/x ± 3 = ±0-7966665 
i“±4 = ±0-9602899 


= a_ 1 = 0-4679139 
= «_ 2 — 0-3607616 
a 3 = a„g = 0-1713245 

a L = a_ x = 0-3626838 
o 2 = o_ 2 = 0-3137066 
a 3 = a_“ = 0-2223810 
= a_ 4 = 0-1012285 


So far we have considered only the evaluation of integrals over 
polynomials. It is of course clear that when /(/x) is not a polynomial 
Gauss s formula will still provide the ‘best’ approximation to the value 
for the integral. We shall not concern ourselves here with the errors 
which are involved in the use of Gauss’s formula of a certain order. 

Reference may, however, be made to the books listed in the Biblio¬ 
graphical Notes. 
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§ 22 


22.2. JRadaw’s forvnula 

A quadrature formula slightly inferior to Gauss’s is due to Radan. 
Radau’s formula is obtained with the choice 


JV) = (1 (37) 

for the basic polynomial. The division (j u,j) now consists of (m-f-l) 
points, which are 

y = dzl and the (m—1) zeros of P'^/x). (38) 

An alternative form of F(/x) is 

*V) = ( 39 > 


Prom this equation it is evident that 


+ i 

| F([x)fJ — 0 for l ^ m —2. (40) 

—T 


On the other hand, since F(/x) is a polynomial of degree {m- |-1), it 
follows (cf. eq. [25]) that a quadrature formula based on the zeros of (39) 
will evaluate integrals of the form (27) exactly for all polynomials of 
degree less than or equal to (m-|~l)~|-(m—2) = 2m —1. In other words, 
Radau’s formula achieves with (m-|-l) points the same accuracy as 
Gauss’s with m points. 

For the particular form (37) for F(/x) the formula for the Christoffel 
numbers (eq. | 14 |) can be reduced to the form 


a 


1 

1.) 


K.M 




(41)f 


and the quadrature formula becomes 



1 

..__ r _.. 

m{m- 1-1) 


m-l-l 



j-~‘ i 


/>,) 

PlWP' 


(42) 


This is Radau’s formula. 

In Table TV (due to Z. Kopal) we have listed the Keros of 
(1 —/x 2 )P.^(y) and the corresponding CJhristoffel numbers for use of 
Radau 5 s for n i ul a. 


t Cf. E. T. Wliifctakor and G. Robinson, The Calculus of Observations (Blaeldo and 
Sons, London, 1924), p. 161. 
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Table IV 

The Zeros of (1— y^)P' m {[P) and the Corresponding 



Christojfel 

Numbers 


m = 1 

Ml, 2 — 1 

® 1,2 = 

1 

II 

s 

/ Ml.S = dll 

a l.3 — 

0-3333333 


1^2 = 0 

« 2 = 

1-3333333 

m = 3 

( Mi ,4 — dr 1 

«1,4 = 

0-1666667 


l M 2 ,a = drO-4472136 

a 2,3 — 

0-8333333 


Ml,5 = ±1 

« 1 ,B = 

0-1000000 

m — 4 

Ma ,4 = dr 0-6546537 

<*2,4 = 

0-5444444 


„ Ms = 0 

C 63 = 

0-7111111 


f Mi,e = dr 1 

» 1 .« = 

0-0666667 

m — 5 j 

M 2.5 = dr 0-7650553 

<* 2.6 ~ 

0-3784750 


\ M 3,4 = drO-0813570 

<4 - 

0-5548584 


f M 1.7 — dr 1 

<*1,7 = 

0-0476190 

m = 6 - 

1 M 2,« = -4-0-8302239 

^2,(5 = 

0-2768260 


| M3.5 = dr 0-4688488 

a 3,5 = 

0-4317454 


l Ui = 0 


0-4876190 


f Mi,8 = dr 1 

a l,8 = 

0-0357143 

m — 7 < 

| ^ 2>7 = drO-8717401 

^2,7 = 

0-2107042 


1 M 3 ,6 = dr 0-5917002 

^3 6 = 

0-3411227 


l M4,5 — drO-2092992 

«4,5 = 

0-4124591 


^ Mi,o == dr 1 

<*1,9 = 

0-0277778 


M 2 ,8 = dr 0-8997580 

<*2,8 = 

0-1654953 

00 

II 

M 3,7 = dr 0-6771863 

<*3,7 = 

0-2745387 


M4,g = dr 0-3631175 

<*4.G = 

0-3464284 


^ Ms = 0 

<*5 = 

0-3715193 


22.3. The quadrature formula based on the zeros of the Laguerre 
polynomials 

Turning next to integrals of the form (7) we have to consider the 
conditions (eq. [26]) 

co 

J e~ x F[x)x l dx = 0 {1 = 0, — X). (43) 

0 

From the definition 

6 X d m 

Lm{x)= ™\d^^ xm ^ <«> 

^ 1 ' Laguerre polynomial of order m, it follows after repeated integra- 
tion by parts that 


oo 

I 


J—CC 


' e x d m , 

—: -t ( e~ x X m ) 

m ! dx mv 


x l dx = {— l y 


l\ 


co 


m 


i/ 


ftm-l 

(45) 
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and this vanishes for l m —1. Conversely, it can be shown, that the 
conditions (43) imply that JF(x) is a numerical multiple of L m {x). We 
have accordingly shown that if f(x) is an arbitrary polynomial of degree 
2m—1, then oo 

^ m 

f e~ x J(x)dx = 2 a,jf(x.j), (46) 

o i = 1 

where the xfs (j = l,...,m) are the zeros of L. m (x) and 

oo 

a * - Tz&T) J = i (47) 


In Table Y (due to A. Reiz) we list the zeros of the Laguerre poly¬ 
nomials and the corresponding Ohristoffel numbers. 

Table V 

The Zeros of L m {x) and the Corresponding 
Christoff el Numbers 

VI — 1 U', =~ 1 <*1—1 


3 < a?. : 


■rs 


=■■= 1 

a x — 1 

= 0-58578(54 
«. 3-4142136 

o x — 0-8535534 
a a = 0-1464466 

« 0-4] 57746 
=•- 2-2642803 
= 0-289045 L 

a t = 0-7110930 
« 2 «= 0-2785177 
«“ = 0-0103893 

0-3225477 
1-7457(511 
4-5300203 
0-3950709 

= 0-6031541. 
a a 0-3574187 

a“ «=» 0-0388879 
a A = 0-0005393 

0-2(535(503 

1-11:54080 
-- = 3-5964258 
- 7-0858102 

12* (540 8 0 07 

a t -= 0-5217556 
a 2 0-3986668 
«a — 0-0759424 
a* «=. 0-0036118 
a B «= 0-0000234 


23. Quadrature formulae for evaluating mean intensities and 
fluxes in a stellar atmosphere 

As we have already indicated (p. f>7), in certain parts of the theory 
of radiative, equilibrium of stellar atmospheres (Chap. XI, § 81.3) we 
have to evaluate, numerically, integrals of the form 


and 


* * 

J(t) = J 3((»(|t—T|) At 
6 

CO T 

F(-r) 2 J 3(«)7S a («—r) (ft—2 | 3(«)©a(T—i) *, 


(48) 


:i59fi.f)4 
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where 3(2) is some known tabulated function. The evaluation of these 
integrals by any of the standard formulae is inaccurate (or, tiresome!) 
because the weight functions E ± and E z have singularities at t = r. 
Thus, E x {x) has a logarithmic singularity,'at x — 0 and E 2 (x) has a 
similar singularity in its derivative. Quadrature formulae constructed 
according to the principles of § 21 and allowing for the ‘mild’ singu- 
arities in the weight functions would therefore be specially useful in 
these connexions since all the moments of the weight functions exist. 
Rewriting the integrals (48) in the forms 

00 T 

J ( r ) = if Si^-h^E^x) dx+$ f 3 (t—x)E\(x) dx 

° o 

and JP( T ) = 2 j 3 (t-^x)E 2 (x) dx— 2 f 3( r — x)E*(x) dx, (49) 

o o 

we can construct quadrature formulae for evaluating J( t) and E(r) 

according to the scheme described in § 21 (eqs. [18]-[24]) in terms of 
the moments 

CO ^ 

/> Z 00 T 

J dx, J x l E 1 (x) dx, j' x l E 2 (x) dx, and [ x l E 2 {x) dx. (50) 

All these moments can be evaluated by the formulae gi ven in Appendix I 
(§ 2, eq. [6])* In this manner A. Heiz has recently constructed two- and 
three-pomt quadrature formulae for evaluating J(t) and E{i~). 
Considering first integrals of the form 

r 

i J Kx)E x {x) dx and 2 J f{x)E 2 {x) dx, (51) 

0 Q 

which occur m the expressions for J{r) and F{t), we give in Table VI 

G 1A1S1 ° ns an< ^ we ights for two- and three-point formulae as com¬ 
puted by A. Reiz. 

Next, for evaluating the integrals 

T 

if S^E^r-x) dx and 2 J f{x)E 2 {r—x) dx, 

the divisions and the weights must be computed for each value of r 
separately and A. Reiz has constructed two-point quadrature formulae 
or various values of r. His results are given in Table VII. 

Table VI 

Quadrature Formulae for Evaluating the Integrals 


iff dr and 2 J f{r)E 2 {r) d', 



quadrature formulae 


Table VI (cont.) 

oo 

£ f /(T)J^(-r) d-r = 2 a jJ (Tj) 


m 


m 


II. 


m 




1 Tx 

= 0*292 

«i = 0*4532 

l t 2 

=== 2*507 

« 2 = 0*0468 

f Tl 

= 0*210 

= 0-4053 

r 2 

= 1*651 

a 2 = 0*0923 

l T 3 

= 5*178 

CO 

= 0-00239 


2 J /(r)74(-r) drr 

0 

2 «*/(*,) 

/u 

= 0*397 

«i = 0-8839 

U 

= 2*723 

0o = 0-1161 

fu 

= 0*287 

<*x = 0-7669 

r a 

= 1*814 

= 0-2265 

Ir> 

== 5*385 

a, 3 = 0*00659 


Table VII 

T&c Division# and the Weights for Evaluating the Integrals 

i | f(l)E i(t— if) 7/ «'//// 




o 


0*2 

r 

*= 0*051 

<h 

0*0851 


\h 

- 0-169 

(In, 

0*1278 

0*4 


=---- 0* 10(5 

<h 

“ 0* 1094 

\h 

— 0-342 


— 0* 1959 

0*6 

(** 

= 0-167 

<h 

0* 11 98 

7a 

0-520 

<h 

0*2421 

0*8 . 

(t, 

0*232 


; 0-1224 

7* 

0*699 

<7 2 

: 0-2772 

1*0 

f f t 

— 0-303 

<h 

0*1214 


<KSS I 

«a 

= •■ 0*30*14 

1*2 • 

(l L 

r 0*378 

tl i 

0*1182 


Ua 

1*064 

<l 2 

0*3262 

1*4 i 

th 

=-•= 0*459 

"i 

0*1 1 38 


[L, 

1*249 

a... 

*- 0*3142 

j,! i 

1h 

:: 0*54*1 


0*1090 

{h 

= 1*43(5 

</„ 

0*359! 

1*8 j 

T 

0*635 

<h 

0*1 040 

,h 

r- 1*624 

(In * 

0*371(5 

2*0 J 

h 

0*731 

«*l : 

0*0991 

h 

- 1*812 

«a 

0*3821 

2*2 / 

h 

0*832 


0*0944 


In : 

2*002 

(In 

0*3912 

2*4 / 

h 

0*939 


0*0899 

l 


- 2* 193 


■< 0*3989 


2 ( /(0^.(r—if) dt 
o 

"i /(filTOj/Va) 


T - 

, 2*0 /<« 

— 1*051 

a L - 

- 0*0857 


7a 

13 

00 

r 

= 0*4056 

T 

*•« 

- 1*168 
...... 2*577 

«i a 
«# 

- 0*08.19 
~ 0*4113 

r ■ 

3*0 *' 

7*290 


* 0*0783 


7a 

= 2*770 


= 0*4.164 

T *•• 

3-2 ( f ‘ 

1*417 

"i = 

» 0-075.1 


7 a 

2*964 

rr a : 

* 0-4208 

T 

3*4 /'■ 

1 *549 

«.i*■ 

= 0-0721 


7a ^ 

3*158 

f, 2 “ 

= 0-4246 

T 

3-6 

1*08(5 


0-0694 


7a 

3*353 

r - : - 

= 0-4280 

T 

3*8 h 

• 1-828 

«i 

0-0670 


7a 

-- 3-548 

«a ^ 

= 0-4510 

T 

4*0 

1-97*1 

a x ,, 

= 0*0648 


7a 

3*74*1 

«a • ■ 

0*4336 

T 

4*2 { ( > 

2*125 

<>x ^ 

< 0*0628 


[/a 

3*940 

o> ' 

i 0*4359 

T 

. 4*4 /'* 

- 2*280 


> 00610 


7a ■ 

■ = 4*137 

«a ^ 

0*4380 

T : 

4*6 

w 2*438 


0*0594 


7a 

4*334 

"a 

0*4398 

r 

. 4*8 & ' 

= 2*601 


0*0580 


7a « 

4*531 

«a == 

0*4414 
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0,1 U 


°' 2 ft 


°' 3 G 


Table VII ( cont.) 

T 

2 J f<J)Ezi'r—i) dt = a 1 f{h)+ a $J(h) 


0-022 

0-080 

0-046 

0-162 

0*071 

0-244 


0-0786 

0-0889 

0-1346 

0-1615 

0-1753 

0-2247 


= 1-2 


t x = 0-311 
t, = 0-935 

t x = 0-346 
t 2 = 1-024 

t x = 0-382 
t n = 1-114 


CL X = 0-2734 
a 2 = 0-5349 

a x — 0-2730 
a 2 = 0-5591 

a x = 0-2715 
a 2 — 0-5814 


T = 0-4 Z* 1 = °‘ 096 a i = 0-2055 

W = 0-328 a 2 = 0-2800 

T = o -5 f= 0-124 <*x = 0-2279 

\* 2 = 0-412 a 2 = 0-3289 

r = 0*6 Z* 1 = 0-152 a x = 0-2443 

\t 2 = 0-498 a 2 = 0-3726 

-r s 0-7 f tjL = 0-181 a i = 0*2561 

\h = 0-584 a 2 = 0-4118 

T = 0 .g ft x = 0-212 a x = 0-2642 

\t 2 = 0-671 a 2 = 0-4472 


,./«! = 0-420 ai = 0-2690 

T = 1 ' 4 (i 2 = 1-204 a 2 = 0-6018 

, r ft x = 0-459 = 0-2659 

T 1 ' t> (* 2 = 1-294 a 2 = 0-6206 

= , r ft x = 0-499 a x = 0-2622 

T i ‘ t> \* 2 = 1-386 a 2 = 0*6380 

1 „ ft t = 0-540 = 0-2581 

T W \* a = 1-477 o, = 0-6540 

, R (t x = 0-583 = 0-2537 

T A ' s \« a = 1-569 a 2 = 0-6688 


t = 0-9 f^ 1 — 0*244 a x = 0*2694- 

\t z = 0-758 a 2 = 0-4792 


1 Q (tj, = 0-627 « x = 0-2492 

T (* 2 = 1-661 a 2 = 0-6826 


T = x . 0 (h = 0-276 oj, = 0-2723 

\* 2 == 0-846 a 2 = 0-5083 


= 2 Ji l = 0-672 oti = 0-2444 
T ' u \aC a = 1-753 a 2 = 0-6953 


BIBLIOGRAPHICAL NOTES 

§ 20. The classical papers on the subject of radiative transfer aro those of— 

1. A. Schuster, Astrophys. J. 21, 1 (1905). 

2. K. Schwabzscheld, Gottinger Nachrichten, p. 41 (1906). 

The generalizations of Schuster and Schwarzschild’s method along the linos 
indicated in the text are due to— 

3. G. C. Wick, Zs. /. Physik, 120, 702 (1943). 

4. S. Chandeasekhab, Astrophys. J. 100 , 76 (1944). (This is the first of a 

series of several papers published in the same periodical during the years 
194A-8.) * y 

§ 21. The following references on the subject of quadrature formulae may be 
noted here: ' 

5. E. T. Whittaker and G. Robinson, The Calculus of Observations (see 
particularly pp. 152-63), Blackie, London, 1924. 

6. E. W. Hobson, Spherical and Ellipsoidal Harmonics (pp. 76-81), Cam¬ 
bridge, 1931. A-t ; 

7. G. Szego, Orthogonal Polynomials, American Mathematical Society 

Colloquium Publications, vol. xxiii (chap, hi, pp. 37-48 and chap, xv, 
pp. 340-6), 1939. 1 

The last of these references is particularly valuable. 
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24. Introduction 

1st this and in the following three chapters we shall be concerned with 
-various aspects of transfer problems in semi-infinite plane-parallel 
atmospheres. The principal problems to be considered are (i) the 
axially symmetric problem with a constant net flux (Chap. I, § 11), 
and (ii) the problem of diffuse reflection (Chap. I, § 13). In this chapter 
we shall consider these two basic problems for an isotropically scattering 
atmosphere and obtain the solutions of the relevant equations (Chap. I, 

§ 11.1, eq. [88], and Chap. I, § 13, eq. [129]) on the method of approxima¬ 
tion outlined in the preceding chapter. The analysis of this chapter 
discloses in the simplest context the characteristic featnres of the 
method of solution adopted, namely, the possibility of obtaining the 
solutions, generally, in the nth approximation; of expressing the angular 
distributions of the emergent radiations in closed forms; and, finally, 
of preserving in all orders of approximation the exact relations of a 
problem. And it may also he mentioned here that a fundamental 
relationship disclosed to exist between the; two basic problems suggest 
and originate the further developments of the following chapters. 

25. The solution of the problem with a constant net flux under 
conditions of isotropic scattering 

25.1. The solution of the equation of transfer in the nth approximation 
For the problem with a constant net iiux in a semi-infinite, plane- 
parallel, isotropically scattering atmosphere, the equation of transfer is 
(Chap. I, eq. [88]) 

h-i 

= Kr.ri-i j J< r, h ') dfi'. (1) 

— 1 

According to the ideas developed in Chapter II, in the nth. approxima¬ 
tion we replace this integrodifferential equation by the system of c 2n 
linear equations 

fit ==: i ^ (£ — =h 1 j-*- 3 zh^), (2)t 

*|* When, as in this equation, the summation over j is not qualified, it is always to too 
understood that j runs through all integers, (rbl,..., ±«), positive and negative. 
(Note, however, that there is no term with j — 0.) 
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§ 25 


where the g/s (i — ± 1 ,..., and = —p^) are the zeros of the 
Legendre polynomial jR> / 3 (y) and the a /s (7 — 1 ,..., dz % and a_j = a^) 

are the corresponding Gaussian weights (cf. Chap. II, § 22 . 1 ); further, 
in equation ( 2 ) we have written I) for I{t, g, £ ). 

In solving the system of equations ( 2 ) we shall first obtain the 
different linearly independent solutions and later, by combining them, 
obtain the general solution. 

First, we seek a solution of the form 


If. — 0% e lcr G = ±h-) 


(3) 

where the y/s and h arc constants, unspecified for the present. Intro¬ 
ducing equation (3) in equation (2), we obtain the relation 

(±) 


Hence 


{Jii 1 ~\~(H h) = 1 2 a j 9j (i = dz 1 v- ±n). 

■j 

constant ,. , , , . 

<k = -pi— T~ ^ = =t 1.d=w). 


(5) 


where the 'constant’ is independent of i. Substituting the foregoing 
form for g £ in equation (4) we obtain the characteristic equation 


1 



( 6 ) 


Remembering that a.- t a_.j and y j ----- — /.ij, wo can rewrite the charac¬ 
teristic equation in the form 


n 

'2 

hi 



I 


flj 



"S 


( 7 ) 


A : 2 therefore^ satisfies an algebraic equation of order n. However, since 
(cf. Chap. LI, e(|. [ :h r >]) 


y<l ; - 1, 


j- 1 


( 8 ) 


A;- = 0 is a root of o< (nation (7), Accordingly, the characteristic equation 
admits only 2 n 2 distinct non-zero roots, which must occur in pairs as 

:.h (<v - I ,•••, '/?«— 1)- (9) 

It can be shown that all these roots are numerically greater than 1 


(cf. Table VIII, p. 79). 

Corresponding to the ( 2 a 2 ) roots (9) we have (2n~2) independent 

solutions of equation ( 2 ). The solution is completed by observing that 
equation ( 2 ) admits also a solution of the form 


/. b(T-\ (/;) (A 


i!)•••> zh % )> 


( 10 ) 
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Chap. Ill 


where b is an arbitrary constant. For, inserting this form for in 
equation (2) we find that 

Pi — 2 a j( rJ r ( lj) 


= 2 a j^j> ( 11 ) 

j 

and this can be satisfied by 

<li — Q~{~Pi = zbh-'-j zt n )> (1^) 

where Q is an arbitrary constant. Thus the system (2) allows the 

li — b{T-\~Q-\-Pi) {i — dr lj"- 3 zk n )- (1^) 


solution 


The general solution of the system of equations represented by (2) can 
therefore be written in the form 




-koc T 


1 ~\~ 


n—l 

V 

a = l 


T, p^kaT \ 

a Pi~\~ Q1 (i = dz !>-**» dr^)> 


'Pi k 


a 


(14) 


where b, L ±a (a = l,...,w— 1) and Q are the 2 n arbitrary constants of 
integration. 

For the problem on hand the boundary conditions are (Chap. I, 
eqs. [85] and [85']) that none of the //s increase more rapidly than e T 
as r-»co and that there is no radiation incident on t — 0. The first of 
these conditions requires that in the general solution (14) we omit all 
terms in exp(-f-& a T), thus leaving 


T. er k a r \ 

I< = h [^ +rd-/x, + g| (»= ±1 ,...,±n). (15) 

Next, the absence of any radiation in the directions — 1 ^ ju, < 0 at 
r = 0 implies that in our present approximation we require 

£_* = 0 at r = 0 and i — 1 (16) 

Hence, according to equation (15), 

n — l j- 

= < 17 > 

a — l ™ “ 

These are the equations which determine the n constants of integration 
L a (od = 1 —1) and Q . The constant b is left arbitrary, and this, 

as we shall see in § 25.4, is related to the assigned constant net flux of 
radiation through the atmosphere. 
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25.2. Some elementary identities 

The further discussion of the solution obtained in § 25.1 requires 
certain relations which we shall now establish. 

Let 

2 /"y . . 7 il> —s f'i it 77 1 

= (~ 1 ) m > T^-z (^ = 0,1,...,4»). (18) 

There is a simple recursion formula which D m {x) defined in this manner 
satisfies. We have (cf. Chap. II, eq. [35]) 


^>^ 2 ^( 1 -^) 

^ I e m.odd —l(*^0 5 

x \_m 


where 


: m,odd 


1 if m is odd, 
0 if m is even. 


(19) 


( 20 ) 


For odd and even values of m respectively, equation (19) takes the forms 




(21) 

and 

-Ay 0*0 = — ~ Ay-i(^)- 

(22) 

Combining these rc 

Nations, we have 



' ) — 7 k> . r h , AhW xD%j(x), 

(23) 

From this formula 

we readily deduce that 



= pjZxji+(2y£3jP + - + 3^ + i5=it 2 • D » (a:)] 

(j = l,...,2n), (24) 

d 

JX,(x) =_ 2 _ 2 _...- 2 - \-.\2-~DJx)] 

2j{ ) (2 j—l)x* (2? — 3)x- 4 3se a *- a wV ;J 

(j= I,.., 2n). (25) 

If we now let a; be a root £ of the characteristic equation (cf. eq. [6]) 

i> 0 (A) - 2, (26) 


Jd,j(x) 


,[2 - A («)] 
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and we find from equations (24) and (25) that 

D x (Jc) = D 2 (k) = 0, 

2 2 2 


Chap. Ill 


F 2j—lU C ) 


and 


DUk) 


(2j-l)fc^(2j-3)F 
2 2 




3 JcW- 
2 


(27) 

3 (j = 2,...,2n), (28) 


3 0' = 2,...,2w). (29) 


(2j—1)& 2 (2j—3)k* U 2 i~ 

25.3. .4. relation between the characteristic roots and the zeros of the 
Legendre polynomial 

In terms of the Z) 2j -(&)’s introduced in § 25.2, we can express the 
characteristic equation for k in a form which does not explicitly involve 
the Gaussian weights and divisions: Let p 2j be the coefficient of {j?' J in 
the polynomial representation of the Legendre polynomial P 2n (y), so 
that n 

(30) 

How consider 


I=o 


i Plj D v (k) = y 

j = 0 


a. 


n 


1 + Pi lc \ 


Pzj K 




Since the /x^’s are the zeros of P 2 , ; (/x), 


71 

2 PzjhV — fi {i = dz L-" 3 zL' n )- 


3=0 


Hence 


n 

X Pzj -D 2 j{k) — 0. 


(31) 


(32) 

(33) 


3=0 


With D 2 fk) given by equation (29), equation (33) is the required form 
of the characteristic equation. 

Substituting in particular for D 2n and D 0 in equation (33) we have 

^ Pzn 


3 k 2n ~ 2 

From this equation it follows that 

(- 1 ) 


...-f2p 0 — 9. 


{k 1 ...k n _- j y 2. 


n ^Pp 

Pin 


or 


^1 


3(^i...p, n ) 2 , 


V 3' 


(34) 

(35) 

(36) 


25.4. The flux and the K-integral 

Returning to the solution (14) we shall evaluate F and K according 


to the formulae 


F = 2 2 Ii and K = 2 /*, 


(37) 
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which, are derived from the standard definitions (cf. Chap. I, eq. [86]) 
by replacing the integrals by the corresponding Gauss sums. 
Considering first the sum defining F, we have 

F — 2&j ^ &oi e ~ kaT l\(koi)~^r( T ~^rQ) H a cl x i~\~ ^ a itA\' (38) 

W-i >: i > 


Using equation (27) and Chapter II, equation (35), we have 


F = jf>. 


(39) 


In other words, F defined for the discrete streams, fi, is a constant. 

Expressing h in terms of F, we can rewrite the solution (15) in the 
form _ , 

T. p-kvT \ 

nr o in I \ a/ o . . . I / * ■ / j ^ \ 


*'2 


l + /h^ c 


_]_ T+/x .q_<Q (i = -j-1,..., ±_n). 


(40) 


Considering next the sum defining K, we have 


K — § F | ^ J j (x e kaT ]-\{fc< x )F( T ~\'~Q) 2 a %f x i H~ 2 a % ^) > (41) 

or, again, using equation (27) and Chapter II, equation (35), we have 

K - \F(t+Q); (42) 

this, in our present scheme of approximation, is the /^-integral 
(Chap. I, § 10). 

25.5. The. source function,. The radiation field. The law of darkening 
The source function for the problem under discussion is 


J = l f I{T,fx)dg,~ 

J « i 


(43) 


Using the solution (4:0) for the If a, we have 

( 71 — 1 \ 

2 i„«-'‘- T A(/0+e+e) 2«*+ 2«.ft 

<x -1 % i } 

= ¥<i I£„e-‘-HT+e). 

We shall write this in the form 

J( T ) = -g('r)}, 

n — X 

<Z(T) = <3+ 2 
a —1 


(44) 


(45) 


where 


(46) 
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In terms of the source function (44) we can determine the radiation 
field in accordance with the equations (Chap. I, eq. [90]) 


CO 


I(r, +^) = f J{t)e-V~^— (0 < fx < 1), 

J u> 


and I( T , -^) = J 

We thus find that 


A 6 


and 


I(r, + M ) - tJ-{g^l T + T+M+e l 


(47) 


(48) 


Z(t, -p.) = JP 2, j— f— (e-*-’--e-^)+T+(ig- l a)(l_ e -T//«)). (49) 
'a-l ^ar J 

It will he observed that equation (48) is in agreement with the solution 
(40), for the outward streams, at the points of the Gaussian division; as 
is to be expected, this is not the case for the inward streams. 

The angular distribution of the emergent radiation is obtained by 
putting t = 0 in equation (48). We have 

,n— 1 

«»•<*>- m 

Comparing equation (50) with equation (17) which determines the 
constants of integration and Q, we observe that the angular dis- 
tnbution of the emergent radiation (defined for the interval 0 ^ 1) 

is expressed an terms of a function whose zeros are assigned in the 
complementary interval (-1 < fx < 0). Thus, letting 

n-l 

= (»i) 

cT^l 

the boundary conditions require that 


= 0 (* = 1 (52) 

while the angular distribution of the emergent radiation is given by 

7 (0’^) = P^-m). (53) 

This reciprocity between the boundary conditions determining the con¬ 
stants of 'integration and the law of darkening expressing the angular 
distribution of the emergent radiation which we encounter here, is of 
quite general occurrence in the theory (cf., e.g., § 26) 
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25.6. The elimination of the constants and the expression of 1(0, p,) in 
closed form. The H-function 

We shall now show how an explicit formula for S(/x) can be found 
without solving explicitly for the constants and Q. 


Multiply S(fx) by 


= IT ('-tori. 


(54) 


to clear (51) of ‘fractions’. The resulting function S([x)R([x) is a poly¬ 
nomial of degree n in p, which vanishes for /x = g. i3 i — Hence 

S(ia)JR([jl) cannot differ from the polynomial 


= n 


(55) 


by more than a constant factor. And the constant of proportionality 
can be found by comparing the coefficients of the highest power of /a 
(namely, /x w ) in P(g) and $(/x)P(/x). In the former it is unity, while in 
the latter it is , n,,?. /„ 


Hence 




PM 

Ritfry 


(56) 

(57) 


This is the required formula. 

According to equations (54), (55), and (57) 

n 

IT (p-l-P'i) 

= K-K-\£?r - 

n (i+* a A*) 

£3C = 1 

or, using the relation (36), we can write 

*S(—■/*) = ~-H(iT), 


(58) 


7f (/x) = 


l n 

1 i -1 _ 

<!+*«<*) 

a ; t 


(59) 


(60) 


In terms of the function 7/(/x) defined in. this manner, we can express 
the angular distribution of the emergent radiation in the form (cf. 


sq. [53]) 




(61) 


25.7. The IIopf—Bronstein relation 
According to equations (44), (50), and (61), 


7(0,0) = J (0) = lP[Yp a -l -Q] = ~FII(0). 


(62) 
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But (cf. eq. [60]) 
Hence 


H{ 0 ) = 1 . 

V3 


J( 0 ) 


F, 


Chap. Ill 

(63) 

(64) 


a result which, is seen to be true in all orders of approximation. We 
therefore conclude that equation (64) represents an exact relation. 

The relation (64) between J( 0 ) and F was first discovered by Hopf 
and Bronstein from considerations of a different type (see Chap. XIII). 

25.8. The constants of integration 

Explicit formulae for the constants of integration can now be found 
in the following manner: 

From equation (51) it is apparent that 


L 


OL 


■■ lim ( 1 —kuriSfa), 
V'- > K 1 


(65) 


or, using equation (57) for we have 


L 


a 


( F) n Tc 1 ...k n _ x 


P( VK) 


(od = — 1), 


where 


( 66 ) 

(67) 


FcJf) = IT (1 — kpx). 

fi¥^oc 

Turning next to the determination of Q, we first observe that, 
according to equations (51) and (59), 

S( 0 ) = 4 . ( 68 ) 


n — 1 


V3* 


With the Lf s given by equation ( 66 ), the foregoing equation becomes 


n—1 




P(VK) 


- -. w 44()/y (69) 

To evaluate the sum occurring on the right-hand side of equation 


(69) we introduce the function 


n —1 




qc~ 


^a(V^a) 

and express Q in terms of it. Thus 

1 


Q 


V3 


+ (-i)»+ifc 1 ...fe„._ 1 /(0). 


(70) 


(71) 


Now f(x) defined as in equation (70) is a polynomial of degree in — 2 ) 
in x which takes the values P(l/k a ) for x = Jc” 1 , oc — 1 ,...,n —I. There 
must accordingly exist a relation of the form 
f(x) = P{x)-\-R(x){Ax-\-B) 

n n~l 

= n ^-^)+(ax+b) n a-K*), 

i~l a=*l 


( 72 ) 
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where A and B are constants. But as f(x) is a polynomial of degree n — 2, 
the coefficients of x n and x n ~ 1 oil the right-hand side of equation (72) 
must vanish. And the conditions for the vanishing of these coefficients 


and 


1-H-l )*- 1 k x ..Jc n _ x A = 0 


(73) 


71—X, 

2 ^+(-1 T~*ki-K-iA 2 F + (-1 = 0. (74) 


«== 1 a 


These equations determine A and B. We find 


(-l) n . 


(~i)n-i 

k\- • • fcn—l J 


K 

a = l a 


(75) 


From equation (72) it now follows that 


/(0) = 2 f]- 

lv l• ’• ,c n~ 1 /v oc J 


(76) 


Substituting this value of f(0) in equation (71) and making use of the 
relation (36), we are left with 


n n-~x 1 

q = 2 ^- 2 * 


(77) 


<«1 a -1 “ 


With this we have completed the formal solution of the problem in the 
general nth approximation. 


25.9. The numerical farm of the solutions in the first four approximations 
The characteristic roots and the constants of integration in the first 
four approximations are listed in Table VIII. The corresponding laws 
of darkening (eq. [50]) and the functions q(r) (eq. [46]) are exhibited 
in Tables IX and X. ' 

Table VIII 

The Characteristic Roots and the Constants 
of Integration 

First approximation Third approximation 

k rr-. 0 ; Q I ff.i Ic = 0 . ; Q = +0-703899 

7c x = 1-225211; L x — —0-101245 
/c 2 =» 3-202945; L 2 = -0-02530 

Second approximation Fourth approximation 

k — 0 ;Q = +0-094025 7c = 0 ; Q = +0-706920 

7c x = 1-97203; L x = -0-116675 1c x = 1-103188; L x = —0-083921 

7<i 2 = 1-591778; Jt 2 = -0-036187 
Ic a == 4-45808 ; L s = -0-009461 
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Table IX 

The Laws of Darkening given by the Second, Third, 
and Fourth Approximations 



1(0, p.) jF 

Fourth 

approximation 

Second 

approximation 

Third 

approximation 

Fourth 

approximation 

0*0 

0*4330 

0*4330 

0*4330 

1*0000 

0*1 

0*5224 

0*5285 

0*5319 

1*2284 

0*2 

0*6078 

0*6164 

0*6205 

1*4330 

0*3 

0*6905 

0*7003 

0*7046 

1*6272 

0*4 

0*7716 

0*7819 

0*7861 

1*8154 

0*5 

0*8515 

0*8620 

0*8660 

2*0000 

0*6 

0*9304 

0*9410 

0*9449 

2*1822 

0*7 

1*0088 

1*0193 

1*0231 

2-3627 

0*8 

1*0866 

1*0970 

1*1007 

2*5420 

0-9 

1*1640 

1*1743 

1-1779 

2*7202 

1*0 

1*2411 

1*2513 

1*2548 

2*8978 


Table X 

The Function q{r) Derived on the Basis of the Second, 
Third, and Fourth Approximations 



q(r) 


<I(t) 


Second 

Third 

Fourth 


Second 

Third 

Fourth 

T 

approxi¬ 

mation 

approxi¬ 

mation 

approxi¬ 

mation 

T 

approxi¬ 

mation 

approxi¬ 

mation 

approxi- 

mation 

0*00 

0*5774 

0*5774 

0*5774 

0*90 

0*6743 

0*6898 

0-6933 

0*05 

0*5883 

0*5938 

0*5974 

1*0 

0*6778 

0*6924 

0*6954 

0*10 

0*5982 

0*6080 

0*6139 

1*2 

0*6831 

0*6959 

0-6987 

0*15 

0*6072 

0*6202 

0*6274 

1*4 

0*6867 

0*6982 

0-7008 

0*20 

0*6154 

0*6307 

0*6386 

1*6 

0*6891 

0*6997 

0-7024 

0*25 

0*6228 

0*6398 

0-6479 

1*8 

0*6907 

0*7008 

0-7035 

0*30 

0*6295 

0*6477 

0*6557 

2*0 

0*6918 

0*7016 

0-7044 

0*35 

0*6355 

0*6544 

0*6621 

2*2 

0*6925 

0*7021 

0-7050 

0*40 

0*6410 

0*6603 

0*6676 

2*4 

0*6930 

0*7025 

0-7055 

0*50 

0*6505 

0*6698 

0*6761 

2*6 

0*6933 

0*7028 

0-7058 

0*60 

0*6583 

0*6770 

0*6823 

2*8 

0*6936 

0*7031 

0-7064 

0*70 

0*6647 

0*6824 

0*6870 

3*0 

0*6937 

0*7033 

0-7065 

0*80 

0*6699 

0*6866 

0*6905 

00 

0*6940 

0*7039 

0*7009 


A comparison of the approximate solutions for the law of darkening 
given in Table IX with the exact solution we shall later obtain (Chap. V) 
indicates that an accuracy of about 0*5 per cent, may be expected in 
the third approximation of our method of solution. 

26. The problem of diffuse reflection. The case n tq <c I 

The equation of transfer appropriate to the problem of diffuse 
reflection by a plane-parallel atmosphere scattering radiation isotropi- 
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cally with an albedo tB- 0 << 1 for single scattering is (Chap. I, eq. [129]) 
dl(r,y.) 




dr 


/(t, fx) — -bnr 0 J 7(r, ju/) — -|-txt 0 Fe 

-l 


(78) 


where it may be recalled that —/x 0 is the direction cosine of the angle 
of incidence referred to the outward normal. The equivalent system of 
linear equations in the nth approximation is 

dl ; 


Pi 


1 dr 


It —'2 2 a j —l^o Fe T ^° (i — dz!)•••; dz % )- (79) 


26.1. The solution of the associated homogeneous system 
Considering first the homogeneous system associated with equation 
(79), we have 

J OT „ X a i I i (* = ±1.±»)- (80) 

This system of equations admits integrals of the form 

It = (» = ± 1 ,-, ±«), ( 81 ) 

where the g ?s and are constants: for, inserting this form for in 
equation (80), we have 

(82) 

(83) 

(84) 


Hence 


<!;( 1 ~\~ Pi k) = 2 Uyj/;. 

7 

constant ,. . , , x 

f/t = “-77- i' 1 ' = ±W) 


L-|-/x ); 7 

and the characteristic equation for 7 is 


2^0 ^ 


<7; 


1 




ffli 


/ w> * 


|- f^j k £? x l—p}& 

If ■mr 0 < 1, the characteristic equation (84) admits 2 n distinct non¬ 
zero roots which occur in pairs as 

±k ix (<Y = ( 85 ) 

Equation (80) therefore allows the 2n independent integrals 

I = (i ^ and a = !,...,%)• ( 86 ) 

1 zb ** tx 

26.2. A particular integral 

To complete the solution of equation (79) we require a particular 
integral. This can be found in the following manner: Setting 

I, = I 'ccr,) Fh.f c"' T/ / t0 (?' = rh 1 j • • • 5 dr % > ( 8 7) 

3595.64 (i 
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where the h^s are constants, unspecified for the present, we verify that 
we must have , \ 

l-l. (88) 

\ Mo / j 

The constants h, t must therefore be expressible in the form 


Ik 


(i — i!>•••> zb^)> 


(89) 


o 

where the constant y has to be determined in accordance with the 
condition (cf. eq. [ 88 ]) 


Hence 


y 


r 


1^0 


*2 


Cl,: 


1+Mi/mo 


+• 


n 


(90) 


1=1 


With y given by this equation the required particular integral is 

yer T /f i o 


/• _ i 

H — 4^0 


i-nT n F 


l + Mi/Mo 


— =b A,—, zb n )* 


(91) 


26.3. The solution in the ntli approximation 

Adding to the particular integral (91) the general solution of the 
homogeneous system (80) compatible with our present requirement of 
the boundedness of the solution, we have (cf. eq. [80]) 


l- 



L„e~ k «T 


a 


ye' 


-t/H- o 


t 1+Mi^a 1+Mi/Mf 


{'is zlz 1 j • ■ • i zb ) • (92) 


The constants L a (a = 1 in the solution (92) are to he found from 
the boundary conditions (Chap. I, eq. [127]) 

= 0 at r = 0 (i — 1 ,..., n). (93) 


The equations which determine the 
fore 


n 

2 


*OL 


y 


oc = 


■hi K 


1 hit h 


constants of integration aro there- 

- = 0 (i = (94) 

0 


Now the source function for the problem under discussion is (cf. 

e T [ 78 ]) +i 

3 ( r ) = Wo [ I{T,h) W+Wo Fe~ r F» 


-1 


Wo 2 a i^t+Wo Fe- r/ kk 


( 95 ) 
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With I t given by equation (92), equation ( 95 ) becomes 


5 (t) = Wo ^{2 L <* p ~ knrr) o 


F J +/V^ 0 


■f I'ccto Fer^v- o. 


But, according to equations (84) and (90), 


KA)(^) = 1 and l 7 jt 0 y V — 9 '? . . = y— 1 


(96) 


(97) 


Making use of these relations we obtain 


300 = 5 4 e- fe « T + y e-^o). (98) 

In terms of this source function the radiation field in the atmosphere 
can be determined in the usual fashion (Chap. I, eq. [90]). We find 

/(t-, -f-/x) == }/m 0 F 

and 

( ■»■ . 

V -• {(i- k ' xT — e T ^ L ) -f — (e- T ^o — e~ T ^) 

1 ~~F k \x l—HF o 

(99) 

In particular, the angular distribution of the reflected radiation is 
given by 

/( 0 ,/x) = 

(Comparing equations (94) and ( 100 ) we observe that, as in § 25, the 
angular distribution of the emergent radiation (defined in the interval 
0 ^ p, ^ . 1 ) is descri bed in terms of a function whose zeros are assigned 
in the complementary interval —1 /x -< 0. This enables (again as 
in § 25) the elimination of the constants and the expression of the 
angular distribution of the emergent radiation in closed form. But 
first we shall establish an important identity needed in the further 
developments. 


{ 1 " Mb d I +/x//x 0 j‘ 


( 100 ) 


f xr A L <x e~ kixr yer^v -o \ 

IH-d/doi 


26.4. An identity 
Consider the function 



( 101 ) 
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Comparing this with the characteristic equation (84), we conclude that 
T(z) = 0 for 2 = ±Jc~ 1 (a = 1,...,^). (102) 

(103) 


Accordingly 
cannot differ from 


3= 1 
n 

n(l-*4z 2 )> 

a = l 


(104) 


by more than a constant factor, since (103) is a polynomial of degree 2 n 
in z and has the same zeros as (104). The constant of proportionality 
can be ascertained by comparing the constant terms in (103) and (104), 
or, equivalently, by putting z = 0 in both expressions. We thus find 
that n 

IT (i-*£z 2 ) 

T(z) = (-1)>»...,4«=£-. 


(105) 


In terms of the function (of. eq. [60]) 

1 


n ) 

.7 = 1 


n 


H(^) 


IT 

.7 = 1 


^ 1 -^, ft (1 + /,^) 


(106) 


OL^l 


we can rewrite equation (105) in the form 


n 


L —vr 0 Z 2 ^ 


a,; 


H{z)H{-z) 

This is the required identity. 


(107) 


26.5. The elimination of the constants and the expression of the law of 
diffuse reflection in closed form 

According to equations (90) and (107) the formula for y becomes 

y = = H M H (—p 0 ). (108) 

Inserting this value of y in equations (94) and (100), we can express the 
angular distribution of the emergent radiation and the boundary con¬ 
ditions in terms of the function 


Thus 

and 


71 — 

S(p) = V W , -H r (p, 0 )ff(—^ 0 ) 

^L 1 — ^01^ 1—0 

8(Pi) — 0 (i = 1 
1(0,p) = l mQ FS(—p). 


(109) 

( 110 ) 
( 111 ) 




ISOTROPIC SCATTERING 


85 


§ 26 


Next we observe that the function 


H'O 


)n 

” OI — l 


(l~k af M)S(fx) 


is a polynomial of degree n in \x which vanishes for fx = /x^, i — 1 
There must, accordingly, exist a relation of the form 


S(fx) 


X 


n 

r (—i ) n n (H'—Pi) j 




( 112 ) 


0^1 


where X is some constant. An alternative form of this relation is 
(cf. eq. [106]) 


8{fj l) = 

1 —o 


(113) 


The constant X appearing in equation (113) can be determined by 
making use of the fact that, while according to equation (109) 

lim (l-iiW) = 

\ AW 

according to equation (113) 


(114) 


lim (l — A-SV) = 

\ y-o/ 


Hence 

and 


X = II (fx {) ), 
HMHi-jx) 

1 —m//x () 

The law of diffuse reflection therefore takes the form 


AV) - 


I ( 0 , [l) 


1 V- / ‘" 


■Hiring). 


(115) 

(116) 

(117) 

(118) 


TH-Mo 

If we express the reflected intensity (118) in terms of a scattering 
function /S(/x, /x 0 ) (cf. Chap. I, eq. [125]) in the form 

/(0,/x) — (119) 


4/x 


then. 


(“ + - ) / X o) W (l W (/x)// (/x 0 ). 

\/x /x 0 / 


( 120 ) 


The separation of the variables, /x and /x () , in equation (120) is par¬ 
ticularly noteworthy. The origin of this separation will become 
apparent in Chapter IV. 

We shall not give here numerical solutions for II(fx) in the various 
approximations, for, in a later chapter (Chap. V) we shall give tables 
of the exact functions. 
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27. The law of diffuse reflection in the conservative case 

The solution of the conservative case can be obtained by simply 
letting ut q — 1 and one of the characteristic roots (say, Jc n ) equal 
zero in the formulae of the preceding section. Thus (cf. eqs. [98] and 
[108]—[111]) 

3(r) = iF\ ,l 2 L x e^+L n +H(^)H(~^)e~^} (121) 


n — l 


and 


1(0, fj,) 


m 


L 


(X 


a = 1 


1 | 7. + ■ 


1 H-p/po J 


( 122 ) 


where H(fi) has now the same meaning as in § 25 (eq. 

The elimination of the constants proceeds exactly as in § 26 and leads 
to the law of diffuse reflection (cf. eq. [118]) 


= < 123 ) 

P+Po 

The scattering function continues to be given by equation ( 120 ). 

A fact of some interest in this context of conservative scattering is 
that 3( r ) tends to a finite limit as r -> oo. Thus 

3 (oo) = lFL n . (124) 

We shall now find the ratio of this value for t —> oo, to the value 


3 ( 0 ) = 1(0, 0 ) = IFHifj. 0 ) 

at t = 0 . 

Multiplying the equation (cf. eqs. [ 122 ] and [128]) 

n 

v 1 L ol | L | H(fx 0 )H(—ix 0 ) __1_ Ui I ^ __ /fQ fp) 

^ 1 ^-"hp/P0 P'1 TTT 1 / | | J c \ l+P/P 


(125) 


C X = 1 


by 


1 + 


_P 

P'0. 


\ n ’~} 

n 

' 0d = l 


(l-f-^ a p)’ 


(126) 

(127) 


and comparing the coefficients of y rt on either side, we find 

1 , j r 

^1* ■ • fc 'n—l -^ n — • 

P 0 Pi* • *P'7I. 


Hence 


Po 


■ff(Po) 


Jc±...Jc n _i P'1- • -p//, 
or, making use of the relation (36), we have 




P o#(PoW3. 


(128) 

(129) 

(130) 



§ 27 L s O T R a P r C SCAT T K R11ST G 

Combining equations (124), (125), and (130) we obtain 


87 


3(oo) 

3 ( 0 ) 


— /OA /: h 


(131) 


a result which is seen to be independent of the order of the approxima¬ 
tion. We therefore conclude that equation (131) represents an exact 
relation. 

Finally, attention may be specially drawn to the fact that the solution 
for the problem of diffuse reflection involves the same H -function as the 
solution for the law of darkening in the problem with the constant net 
flux (cf. §25, eq. [01]). The origin of this remarkable relationship 
between the two problems will become apparent in Chapter IV. 
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28. Principles of invariance 

The solutions for the problems of constant net flux and diffuse reflection 
obtained in Chapter III under conditions of isotropic scattering have 
revealed that a relationship between the two problems must exist. 
Thus the law of darkening in the problem with a constant net flux and 
the law of diffuse reflection are both expressed in. terms of the same 
H -function in the form (Chap. Ill, eqs. [61] and [123]) 


/(0,q) 


V3 

1 : 




and I( 0 ,/x;/x D ) = \F — H(fx)H(fx Q ). 

In the ?ith approximation 


) 


I 


n {v+H'i) 

i 1 ___ 

w—i' 


n (1 , + ^ft) 

LX 1 


( 1 ) 

( 2 ) 

(3) 


where the /q’s are the zeros of the Legendre polynomial P 2 n (/x) and the 
7 c a ’s are the positive non-zero roots of the characteristic equation 


1 



(4) 


Though the forms of the solutions ( 1 ) and ( 2 ) have been established 
only in a particular scheme of approximation, it is, nevertheless, clear 
that the relationship exhibited must be an exact one, since it is present 
in all orders of approximation and must, consequently, also be present 


in the limit of infinite approximation when the solutions will become 
exact ones of the problems. The question now arises as to the origin 
and meaning of this relationship. In this instance of isotropic scattering 
it is possible to go back to the original equations of transfer (Chap. Ill, 
eqs. [ 1 ] and [78], the latter with m () — l) and derive the relationship 
we have noticed as an integral of the equations. But when more general 
laws of scattering are considered, the relationships which emerge are so 
involved (cf. Chap. VI) that the attempt to establish them as integrals 


of the relevant equations, even if successful , would hardly disclose their 
physical meaning. It is therefore of interest to observe that the real 
origin of the relationship between the two problems has to be traced 
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to the invariance of the emergent radiation from a semi-infinite plane- 
parallel atmosphere to the addition (or subtraction) of layers of arbitrary 
optical thickness to (or from) the atmosphere. 

Principles of invariance similar to the one we have just stated can 
be formulated also in the context of other problems. Thus, in the 
problem of diffuse reflection, the law of diff use reflection by a semi-infinite 
plane-parallel atmosphere must be invariant to the addition (or subtraction) 
of layers of arbitrary optical thickness to (or from) the atmosphere. This 
invariance governing the law of diffuse reflection by a semi-infinite 
•atmosphere was first formulated by Ambarzumian. 

The principles of invariance we have stated in the preceding para¬ 
graphs are only two of a large number that can be formulated. These 
other principles are more appropriately discussed in the context of 
transfer problems in atmospheres of finite optical thicknesses. Their 
consideration is accordingly postponed to Chapter VII. But it may be 
stated here that these principles of invariance and the method of 
solution of equations of transfer described in Chapter III together 
provide a powerful means for treating transfer problems in plane- 
parallel atmospheres. 

29. The mathematical formulation of the principles of invariance 

We shall now give mathematical expression to the principles of 
invariance formulated in § 28. For this purpose wo shall consider an 
atmosphere scattering radiation according to a phase function /;(cos 0)). 
(The necessary generalizations to include the case of scattering accord¬ 
ing to a phase-matrix will be given in § 3(>.) 


29 . 1 . The invariance of the law of diffuse reflection 
Let a parallel beam of radiation of net flux ttF per unit area normal 
to itself be incident on a semi-infinite plane-parallel atmosphere in the 
direction (— £t 0 ,9 0 ), and let the intensity 7(0,/z,cp) diffusely reflected in 
the direction (y,cp) be expressed in terms of a scattering function 
S(p,y; y 0 ,cp 0 ) in the form (cf. Chap. I, eq. [125]) 


7(0, g,<p) 


F_ 


S(p,cp)p 0 , 9 0 ). 


(“») 


Now, considering the radiation field in such an atmosphere, we can 
distinguish, at any depth r, between the reduced incident flux of amount 


in the direction 


7rFe~ T ^° 


( P oj 9o) an d a diffuse radiation field characterized 


( 0 ) 

by 
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the intensity 7 (r, ^,9). To distinguish, further, between the outward 
(0 ^ ^ 1) and the inward (0 > y ^ —1) directions, we shall write 

7 (r,+/*, 9) (0 </*<!) ( 7 ) 

and 7 (r,— [x, 9) (0 < /x < 1). (8) 

It is now apparent that the atmosphere below r will reflect the 
radiation (6) and (8) according to the same law of diffuse reflection by 
a semi-infinite atmosphere and will contribute an outward intensity in 
the direction ( + ^,,9) which must equal 7 (t, -{-fx, 9)* In other words, 

/(t, + /x, 9 ) — ----- «- T/ ^° #(/x, 9 ; ^o,9o)-| - 
4 /x 

1 2tt 


4c7T[JL 


j' S([x,q; fx' —/x',9') dfx'dcp'. ( 9 ) 


This is the statement of the invariance of S{[x,cp; fx Q ,<p 0 ) to the addition 
or subtraction of layers. 

29.2. The invariance of the law of darkening 

Consider next the axially symmetric radiation field in a semi-infinite 
atmosphere with a constant net flux. In this case the invariance of the 
emergent radiation 7(0, /x) to the addition (or subtraction) of layers of 
arbitrary optical thickness to (or from) the atmosphere is clearly equiva¬ 
lent to the statement that the outward radiation I(r, ~\~[x) (0 [x 1), 
at any level, r, can differ from the emergent radiation, l{ 0 ,/x), only on 
account of the fact that at r there is an inward directed radiation field 
which will be reflected by the atmosphere below t by the law of diffuse 
reflection by a semi-infinite atmosphere. Tor, the removal of the layers 
above r must restore 7 (r, +/*) to 7 (0,/x). We must therefore have 

I 2ir 

J(t, -~\-[ x ) —~ /(0, /x) -J-- — J* |* $(/x, 9 ; /x',9')/(t, fx ) dfx d<p , (10) 

0 0 

or, in view of the axial symmetry of .I(t, — /x), 


7(r, ~f -fx) — 7(0, /x)-|- 


1 

L f S«'\fX,lx')I(T, — /x') dfx', (11) 

2 tx J 


where 


27 T 

/x') = 4 . J j$(fx, 9; /x', 9' 


) d<p'. 


( 12 ) 


is the azimuth-independent term in the Fourier expansion of S(ix, 9, y- } 9 ) 
in (9'—9). 
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29 . 3 . An invariance arising from the asymptotic solution at infinity 
An invariance of a different sort arises from the following con¬ 
siderations : 

The equation of transfer appropriate to the problem with a constant 
net flux admits a solution of the form (Chap. I eq. [ 811 ) 

I{r,p) = t^[(l-W 1 )r+M] 5 (13) 

where r ur 1 is the coefficient of the first Legendre polynomial in the 
expansion of the phase function in spherical harmonics (Chap. I, 
eqs. [ 33 ] and [ 74 ]). The solution ( 13 ) does not, of course, satisfy the 
boundary conditions at r = 0. We shall therefore let 

I(t,p)= f-_F[(l ^'ccr 1 )r+y] -f- /' J '(r, p,) ( 14 ) 

represent the solution for the problem with a constant net flux. With 
this expression of the solution for a semi-infinite atmosphere as the sum 
of two terms, a term representing the solution for an infinite unbounded 
atmosphere and a term allowing for the departure from the asymptotic 
solution ( 13 ) as we approach r — 0, it is evident that at any level r the 
intensity, 7 *(t, f-p), in the outward directions must result from the 
reflection of the inward directed radiation, 7 *(t, — p). Hence 

-7X' r > ~fp) — t-^ 7 [(l—gw-Jr-j~P'] + 

1 27 T 

J J ~~ A') dp'dxp' 

0 0 


1 


= f^ T [(l —f S(°\p, /z')/*(t, — p) dp. (lf>) 

2 P J 
0 

The application of this equation to the boundary at t 0 leads to a 
specially noteworthy result: 

Remembering that at r = 0, I(r, —p) == 0 (0 < p < 1), we have 
from equation (U) /* (0 , _ F ') = ' ( 16 ) 

With this value of 7 *( 0 , —p), equation ( 15 ) becomes 

1 


/(0, It) = %F 


M+i- J &<»(?., p')p'dp' 


(17) 


0 

Equation ( 17 ) is an integral equation relating the law of darkening for 
the problem with a constant net flux and the law of diffuse reflection. 


30 . The integral equation for the scattering function 

The importance of the principles formulated in §§ 29.1 and 29.2 arises 
from the fact that they can be used to derive integral equations for the 
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§ 30 


functions governing the angular distributions of the emergent radiations 
in the various problems. As we shall see, these integral equations are 
generally non-linear; nevertheless, they are easier to treat than the 
linear integral equations of the Sehwarzs child—Milne type (Chap. I, § 11). 
This is not surprising when it is remembered that the non-linear 
integral equations are the mathematical expressions of the deeper 
invariances of the physical problem. 

The general principle underlying the derivation of the non-linear 
integral equations we have referred to is that we differentiate the 
equations representing the invariances and then pass to the limit r = 0 . 
Thus, in considering the problem of diffuse reflection we differentiate 
equation (9) with respect to r and then set r — 0 . In this manner we 
obtain 


^( r z 

dr 


F 


T -0 


4pp . 0 


1 2 t r 


aS*(/x, 9 ; p, 0 ,cp 0 ) -\- 


+ J J $(^,cp;/x',<p') 
0 0 


dl(r, —y',cp') 
dr 


1 d/js'dcp'. 

J T =0 


(18) 


The derivatives which occur in equation (18) can be found from the 
equation of transfer (Chap. T, eq. 1126)) 




• Zl tL’V) = <p) —3(r,fz,,<p), 


dr 


(19) 


where 


3(r,p,9) = ]ev T Cop(^ ; 9 9q )F- 


1 2 tt 


+ J J W- (20) 


1 o 


In equation ( 20 ) 

2>(p, 9 ; \t !, <p'') = p (cos 0 ) 

= P[w' + (1 ~^‘ 2 )H 1 -V 2 )- cos(9' —9)] 
is the phase function. From equation (19) we obtain 


and 


dT(r, -j-p., 9 )' 
dr 

d I (t , — p/, 9 ') 
dr 


i[/(0, +/x,9) —3(0, +/A,cp)] 


T 0 


c 

1 


T O P 


( 21 ) 


( 22 ) 


(23) 


In writing the second of these equations we have made use of the 
boundary condition 

7(0, — p,,<p) 0 (0 < ix < 1). 


(24) 
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Inserting ( 22 ) and (23) in equation (18) we have 

F 


1(0, +AL<p) 


4^o 




1 2 77 


+ ^ J J — &'><?')*—r<h'> 

0 0 

or, using equation (5), we have 

iW-H-—'W(/x,9;/x 0 ,<p 0 ) = 3( 0 »H-/*,9) + 

1 2 t r ■ 

+ 4 J J S(^<p;^,cp')3(0, 


(25) 


(26) 


0 0 

On the other hand, according to equations ( 5 ), ( 20 ), and (24) 

^{0, fx,cp) = 4;Fp([A,Cp, ^o>9o) + 

1 2 7T 

,, , 
j A^O’ 9oi 


F f Ji»( ft 9;F.9')'S(F.?';M.,?o)^*p' (-i « f « i). 


16 tt 


(27) 


o o 


With this expression for 3(0, /u,<p) equation (26) becomes 

j2 _p JL j $(pc, 9 ; pt 0 , <p 0 ) = p(p,,cp; — ju 0 ,<p 0 ) + 

\F Fo/ 


1 277 




b 


0 0 
1 2 tt 


+ 4 ~j J 8(p>Vlp\9')p(—p\9'*—Po,<Po)^r ( h' 


o o 

1 2ff 1 2 TT 


gyj-2 ^ ^ ^ ^ ’9 )^P( 5 9 ’ P 5 9 )X 


0 0 0 0 


X >8(pc", <p" ; pc 0 , cp 0 ) dcp' ~ l y r dcp". 


This is the required integral equation for $. 


P P 


(28) 


31. The principle of reciprocity 

An important property of the scattering function #(^, 9 ; pc 0 ,<p 0 ) to 
which we have made reference before (Chap. I, § 13) is its symmetry 
in the pair of variables (pc, 9 ) and (pc 0 , 9 0 ). This is required by the 
general principle of reciprocity considered in Chapter VII, § 52. In the 
meantime, it is of interest to see to what extent the principle can be 
inferred from the integral equation (28) for 8. 
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First, we may observe that for single scattering the principle of 
reciprocity arises from the fact that the phase function depends only 
on the cosine of the angle between the directions (g,<p) and (p/, 9 '). 
Thus (cf. eq. [ 21 ]) 

p(g,9;/x , ,9 / ) = 9 ), 

—/x',9') — ^(y, 9 ;/x', 9 '), 

2>(p, <p; —g',9') = = p(p/,9'; —p-,9)- ( 29 ) 

For expressing relations like the foregoing it is convenient to denote 
by /(y, 9 ; /x', 9 ') the function obtained from /(/x, 9 ; p/, 9 ') by transposing 
the variables (/x., 9 ) and (/x', 9 '): 

/(p,9;/z',<p') =/V,9';^,9). (30) 

In this notation the symmetry properties of jo(p, 9 ; p', 9 ') can be 
expressed by 

j) = p and j3(p, 9 ; —p', 9 ') = —-p, 9 ). (31) 

Now, transposing the variables (p, 9 ) and (p 0 , 9 0 ) in equation (28) and 
making use of the relations (29), we observe that 8 satisfies the same 
equation as 8. Hence, if 8 is a solution of equation (28), then so is 8. 
Hut it does not follow from this that 8 is necessarily symmetrical in 
(p, 9 ) and (p 0 , 9 ,,). The complete proof of the symmetry of 8 requires 
somewhat more elaborate considerations and is given in Chapter VII, 
§ 52. In the meantime we shall assume that 

8 J3, (32) 

which is certainly compatible with the integral equation for 8. 


32. An integral equation between 7(0, /x) and $ (0) (p, p') 
Differentiating equation ( 1 . 1 ) and letting r — 0, we obtain 


~ ( ll (t, +p) 
(It 



(33) 


On the other hand, from the equation of transfer we conclude as in § 30 
(cf. eqs. [22] and ]23]) that 


vi/(r, +p) 

(It 

(II(t, — fJb’) 
(It 


J T —0 


I[/(0, / x)-3(0,+ fl )] 

/X 

-7 3(°> —aO- 
P 


and 


T 0 


(34) 
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where, now (Chap. I, eqs. [82] and [83]), 

i 

3(0, p) = i J 2>«V, fOhO, p") dp" (-1 < ^ +1). (35) 

0 

Substituting from these equations in equation (33) we obtain 

i 

1(0,p) = 3(0, H-^)+I J -S<»>(^,m')3(0, -p')~r, 

0 

or a 

1(0, p) = I J 2>«V, M ")/(0, /u.') ^"+ 

0 

1 1 

+\ JJ S^(p,p')p^(-p',p")I(0,p!') d jfdp", (36) 
0 0 

which is the required integral equation between 1(0, p) and S {0) (/jl, p). 


33. The explicit forms of the integral equations in the case of 
isotropic scattering 

We shall now illustrate the use of the integral equations derived in 
the preceding sections by considering the case of isotropic scattering 

W ^ ierL p — tzt 0 = constant (^ 1); (37) 

Tir 0 is the albedo for single scattering. 


33.1. The integral equation for S(p,p 0 ) 

In view of the axial symmetry of the radiation field in this case, equa¬ 
tion (28) becomes 

( 1 

1+3 f S(p,p')^- + 

^ J p 

0 



J^'Vo^+I JJ 
0 0 0 


8(p,p')S(p",p 0 ) 


dp.' d/£ \ 

f /ft 

P P J 


(38) 


We now observe that the quantity on the right-hand side is separable 
in the variables p and p Q ; thus 


\s(p,p 0 ) = txt 0 
\P PoJ 



( 39 ) 
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Since $(ft-, g') is symmetrical in ft- and //, the two factors on the right- 
hand side of equation (39) must be the values for ft and fi 0 , of the same 
function. Therefore, letting 

i 



o 

i 


= 1+1 f (40) 

2 J /x 

o 

we can express the scattering function in the form 

(-H— 0 ) == ( 41 ) 

PoJ 

Substituting for JS according to this equation back into equation (40), 
we obtain the following non-linear integral equation for H(p): 

i 

//(ft) — l-f-|zn- 0 ft/i r (g) J ~~~~7 d[x' . (42) 

o 

Comparing equation (41) with the solution obtained in Chapter III 
(eqs. [H9] and [ 120]), we conclude that the form of the solution obtained 
there is indeed the exact one. Moreover, it would now appear that the 
//-function as defined in Chapter III (eq. [106]) becomes in the limit 
of infinite approximation the solution of the integral equation (42). 
We shall see in Chapter V (§§ 39 and 40) that this expectation is 
justified. 

The conservative case (ur 0 =1) requires no special consideration: 
the relevant equations can be obtained by simply putting -zzr 0 = 1 in 
equations (41) and (42). 


33.2. The law of darkening in the problem with a constant net flux 
For conservative isotropic scattering, (-ra-o = 1)> equation (36) 
becomes i i i 


/(0,p) 


or, 


where 


J If), fd) dft/'-piJJ 

0 0 


/(o.fi.) = J( 0) 


X 

.7(0) = -l [ 1(0, p) dp. 


(43) 


(44) 


H 


3505.64 
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But (of. eq. [41]) (45) 

Equation (43) therefore becomes 


1(0,p) = J( 0) 



(46) 


How using the integral equation satisfied by H(p) (i.e. eq. [42] with. 
m-Q = 1 ) we obtain 

1(0, p) = J(0)H(p). (47) 

This agrees with the form for 1(0, p) found in Chapter III (eq. [61]); 
however, to get complete agreement we must establish the validity of 
the Hopf-Bronstein relation. It will be shown in Chapter V (§ 38, 
eqs. [26] and [26]) that the Hopf-Bronstein relation is indeed a direct 
consequence of certain elementary integral properties of the II -functions. 
But it is of interest to establish the relation from the principles of 
invariance alone. We do this in the following subsection. 


33.3. A derivation of the Hopf-Bronstein relation from the principles 
of invariance 

Tor conservative isotropic scattering, equation (17) takes the form 


I( 0,y) = | F 


1 

I* S(p,p’)p dp 

2p J 


(48) 


Integrating this equation over the range of /x we obtain the relation 


J( 0 ) — -jjgF 


1 + 


si 8(ij " 

0 0 


pftFdp'dp 

p 


(49) 


Similarly, multiplying equation (43) by 2/x and integrating 
range of p we obtain 


F = J( 0) 


i i 


1 


r s(p,p r )tLdp'dp 

j j i 

0 0 


over the 


(50) 


The identity of the quantities in brackets on the right-hand sides of 
equations (49) and (50) follows from the symmetry of S(p,p) in p, 
and p ; hence 


J( 0) 3 F 

F ~ 16 J(0) 5 


or J( 0) 


V3 


F , 


(51) 
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which is the Hopf—Bronstein relation. Using this relation, we can 
bring equation (47) into the standard form. 

mu) = (52) 

We thus see how, from the principles of invariance alone , we can 
derive the complete solutions for the emergent radiations for the two 
basic problems and express them in terms of a single //-function which 
satisfies a non-linear integral equation. We shall see in later chapters 
how similar reductions can he effected for all problems in plane-parallel 
atmospheres formulated in Chapter I. 


34. The reduction of the integral equation for S for the case 

p(cos@) = -nr 0 (l -\-X COS©) 

For a law of scattering according to the phase function wr 0 (l +•# cos©) 
p(lM,cp; ja',<p') = p/ 2 )- cos(<p'—•-<p)]. (53) 

This form for the phase function and the manner in which it enters the 
integral equation for 8 suggests that we express the scattering function 
in the form 


£(/x,9;/q),<p 0 ) 

= •ar 0 [jS^( f ji } fJL 0 )+x(l— ^ 2 )H1—iai) i /S< 1) (^,^ 0 )cos(9 0 --cp)], (54) 

where, as the notation indicates, /S ,(0) and $ (l) are functions of p and p 0 
only. 

Substituting for p and # according to equations (53) and (54) in the 
integral equation for 8 and making use of the relations 


ATT 


~ f cosni(<p' — <p 0 )cos n(rp —9') dtp' = 0 
2tt j 


if m ~/~ n, 


4 cos m(cp—cp 0 ) if m = n 0, 
I if m == n — 0, 


we find that the equations for 8 (0) and >S ,(1) separate and that 

(- + 4W'V./O = f 

V* H'O/ J p 

0 

1 

-|- 2 TV () J & (()) (/X, \L ) ( 1 + ~“7~ 

0 

+K f f 

J J A 6 H' 


(55) 


0 0 


(56) 
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and. 


~ | i +i ;r ' nT o j —^(l— ^" 2 )^ (i) (^' / 5 ^o)| x 

^ n i 


jl+i^o J ~r 


(57) 


34.1. The reduction of the equation for 

On examination, it is seen that equation (56) can be written in the 
form 

' 1 v , 1 . 

= ^ IHbi-'^o J l-h|'ror 0 j $ (0) (/X, AOpprj— 

J -S (0 V'>Po) ^"j Jm-Wo J <s ( "V>/*') <V - (58) 

Prom this equation it follows that $ (0 ) (/a, /x 0 ) can he expressed in the form 


where 


and 


^ t 1 0 / 

1 

’/'(aO = l + -|-'cr 0 f $ (0 >(^,//,')&- 

J ^ 


X 

M J S (0) (fJL,tM') dp!. 


(59) 


(60) 


Now, substituting for & (0) from equation (59) back into equations (60). 
we obtain the pair of equations 


if(p,) = 1 


2^0 


1 , 1 

MK A 6 ) f \ dp — %xtjt 0 pf>{p) f — ^ -- 7 rZ/x' (61) 
J ft-T/* J A^+A 4 - 


and 


^(aO = i'^oA^ i / f (A t ) J 


~ ~p^/ V d[x'^ xxu-q J A^ 7 


( 62 ) 


The solutions of these equations will be given in Chapter VI, § 46. 
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34.2. The expression of S a) in terms of an H-function 
Returning to equation (57), we observe that p 0 ) is expressible 

in the form ,, , x 

- + - ^(/x^o) = a)H^(p 0 ) t (63) 

\fx / 


i 

where i7 (1) (/x) = l-bia^o ( -^-(1 —/x' 2 )$ (1) (fA, y/). (64) 

J t 1 

o 

According to equations (63) and (64), H{p) satisfies the non-linear 
integral equation x 

fl™(/*) = I I ! J <*//• (65) 

0 


35. The reduction of the integral equation for & for the case 

p(cos 0 ) — |(I + cos 2 0 ) 

For scattering according to Rayleigh’s phase function (Chap. I, 
eqs. [99] and [100]) 

p(p,cp; p',cp') = - 8-[3 —/i a —^- /2 -|-iW /a + 

+ 4ju,/x'(l—/x 2 )-(l—-p / 2 ) 1 cos(<p'—cp) + (l—^- 3 )(1—p/ 2 )cos 2 ( 9 '—cp)]. ( 66 ) 
We accordingly express the scattering function in the form 
S(p,<p; y, 0 ,9 0 ) = §[AS^^o)-^y 0 (l---/x 2 )Hl-^)^0)( / x,^ 0 )cos(cp 0 --9)^ 

+ (1 •— /X 2 )(l— /X 2 )^ 2 >(/X, y 0 )cos 2(cp 0 9 )], (67) 

and find that N<°>, /S'O), and £< 2 > satisfy the independent integral equations 


(1 + Mo) = m«) + 4 J |.W, Mo) ^ 


r+ 2 

T'-o 


lb J IX 


1 1 


4- 


rr 

256 J J fx fx 


( 68 ) 


0 0 


js&V.Mo) = Jl + I J X 


xfl + | f /‘(l-^-sm^.^)^ 

O J f* 


( 69 ) 
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and 


X { 1 + ^ (70) 

where in equation (68) we have written 

= 3-/x 2 —^' 2 + 3^V 2 == |(3—/x a )(3—ja' a )+§^V 2 * (71) 

Of the three integral equations, (68)—(70), only the first need be 
considered in any detail, since it is at once apparent that the solutions 
for the other two must be of the forms 


(^ + ^)‘ s ' a>(fi ’' x » ) = # a) G“)# a Vo) 

(^ + ^)' Sf<2>(M ’ fi » ) = # <2 V)tf (2 Vo), 

where and 77 (2) (/x) satisfy the integral equations 


and 


(72) 

(73) 


1 

ff (1 V) = l + |#*Ha>0*) J 




and 


J, 

/x+g. 


J 

0 


(74) 


(75) 


Returning to equation (68) we find, on examination, that this equa¬ 
tion can be written in the form 

o M J 

X { 3 -^o 2 + ^ J + 

( 1 . | 

f ‘ 2+ n /U+4 / (70) 


fZ 
if 

From equation (76) it follows that S<»V, ^ 0 ) can bo expressed in the form 

-V S " 0 ) (M. F'o) = + 


U + ^/ 


( 77 ) 


*A(m) = 3- m 2 +A J ( 3 -ix.'*)m(iL,p.')*?L 


where 
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and 


l 

.Lb J /x 


(78) 


Now, substituting for $ (0) according to equation (77) in equations (78), 
we obtain the integral equations 

i 

*A(p) = o-F-l'is/W^) 


(3-p/ 2 ) dg/-f 




I 

+ - 2 WK 7 O fi^(3-^)^ (79) 

J P'+g' 


and 


JL X 

f /x' a d^' + f n'* dp'. (80) 

J g-hg J P+P 


The solutions of these equations will be given in Chapter VI, § 44. 

The reduction of the integral equation for JS into independent systems 
of equations for functions of one variable only, which we have effected 
for two special cases (other than the case of isotropic scattering), is 
possible quite generally by expanding the phase functions, p(/x,cp; g/, op'), 
in spherical harmonies. But we shall not carry out this reduction for 
the general case here, as an analogous reduction for the more difficult 
problem of diffuse reflection and transmission by atmospheres of finite 
optical thicknesses will be considered in Chapter VII (§ 53). 


36. The principles of invariance when the polarization of the 

radiation field is taken into account 

We have already seen in Chapter I (§ 17, see particularly eqs. [ 212 ] 
and [231]) that when the polarization of the radiation field is taken 
into account, the equation of transfer becomes a vector equation for I 
(whose components are the Stokes parameters) in which a phase-matrix, 
P(g, 9 ; g/, 9 ') plays, identically * the same role as the phase-function, 
p(p, 9 ; p , 9 '), in the more conventional problems. Consequently, all the 
equations of §§ 29, 30, and 32 will continue to be valid also when 
polarization is taken, into account, if I is regarded as a vector and p 
and JS as matrices. Thus, the integral equation for the scattering matrix, 
S(jx, 9 ; g 0 , 9 0 ) (of. Chap. I, eq. [230]) will he identical in form with 
equation (28): only JS and p must be replaced by matrices S and P. 
Similarly, the integral equation relating the law of darkening in the 
problem with a constant net flux and the scattering matrix governing 
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the law of diffuse reflection can be written down in exact analogy with 
equation (36). In the case of Rayleigh scattering, the equation in 
question is, for example (cf. Chap. I, eqs. [221] and [227]), 

J(0,/*) = i J p<»W')/(0,/') ay+ 

0 

1 1 

+ \ J J 0,g')^g. (81) 

0 0 


where 


P^W') = 


1 = «, Jr). 

3/2(l-^)(i_ /x '2 )4 _^ a ^av 

4=1 i ^' 2 1 /’ 


(82) 

(83) 


and iS (0) (y,, ju/) is a matrix of two rows and columns which is the azimuth 
independent part of the scattering matrix. 


BIBLIOGRAPHICAL NOTES 

We owe to Ambarzumian the first introduction of a principle of invariance in the 
treatment of transfer problems— , 

1. V. A. Ambarztjmian, O.R. ( Doklady), Sci. U.R.S.S. 38, 257 (1943). 
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The present chapter is largely based on ref. 4. 

The principle of invariance arising from the asymptotic solution at infinity, in 
conservative cases (§§ 29.3 and 33.3), is considered here for the first time: it arose 
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6. Lord Rayleigh, Scientific Papers of Lord Rayleigh, vi (Cambridge, 1920), 

p. 492. 



y 

THE /7-FUNCTIONS 


37. Introduction 

The discussion of the principles of invariance in Chapter IV has 
disclosed the importance for the theory of radiative transfer, of non¬ 
linear integral equations of the form (Chap. IV, eqs. [42], [65], [74], 
and [75]) x 

H(p) = l+pH(p) 11^') <V, (1) 

J H“E 

o 

where the characteristic function, v F(/x), is an even polynomial in /x 
satisfying the condition 

i 

' [ T(p) 4 < i. (2) 

o 

For the standard problems in isotropic scattering the angular distribu¬ 
tions of the emergent radiations are expressed directly in terms of 
//-functions (Chap. IV, eqs. [45] and [52]). But for more general laws 
of scattering, the principles of invariance lead to simultaneous non¬ 
linear integral equations (of. Chap. IV, eqs. [61], [62] and [79], [80]) 
which, in appearance, are far more complex than equation (1); never¬ 
theless we shall show that the solutions of these equations can also be 
expressed in terms of //-functions. Thus the //-functions play an 
important part in the theory of radiative transfer in semi-infinite 
atmospheres. In view of this, we shall devote this chapter to the 
study of those functions. 

The plan of this chapter is as follows: 

In § 38 we establish certain elementary integral properties of the 
//-functions. In § 39 we consider the relation of the function 


//(,x) 


XI (IL + Pi) 

I lI 

ce 



defined in terms of the zeros, jiq, of I\ n (ja) and the positive, non¬ 
vanishing roots, k a , of the associated characteristic equation 


n 

2 


l-kh 


, 2 ’ 


(4) 


j-i- 

to the solution of equation (1). In § 40 we obtain, explicitly, the solution 
of equation (1), and in § 41 we show how we can solve, numerically, for 
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the IT-functions, in practice. And, finally, in § 42, we tabulate the 
solutions for the case 

T*(y) = constant = -|xa- 0 (5) 

for various values of the albedo ttr 0 . 


38. Integral properties of the #-functions 

In this section we shall suppose that a solution of equation (1) exists 
which is bounded in the interval 0 y 1. The various moments 

i 

= J H(fx)fx n djx (n ^ 0) (6) 

o 

then exist and are finite. 

r* r 1 -I 

Theorem 1. j B(fx) x y([x) dp = 1— 1 — 2 f x F(y) dp (7) 

o L o 

Proof. Multiplying the equation satisfied by H(p) by T‘(y) and 
integrating over the range of p, we have 
i 

o 

1 11 

= J* ^(tO J* j —~-j H(p) x Y(p) H{p) x Y{p')dpdp. (8) 

0 0 0 

Interchanging p and p' in the double integral in equation (8) and taking 
the average of the two equations, we obtain 
i 

J %)TW d F 

0 

1 11 

= J TW d M + J f J V(n') dpdp', (9) 

o bo 

or, alternatively, 

ir 12 i i 

2 ] — J ^T(/Lt)^F(/x) d/x-f- j T'(p-) dp = 0. (10) 

Solving this equation for the integral in question, we have 

/ H{p) x Y(p) dp = 1^ |"l— 2 f ) dp (11) 

o L ^ J 

The ambiguity in the sign in equation (11) can be removed by the 
consideration that the integral on the left-hand side must uniformly 
converge to zero when T*^) tends to zero uniformly in the interval (0, 1). 
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This requires us to choose the negative sign in equation (11) and the 
result stated follows. 

Corollary 1 . A necessary condition that £T(p) be real is 


J T(p) dp < l 


( 12 ) 


This is, of course, an immediate consequence of the theorem. 

The physical meaning of the limitation (12) is interesting: it is 
equivalent to the condition that, on each scattering, more radiation be 
not emitted than was incident. Further, it may be noted that we have 
the equality sign in (12) only in the conservative case , i.e. only when 
there is no true absorption and the efficiency of scattering is unity. 

Corollary 2. An alternative form of the integral equation satisfied 
by H(p) is 


H(f0 


1—2 


r 2 

TV) dp, 


jj(p') dp'. 


(13) 


Proof. This can be proved as follows: Using the result of Theorem 1 
and recalling the integral equation satisfied by Id(p), we have 
i / , i 

1'i(fx) f = H(p) f -y—7 dp' 

J P+P J L H'-l-P' J 


1 — 1 — 2 TV) dp 


d/(p)-1-1 


[ c *U 

1-2 T*(p) dp 2 , 


which is equivalent to equation (13). 

Corollary 3. In the conservative case, when 


.JU 

C 'V(p) dp. = i 


the results of Theorem 1 and Corollary 2 take the simple forms 


and 


-i. 

f //(p)T*(p) dp — 1, 

0 

= H(p') dp'. 


(14) 


(15) 


(16) 


(17) 
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Theorem 2. 
1 


[l-2 f YM dJ 4 / d^ + 

+i[ J Hfay¥(ti)r dS = j ¥( f 0 / u 2 dp. (18) 

Proof. To prove equation (18) we multiply the equation defining 
H([x) by V K(p,)^ 2 and integrate over the range of y. We obtain 

i 

J Hfa)' F(/0/* 4 d/x 

0 

1 11 

= J J dp-dp.' 


0 0 
1 1 


J ¥(,*)/*» df. + i J J 


0 0 
1 1 


| ¥(^d, + lj J (^_ w ' +/;i ' 2 ) ffW v F ( Al) H (/x ' ) 'F (M ')d^' 


0 0 
1 


r 1 


J x F(/x)y 2 J i/(y)T'(y)/c 2 d[x J //(^)T(y) 


r 1 

J Z/(y) v F(y)y fZy 

o 


. (19) 


Using Theorem 1, and after some rearranging of the terms, we obtain 

[ i “j j i i r i 

1—2 J ¥(,0 dp ' 2 ‘ J #(p)¥(p)p 2 dp+2 [ ff(p)¥(p)p d/x. 

o J 0 6 

1 

= J v F(y)y 2 (20) 
0 

CoROLEARir 1. For the conservative case, (15), we have the further 
integral x 

/ i?(p)¥(pV dp = [2 J dp] 4 . (21) 



TH 1 j 3 H -F ITNCTIONS 


109 


Corollary 2 . For the conservative case, still another form of the 
integral equation for H (p) is 


P 

H(fJL) 


1 -jxi 

J x F(p)p 2 dfx — J 


P“ 


( 22 ) 


This follows from equations (17) and (21): 


P 

#(p) 


P . 'XTJ'/.t 




7 p' x F(p')hr(p') dfx r 


1 


2 v F(p)p 2 d[x 




pi~p 


(23) 


It is now seen that equations (16) and (21) represent a generalization 
of the Hopf—Bronstein relation for the conservative isotropic case; for, 


in this latter case, 


x F(p) = constant f 


and the integrals (16) and (21) become 


77(p) rip- = 2 


(24) 


(25) 


and 


/ 

JLJ 

#(p)p dp == 


(26) 


Equation (26) is clearly necessary for Chapter IV, equation (47), to he 
consistent with itself; and the ratio of equations (25) and (26) expresses 
the Hopf-Bronstein relation. 

Theorem 3. When the characteristic function x F(p) has the form 


T(/x) == a~\-b^\ 

where a and b are two constants,*)* we have, the relations 

lY () ---- 1 ~)“ | (r/ tYy-|-5(Y 2 ) 


and 


V J ) ( 


//(ju'). , y/(/x)—i ,, , 

pf P p//(p) 


where a 0 and oq are the moments of order zero and one of I/(p). 


(27) 


(28) 

(29) 


1 

t The condition [ M J "(/z) dp p requires that a -j- y 
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Proof. To prove the relation (28) we simply integrate the equation 
satisfied by i%). We find 


a 0 — 1 -J- 


l l 

Si 
0 0 

1 X 


Jj. ( )jy ( /) 


= i + i J J {a+bwlE(p)H(r') dpdp' 

0 0 

= l-fJ(aao+6a|). (30) 

The relation (29) can he established in the following manner: 

° J 9$^'= S a Sf H ^ )d ^- b S * 


■ffQx) —1 


1 

f (/*'-/*+^-7 W) 

J \ l X \ l L / 


from which the relation stated follows. 


6( ai —^a 0 ) —6/x 2 J 

0 


(31) 

^ + /X 


39. The relation of the H -function defined in terms of the 
Gaussian division and characteristic roots to the solution of 
the integral equation (1) 

The principal result to be established in this section is that the 
.fiT-function defined as in equation (3) is the unique solution of the 
equation 

#(/*) = 1 +i*H(fii) y - ,; M i;,i : H(^), (32) 

j = 1 fX~\- flj 

which is regular and non-zero for p > 0. 

Rewriting equation (32) in the form 


1 _ 1 V 

ij = »»%) 0'= 


(33) 


where 


(34) 
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we conclude that 7/(p) is a rational function whose zeros are at p = —^ 
(j = 1 We may therefore write 


where 


H^) = 


(~l) n P{-P) 9 

Pi—Pn R{ — PY 


n 


PM = TT (M-ft), 


(35) 

(36) 


and R{fi) is a polynomial of degree at most n. Actually, 22(/x) will he 
of degree n unless 

1 71 

0 as fi-> oo, i.e. 2 = 1. (37) 

22 (/x) j = i 


And this last condition can be satisfied only in conservative cases. 
For, multiplying equation (32) by a 3 - x F(fij) and summing over j, we 
find, as in the proof of Theorem 1 in § 38, that (cf. eq. [10]) 


[ 7i n o p 71 T Tk 

2 ?;%) "-f.I +2 = 0, (38) 

or f q, H(imj) = 1 — f 1 — 2 f V(^)l *; (39) 

3- 1 L J=1 J 

so that ^ (ijII([jLj) = 1, only when 2 ^ x F(/xj) — 

Since 22(/x) is a polynomial of degree at most n, we can write, using 
Lagrange’s interpolation formula: 


«(n) = y — , t t 

Pl"’Pn Fj'(/ X ~ Pj)* \Pj) 


n 


K(Pj) 


(40) 


where, it will be noticed, that we have arranged that 22(0) = 1 as 
required by the condition 7/(0) — 1 (cf. eqs. [32] and [35]). 

From equations (35) and (40) wo have 


1 

II(P) 


n 

1 — 

U,r 


■ti(pj) 


3^1 


Pj(p+Pj)t j '{pj) 


(41) 


On the other hand, from equations (33) and (35), we have 

1 


7/Ox) 


(— l ) n -yy q.j P{ —/x j) 

l -—- fx N -—l—-—i - 

PvPn f-> x {p-\-p.j)R{ — Pj) 


(42) 


Now, comparing expiations (41) and (42), we conclude that it is necessary 
and sufficient that 


<hPj 


Pl-Pn 


2 rP{ — Pj)P'{pj) (j = 


(43) 


B(pj)R(—pj) 
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Returning to equation (33), we have, by repeated applications of this 
equation: 

{ 1- sor)}{ 1_ su^)} 

_ 2 XT X' Qj^ipj) 

^ A, P^Pj P Pi 


3 = 1 i =1 


X s XT Pj |_ t 

^ Pi~^~Pj XP^Pj p~ 

pi ^ l yt+^i J fil 


Pi 

P — Pi 


/x—\ fc ^; J 


u t^ fi W(i 1 I vftgH_L_ 


^(/x) 


V ll. 


#(—/*) ^.^p—pi 


Hence 


i .ivt® 
H{p)H(-n) ^ A 


(44) 


(45) 


By arguments similar to those used in establishing the identity in 
Chapter III, § 26.4, we can express 


T w =i -vi^, 

j sa 1 * t'J 


(46) 


in terms of the non-vanishing roots, ±.k a , of the characteristic equation 


1 = 2 


2t 


gjjVi) 

l~-/cVf* 


(47) 


Equation (47) admits 2r& distinct roots dz^ a ( a == !»•••> ^) except in 
conservative cases when 7c 2 = 0 is a root. Restricting ourselves, in the 
first instance, to non-conservative cases, we observe that 


n (p 2 -p! )T(p) 

3 = 1 

is a polynomial of degree 2 n in p which vanishes for 


{oc = 1 


( 49 ) 
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IT (^ 2 — H-j) 

j --1 J 


(50) 


by more than a constant factor. The constant of proportionality can 

be found from a comparison of (46) and (50) at p. = 0. In this manner 
we find: 

™ IT (1—I2m 3 ) 

%) = (-i ) n t4-A _ 

n ' f511 

ITO 2 -/ 3 ?) l > ’ 

It can be readily verified that in the form (51) the equation is also 
valid m conservative cases when one of the roots k* = 0 . 

Returning to equation (45) we can now write 

1 P0u)P(-^) 


//( f t)//( — /x ) = __ 

On the other hand, according to equation ( 35 ), 


(52) 


Hence 


= -J-- 5 

P(/x)/b( /x) 

A V) =.-= IX 


(53) 

(54) 

whcic (I or (1 -|-/i’ a/ tt), but not both, is a factor of M{fx). 

With Ufa) given by equation (54), (35) in fact provides a solution of 
the original equation; for it gives (of. eq. [ 451 ) 


av)/<“(/!) /,( d /J( 


-P 

;/1 / X .d/_ 


(55) 


(56) 


from which the validity of equation ( 43 ) follows. 

The solution of equation (32) must therefore he of the form 

7b 

i n (/ x .i-Mi) 

../ i_ 

/Xj •• ./i /( [| (Izb^aAt) 

a 

If we now require that the solution he regular and non-zero for all 
/x 0 , it is evident that we must always choose the factor (1 ~\-lc tx fi) 
in ( 06 ). VVe have thus proved: 

ii ioorum 4. Consider the equation 


rn. 


ac»5.04 


11 W 1 I /r//(/r) T y // ((U .), 

; pl / x I /C 

i 


( 57 ) 
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’?*” **l U " a '»Ulo2 .roto[>*« to q..«lru»r« toml./ta to. 

JU. - »htol, »«*- 

and non-zero for g > 0. is 


HW 


II 0*+^) 

_ 

n 


(58) 


71 

/^l** n('+ fc «^ 


a = l 


where the s (« = 1....,») <* the non-negative roots of the associated 
characteristic equation 

1 = 2 t^- (59) 

/-< 1 — lc 2 u f 

3=1 ° 

■From Theorem 4 it would appear that the exact solution of the. 

method for solving for the /./-functions numerically. For, starting with 
method ■ & e uit \ n-n the third approximation, loi. 

an approximate solution for ^ by a process of 

WPM to to. ,n«»l » «* , m». ~1 >"« 

is the method which will he described m gieate, detail > • 

39.1. The representation of the solution oj equation (•*-) (f ’ s a am pl ■ ' 
integral 

Starting with the identity 


H(z)H( — z) 


--= T(z) =-- l- 


11 (1 k* s a ) 

ci . (60) 


,, 2 V'j 1 
/ > 2 
1 " / ✓J 1 " - fk* j 

j 1 r 7 


no 


./ i 


we can obtain a representation of //(=) as a .simplex integral. For this 
purpose consider the integral 

,,, , 1 7 Uv ,T(,r) ~ d "' , 0") 

K (~) = 2^ J '° B ' ' -3 s ’ 

—ico 

taken along the entire imaginary axis. Deli,led in this manner, it is 
evident that K(z) is regular foi T{~) d- 

j.srrrr^ 

demonstration. 
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By evaluating tlie residue at the pole on the right 


1,00 


i7Tl 


J i /, , w\ z dtu 
logM+rl:.,-, 


a j iv 2 


o log {1 + 


a 


( 62 ) 


if R(z) > 0 and R(a) >- 0. Similarly, by evaluating tlie residue at the 
pole on the left, we have 


%co 


2 L 


w\ z dw 


2 in j ~\ ajw*—z* 

-iao 


, 1 1 

o 


log[l + 


(t I 


( 66 ) 


again, provided R(z) > 0 and R{a) > 0. Hence 


too 

I 


log/1 


W‘ 


dw 


a? -w*—z* 


-log 


-too 


( 1+ «)' 


Using this result, we have 


too 


A ' (2) = 2 k J 

— too a j 


loir /1 


to- 


dtr 




(6H) 

( 66 ) 


= - 2 i °g( i +^-)-i- y iog/i+-i.) 

a j \ l l j) 

= log H(Z). 

Hence log II(z) - —_ / Jog T{io) — ( ~~ 

Itti J vc 2 .*: 2 ’ 

— %'Xi 

which is the required representation. 

In §40 we shall see that the solid,ion of the int< k gral (spin,fieri (I) 
which is bounded in the interval (> ,x I, i„ again given |, v 

integral of tho form (Be) in which T(z), now given by equation (nil) i„ 
replaced by ^ ’ 

T ( z ) .i_‘>«2 r ^ 

' ' i -« (67) 

4 / 

0 

40. The explicit solution of the integral equation satisfied by 

The following general discussion of the integral equation satisfied by 
H(fi) is due to M. M. Crum. 

Considering the integral equation (!) in the complex s-plane, we shall 
write it in the form 


1 

m 


1 

/ jqy H(ri'rw dp. 


(Ii8) 
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The characteristic functions which occur in the astrophysical contexts 
are even, real, non-negative, and bounded in the interval 0 < fx < 1, 
and satisfy the conditions 

i 8 

f |T(ja)| dfju < i and J |TV)| && -> 0 as 3 -> <->• ( 69 ) 

o 0 

Also, we shall be interested only in solutions which are bounded in the 
interval 0 < [x < 1: 

Let H(z) be a solution of equation (68) under the conditions (69) and 
(70). Then 1 jH{z) is analytic in the entire z-plane slit between — 1 to 0. 

Except for_l <z < 1, we therefore have, by repeated application of 

equation (68) (cf. § 39, eq. [44]) 


m- 


l 1 

jj 

0 0 

1 1 


0 0 


Z~\~ jLb Z 1 X 


■*)J 




£ | 

( v 



|-fX 


+ 


— —dpxZ/x' 

—/X / 


* i r rl ' 

= z f J 


+z f JaL.inv.'y¥W f 

J 2 — ft J 

0 0 




TOO 

Z — fJL 




i_JL + i_ 1 


#(*) 


H(-*) 


(71) 


Hence 


H{z)H(—z) 


1 — 2 z 2 


o 

i 

j 


-~^v z dfx == T(z) (say). 

£ - jJL* 4 


(72) 
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Still excepting the case —1 <3 < 1, substituting for 1 jH(z) accord¬ 
ing to equation (72), we can rewrite equation (68) in the form 


H(-z) 1 


Z + fX 


f ? 




ggV) 

Z-\-fX 


H{p) d/x, (73) 


or, after some minor rearranging of the terms, we have 




zW(fx) 


dp I = 1 -j- 




[B( — z)—FI(p)] dp. (74) 


Writing z for — z in this equation, we obtain 


H(z)\ 1 


z x r(fx) 

z ~hp 


^F(/x) 


[B(z)—B(p)]dp. (75) 


Since both sides of this equation are analytic for 2?(s) y- 0 the equation 
is valid also for 0 < z < 1. 

Conversely, equations (72) and (75) together imply that B(p) is a 
solution of equation (68). 

It will now be shown that under the conditions (69) and (70), the 
unique solution which is analytic in the half-plane B(z) > 0 is Aven 
by (cf. § 39, eq. [66]) 


log B(z) 


r 

rj 


log T(w) 


ve 2 — z 2 ' 


(76) 


In conservative cases, this is the only solution which is bounded in the 
interval 0 ^ 2 ^ 1. But in non-conservative cases it is possible that 
there is another solution which is also bounded in (0 ^ z .<C I), but 
which, has a pole on the real axis for a value of z > 1. We shall describe 
later the relation of this other solution to (76). 

The function T(z) is even and regular in the plane slit from — 1 to +1. 
More particularly, writing z 2 = u-\~iv, wo have 


(/C/T 


T(z) = 1-2 f 'rw dp.-* f dp 

J J n + iv—p 2 

0 0 

— 1 -2 J I (p) dp 2 J dp. (77) 

o 0 

From this equation it follows that the imaginary part of T(z) can 
vanish only when 2 2 is real. The zeros of CV(z), if any, must therefore 
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be on the real or the imaginary axis or at infinity. When v = 0, 
equation (77) becomes 

i 1 

T(z) = 1 — 2 f W(p) dp—2 f dp (z 2 = u = real). (78) 

J J u 

o o 

The expression on the right-hand side is monotonic, increasing for 
u < 0 and u > 1. Therefore, in conservative cases, the only zero of 
T(z) is at infinity; and in non-conservative cases T^oo) > 0 and there 
may be a pair of real zeros at -4-1/& (say) where 1/k = s/u 0 > 1. Thus, 
summarizing, we have 

r ( ») ~ — positive^constant / „ and f Y(/t) dfx = jj (79) 

and i 

in non-conservative M T*(/x) < -|j cases 7 7 (s) is positive 

'o ' 

and bounded on the entire imaginary axis and may have (80) 
a pair of zeros ±1/^ (& > 1) on the real axis. 


Otherwise T(z) is non-zero in the plane slit from —1 to +1. Also, 
(§ 38, eq. [7]) 

1 

T(oo) = 1 — 2 J x Y(p) dp = 

0 

Let 

(n — 0 in non-conservative 
[n — 1 in conservative cases 




(81) 


B(z) = T(z)(l—z 2 )”. 


H(od) 

caHes ') (82) 
SOS. J 


Defined in this manner B(z) is even, analytic, and non-zero on the 
imaginary axis (and at infinity) except perhaps at z ■— 0; since 
B(iv) -> 1 as v -> 0, log B(iv) is bounded. 

For B(z) > 0, we define 

100 

log£(s) = A f log B(iv)—P^dw, (83) 

2>tt% J w^ — zr 

— too 

where log B(iv) -> 0 as v 0. The integral defines a function which is 
analytic for R(z) > 0. And we can obtain an analytic continuation of 
K{z) across the imaginary axis by deforming the contour. Thus, when 
z is in the second quadrant we integrate along the contour indicated in 
Fig. 9(a). Then 

too 

\ogK(z)=±.. J IogBM-^du,-ilogIt(-z)-.ilogB(z) 

— too 


— —logi£( — z )—log B(z) — 2vrri, 


( 84:) 
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since M( — z) >0. If z passes from the fourth to the third quadrant we 
deform the contour as in Fig. 9 (b) and we get the same result (84). Thus 
K(z) is single valued for all z and 



* =-B(z). 

K(z)K{—z) 

(85) 

Now let 

II (z) — K{z){X-\-z) n . 

(86) 

Then 

. 1 . — 

H(z)H(~z) 

(87) 

i.e. II(z) satisfies equation (72). 





(a) (6) 

Fig. 9 (a) and (b), Tho deformed contours for the analytic continuation of I\(z) 

(oq. [Slij) across tho imaginary axis. 


Next, using the result expressed by equation (04) (cf. eqs. [82] 
and [80]), 


too 


log II{z) 


u f 

Im J 


(log T(w) -|-n Iog( 1 — w 2 )} — — ■ — dtv~\~n log( I+ z) 


■'too 

7*cO 


2 L f 

27 Tb J 


log T(w) - t> ~. H dw. 


( 88 ) 


%rsj 


It remains to prove that II (z) defined in this manner satisfies 
equation (75): we should then have proved that II(z) is a solution of 
equation (68). 
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Now if z — x-\~iy = re id , then from the definition of K(z), for x > 0, 

1 


logX(,) ~o[J 




CO 


f r dv x 

ij |e“«+*?| 


(v 

dv x 


rv x ) 


l -2 
2 


° ( 1 MJk 


— 2 
2 


+ ie id 
dv v 

— sin. 0 1 cos 6 1 


0(l)+0 


(/ 


dvc 


w 2 +cos 6 


(v 2 =■= v x —sin 0) 


— 0(l)-f- 0(log sec 6). 

In other words, there exist constants k and A such that 
| log | K(z)\ 1 < |logA(z)| < k+A log seed, 
or K{z) = 0(secd) A and 1/K (z) = 0(sec 6)\ 

Hence, for large enough v (cf. eq. [86]) 

H{z) = 0{(l-f-r ; ')sec ,/ d} 

1 


and 


H{z) 


O(sec v 0). 


Also, when r 0 with |0| < Jtt, K(z) -> 1. For, 
logA(z) = off |log B{iv)' rdv 


\-v^ 
r dv 


= 0 (J|log^),J^) + 0 {j^ 

= °\! &} + °( r j % 


o(l) + 0^-j == o (1), 

by choosing first 8 and then r small enough. Hence 

as r-> 0 (|0| < £*■). 


(89) 


(90) 


(91) 


(92) 


(93) 
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Now let (cf. eq. [75]) 


H*) = j J (94) 

' 0 ' Q 

From this equation we obtain, by using the relation (87): 


= H(-z) 


\{t(z)+ J 

V t\ 


z 


Z + fX 


x n^) dJ 


X 

J 

o 


:-h/x 


[H(—z) — H(im)YF( H j ) dy 


H(z) 


1 + 


X 

J 




HfaYViiM) dp. 


(95) 


From equation (95) it is apparent that <f>(z) is analytic for x ^ 0 except 
perhaps at z — 0; and for x < 0 (cf. eq. [91]) 

cf>(z) = 0(|sec d| v ) + 0(l) = 0(\sec8\ v ). (96) 

On the other hand, from equation (94) wo conclude that <f>(z) is analytic 
for x '> 0, and, for y y= 0, we have, by (91) 

' kMV)| 


- oj(l+»-“)sec^I + ) 


V 


<ly 


---- 0{(1 |)wcc 1 ’^ cosec, dj • f>|(l |--r 7 ')cosec*'2$} 
if we choose v ^ 1. 

According to equation (97) for r —\R and for r — 2R 


(97) 


2 


4 ; 


I_04 _ 


-A \ v 






</>(-) 


C{\-\-.Rn), 


(98) 


where C is a constant independent of .72. f By the maximum-modulus 


t For r — hli, for example, the quantify on tho left-hand side of (98) is 

|l^)l - 0(i)|(] -e**y\ |^(s)|. 

But [(.I — c n0 )\ — 1(1 — (cos 20 -M sin 20) 2 } | 

= ] {1 — cos 2 20 -|- sin 2 20 — 2,i cos 20sin 20} | 

= j2sin20(sin 20— i cos 20)) 

— [2sin20(. 

A similar reduction clearly holds for r — 21i. 
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theoremf the inequality (98) holds also for r = JR, so that 

<f>(z) = 0(l+r n ). (99) 

Hence, <f>(z) is analytic at z = 0 and is a polynomial. But from (93), 
(95), and (96) <£(— z) is hounded for 9 — \rr and tends to zero as r -» 0. 
Hence <f>{z) = 0 and equations (94) and (95) state that H(z) is a solution 
of equation ( 68 ). 

It remains to find the general solution, H x {z), of equation ( 68 ) which 
is hounded for 0 ^ z 1 . By ( 68 ), 1 jH x {z) is analytic except for 
— 1 =$7 z < 0 and bounded for x ^ 0 . Also equation (72) holds, so that 

**>" (100) 

then by equations (72) and (87) 

ip(z)ifj(—z) = 1 . (101) 

Since if;(z) is meromorphic £ for x > 0 , except perhaps at z — 0 , <56 (z) is 
meromorphic everywhere except perhaps at z = 0 ; but ip(z) -> 1 as 
z —> 0 with x ^ 0 (since by [ 68 ] both H x and H > 1 as z 0 ), hence also 
as z -»■ 0 with x < 0 ; hence ip(z) is analytic at z — 0 . But it is analytic 
at infinity because by (72) and (87), H(z) and H x (z) have poles of the 
same order. Hence rp{z) is rational and 

n f 1 —*/*«■) 

m = 4 ^——. (io2) 


By ( 101 ) 


n(' 


z* 


Z\ 


n(i-*w 

a 


a 


"a/ 


We can therefore suppose that z a = 
that 

H x (z) = H(z) 


ol 


n( 


(103) 

In this manner we conclude 
l-\-z/z c 


'a 


■zjz 


(104) 


OL/ 


Since both H(z) and H x {z) are bounded and non-zero for 0 2 ^ 1 , none 
of the z a ’s can be on the fine — 1 ^ z ^ I; also the z a ’s are the poles 
of H x (z) and H{ —z) and, according to equation (72), must be the zeros of 
T{z). But we have already shown that in conservative cases there are no 
zeros of T(z) in the finite part of the plane slit between — 1 to 1 , while 
in non-conservative cases we can have, at most, a pair of zeros -t -1 jb 


t The maximum-modulus theorem states that if |/(s)[ < M on a simple closed 
contour C, then ]/| < M at all interior points of JD unless |/(s)| is a constant, when 
\f( z ) | — F[ throughout the domain D (cf. E. C. Titchmarsh, The Theory of Functions, 
chap, v, Oxford, 1932). 

$ A function is said to be meromorphic in a region if it is analytic in the region except 
for a finite number of poles. 
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(lc < 1). Hence, in conservative cases, equation (76) represents the 
unique solution of the integral equation (1) which is bounded in the 
interval 0 ^ z ^ 1. In non-conservative cases, if the equation T{z) = 0 
admits the roots zLl/& (0 < k <C 1), then there is a further solution 
given by \-\-kz 

rr /_\ rr/^\ x-p/CS /iac?\ 


H x (z) = H(z) 


1 — kz' 


(105) 


Conversely, if — 1 /7c is a pole of //(z), then H x {z) defined by equation (105) 
represents a solution of (68). For 

l 

f dp 


f ^ (I + fefX ) d,j, 

J (z-fju,)(l — V) 


1 —k 
l-j-& 


X 

- f 

« J 


sj 


f ^^- v F(m) dp 

J 1 —-kfj. 


1 —k 

1 + k 


H(z) j 1 1-h k 


H{ — ljk) 


t 1 —kz 1 1 

= ~TpkiW{z) ==Z 

which completes the verification. 


lUzy 


(106) 


41. A practical method for evaluating the //-functions 

While the representation of //(y) as a definite integral given in § 40 
can be used for the evaluation of the //-functions, it is found that, in 
practice, it is more convenient to solve for the //-functions, directly, 
by a process of iteration applied to the integral equation. We shall 
briefly outline this iteration method: 

First, we may observe that the integral equation in the form (eq. [13]) 



J TO*) dJ 4 + J df,', 

n J n 


(107) 


is more suitable for purposes of iteration than the equation in the 
original form. The solution can, in general, be started with the third 
approximation for ) in terms of the Gaussian division and charac¬ 
teristic roots, though in conservative cases it is preferable to start with 
the fourth approximation. 
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With some experience the successive iterations can be performed 
quite rapidly. Thus the iterations need not be carried out explicitly 
for every tabulated value: it is sufficient to evaluate the iterates at 
some ‘strategic’ points and then predict the intermediate values by 
interpolating among the differences between the successive iterates. 
Also, when the //-functions are evaluated for various values of a 
parameter (e.g. the albedo wr 0 in isotropic scattering) we can often 
‘correct’, in advance, the third approximations by interpolating among 
the differences between the approximate solutions and the exact 
solutions for neighbouring values of the parameter. 

A satisfactory check on the accuracy reached at any stage of the itera¬ 
tion is provided by evaluating the integral 

1 

[ dp, 

6 

numerically and comparing it with its exact value (eq. [7]) 

r 1 

1— 1-2 J T(/x) dp 

L o 

Using the method described, Mrs. Frances H. Breen and the writer 
have evaluated over forty /7-functions in the context of various 
problems (cf. § 42 below, Chap. VI, §§ 44 and 46 and Chap. X, §§ 68 
and 70). 

42. The //-functions for problems in isotropic scattering 

In Chapters III and IV we have shown that the angular distributions 
of the emergent radiations for the standard problems of radiative 
transfer under conditions of isotropic scattering can be expressed in 
terms of //-functions with 

T(/x) — constant = -|ztr 0 . (108) 

Thus, the law of diffuse reflection is given by 

m^v a ) = l^F-^-H(n)HM, (109) 

and in the conservative case (<ar 0 = 1) the law of darkening in the 
problem with a constant net flux is 

I(0,n) = ^FH(n). (HO) 

The //-functions (computed by Mrs. Frances H. Breen and the 
writer) for various values of 73 t 0 are given in Table XI. 
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Table XI 

The H-Functions obtained as Solutions of the Exact Integral 

Equations which they satisfy 


O' 

1 

II 

V7 {) = 0'2 

tcr 0 — 0 m 3 

0 . 

1-00000 

1-00000 

1-00000 

0-05 . 

1-00783 

1-01608 

1-02484 

0-10 . 

1-01238 

1-02562 

1-03989 

0-15 . 

1-01584 

1-03295 

1-05155 

0-20 . 

1-01864 

1-03892 

1-06115 

0-25 . 

1-02099 

1-04396 

1-06930 

0-30 . 

1-02300 

1-04829 

1-07637 

0-35 . 

1-02475 

1-05209 

1-08259 

0-40 . 

1-02630 

1-05546 

1-08811 

0-45 . 

1-02768 

1-05847 

1-09308 

0-50 . 

1-02892 

1-06117 

1-09756 

0-55 . 

1-03004 

1-06363 

1-10164 

0-60 . 

1-03106 

1-06587 

1-10538 

0-65 . 

1-03199 

1-06793 

1-10881 

0-70 . 

1-03284 

1-06982 

1-11198 

0*75 . 

1-03363 

1-07157 

1-11491 

0-80 . 

1-03436 

1-07319 

1-11763 

0-85 . 

1-03504 

1-07469 

1-12017 

0-90 . 

1-03567 

1-07610 

1-12254 

0-95 . 

1-03626 

1-07741 

1-12476 

1-00 . 

1-03682 

1-07864 

1-12685 


TU () — O'4: 

7zr 0 — 0 m 5 

7xr 0 — O'6 

| 

II 

1-00000 

1-00000 

1-00000 

1-00000 

1-03422 

1-04439 

1-05544 

1-06780 

1-05535 

1-07241 

1-09137 

1*11306 

1-07196 

1-09474 

1-12045 

1-15036 

1-08577 

1-11349 

1-14517 

1-18253 

1-09758 

1-12968 

1-16674 

1-21095 

1-10789 

1-14391 

1-18587 

1-23643 

1-11700 

1-15659 

1-20304 

1-25951 

1-12516 

1-16800 

1-21861 

1-28063 

1-13251 

1-17833 

1-23280 

1-30003 

1-13918 

1-18776 

1-24581 

1-31796 

1-14528 

1-19640 

1-25781 

1-33459 

1-15087 

1*20436 

1-26893 

1-35009 

1-15602 

1-21173 

1-27925 

1-36457 

1-16080 

1-21858 

1-28888 

1-37815 

1-16523 

1-22495 

1-29788 

1-39090 

1-16935 

1-23091 

1-30631 

1-40291 

1-17320 

1-23648 

1-31424 

1-41425 

1-17681 

1-24171 

1-32171 

1-42497 

1-18019 

1-24664 

1-32875 

L-43512 

1-18337 

1-25128 

1.-33541 

1-44476 


Table XI (continued) 



xrr 0 = O'S 

to-,, = 0-85 

TO,, = 00 

to-,, = 0-925 

TO,, 0-95 

to,, ----= 0-975 

TO,, = 1-0 

0 . 

1-0000 

1-0000 

1-0000 

1-0000 

L-OOOO 

1-0000 

1 -oooo 

0-05 . 

1-0820 

1 -0903 

1-0999 

1-1053 

1-11.17 

1-1196 

1-1368 

0-10 . 

1-1388 

1-1541 

1-1722 

I-1828 

1-1952 

1-2111. 

1-2474 

0-15 . 

1-1866 

1-2086 

1-2349 

1-2506 

1-2693 

1-2936 

1-3508 

0-20 . 

1-2286 

1-2570 

1-2914 

1-3123 

1-3373 

1-3703 

1-4503 

0-25 . 

1-2063 

1-3009 

1-3433 

1-3692 

1-4008 

1-4427 

1-5473 

0-30 . 

1-3006 

1-3411 

.1-3914 

1-4224 

1-4604 

1-5117 

1-6425 

0-35 . 

1-3320 

1-3783 

1-4363 

1-4724 

1-5170 

1-5778 

1-7364 

0-40 . 

1-3611 

1-4129 

1-4785 

1-51.97 

1-5709 

1-6414 

1*8293 

0-45 . 

1-3881 

1-4453 

1-5183 

1-5646 

1-6224 

1-7027 

1-9213 

0-50 . 

1-4132 

1-4758 

1-5560 

1-6073 

1-6718 

1-7621 

2-0128 

0-55 . 

1-4368 

1-5044 

1-5918 

1-6480 

1-7191 

1-8195 

2-1037 

0-60 . 

1-4590 

1-5315 

1-6259 

1-6869 

1-7647 

1-8753 1 

2-1941 

0-65 . 

1-4798 

1-5571 

1-6583 

1-7242 

1-8086 

.1-9295 

2-2842 

0-70 . 

1-4995 

1-5814 

1-6893 

1-7600 

1-8509 

1-9822 

2-3740 

0-75 . 

1-5182 

1-6045 

1-7190 

1-7943 

1-8918 

2-0334 

2-4635 

0-80 . 

1-5358 

1-6265 

1-7474 

1-8274 

1-9313 

2-0833 

2-5527 

0-85 . 

1-5526 

1-6475 

1-7746 

1-8592 

1-9695 

2-1320 

2-6417 

0-90 . 

1-5685 

1-6675 

1-8008 

1-8898 

2-0065 

2-1795 

2-7306 

0-95 . 

1-5837 

1-6867 

1-8259 

1-9194 

2*0423 

2-2258 

2-8193 

1-00 . 

1-5982 

1-7050 

1-8501 

1-9479 

2-0771 

2-2710 

2-9078 
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An idea of the accuracy reached in the calculations can he obtained 
from Table XII, where a comparison is made between the values of the 
integral 1 

(in) 

o 

evaluated numerically with the aid of the tabulated functions and the 
exact values given by the formula 

— [i_(i_ OTo) rj. (112) 

TO-q 

Table XII 
i 

Comparison of the Integrals f dp, evaluated with the Aid of 

o 

the Tabulated Functions with their Exact Values 

2 [1 —(i —to- 0 )-]/^o 


^0 

Iterated 

Exact 


Iterated 

Exact 

0-1 . . 

1-02632 

1-0263340 

0-8 . 

1-3819 

1-381966 

0-2 . 

1-05572 

1-0557281 

0-85 . 

1-4416 

1-441651 

0-3 . 

1-08892 

1-0889331 

0-9 . 

1-5194 

1-519494 

0-4 . 

1-12698 

1-1270167 

0-925 

1-5699 

1-570030 

0-5 . 

1-17157 

1-1715729 

0-950 

1-6344 

1-634512 

0-6 . 

1-22512 

1-2251482 

0-975 

1-7269 

1*726946 

0*7 . 

1-29219 

1-2922213 

1-000 

1-9999 

2-000000 
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PROBLEMS WITH GENERAL LAWS 
OF SCATTERING 

43. Introduction 

In this chapter we shall consider transfer problems in semi-infinite 
plane-parallel atmospheres on laws of scattering more general than 
isotropic. In these cases the principles of invariance lead to systems 
of integral equations which are non-linear, noil-homogeneous, and of 
high degree. Thus, already, for the phase functions J( 14 -cos 2 ©) and 
xiT 0 (l-f-^cos©) we have to deal with, simultaneous integral equations 
of order 2 (cf. Chap. IV, § 34, eqs. [61] and [62]; § 35, eqs. | 71)J and [80]). 
For more general laws of scattering we must expect to deal with 
systems of a higher order of complexity: for example, the case of 
Rayleigh scattering leads to a system of order four (cf. Oliap. X, § 70, 
eqs. [135] and [136]). The solution or reduction of these systems of 
equations might well have been considered impossible had it not been 
for the guidance provided by the form of the solutions obtained in the 
direct solution of the equations of transfer, in the method of approxima¬ 
tion described in Chapter III, in the context of isotropic scattering. 
The origin and nature of this guidance is the following. 

Quite generally it is found that the system (or systems) of equations 
to which the equation of transfer is equivalent in the at.h approximation 
can he treated in a manner analogous to the equations of Chapter III 
(cf. § 48 later in this chapter). While the details of the solution vary 
in individual cases (and can indeed be quite complicated) the analysis, 
nevertheless, shows certain broad similarities with the simple ease of 
isotropic scattering. Thus the angular distribution of the emergent 
(equivalently, reflected) radiation is always described by a function 
for values of the argument in the interval (0,1), while the boundary 
conditions specify the zeros of the same function in the complementary 
interval ( — 1,0). This reciprocity, which exists in all problems, enables 
the elimination of the constants and the expression of the solutions in 
closed forms. Moreover, these solutions, apart from certain constants, 
involve only H-functions of the form (Chap. V, eq. [58]) 

n 

i IT (M-m/) 

%) = — 4 s1 -. 

ft,-ft, n (l + * afi) 

OC = 1 


(I) 
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where the /x/s are the zeros of P 2n (/x) and the 7c a ’s are the non-negative 
roots of a characteristic equation of the for m 


n 

2i 




i-i - 


2 ? 


where x F(^x) is an even polynomial in /x satisfying the condition 



( 2 ) 

(3) 


From the theorems on the ^-functions proved in Chapter V, §§ 39 and 
40, we can expect that in the limit of infinite approximation the 
-EE-function (1) will become the solution of the associated integral 
equation 

ff(jU) = 1+ixHin) f (4) 

o 

which is bounded in the entire half-plane R(z) >• 0. In view of this 
correspondence between the exact H -functions and their rational 
representations in finite approximations, we can often write down the 
form of the solutions. 

In this chapter we shall obtain, in the manner indicated, the solutions 
in terms of H- functions, of the integral equations derived from the 
principles of invariance, for the phase functions |(l-f-cos 2 ©) and 
vT 0 (l-f-a:cos©). We shall also tabulate the various H-f unctions and 
constants which occur in these solutions. 

The exact laws of diffuse reflection derived for the cases (i) isotropic 
scattering, (ii) Rayleigh’s phase function, and (iii) the phase function 
T3T 0 (l+ ;ccos ©) are illustrated and contrasted in § 47. 

The last sections of this chapter are devoted to a generalization of 
the theory to include the case of scattering according to a phase 
function which can be expanded in spherical harmonics. 


44. The law of diffuse reflection for scattering in accordance 
with Rayleigh’s phase function 

As we have already shown in Chapter IV, § 35, the law of diffuse 
reflection for the case of scattering according to Rayleigh’s phase 
function can be expressed in the form (Chap. IV, eqs. [5] and [67]) 

/(0,^,<p) = /x 0 ) 4/x/x, 0 ( 1 /x 2 )-(1 — [Aq)* /x 0 )cos(cpQ—cp) —|- 

+ (1~F 2 )(l—^ o)£ (2) (/x, p- 0 )cos 2(<p 0 —<p)], (5) 



PROBLEMS WITH GENERAL LAWS OP SCATTERING 


129 


§ 44 

where (Chap. IV, eqs. [72], [73], [77], and [78]) 

(-+-W°V>w>) = (6) 

XH' H'o/ 

(- + —) *S«V. Vo) = H ( Hv)HnVo) (i = 1,2), (7) 

V* Z^o/ 

i 

<AM = 3-^+A J (:i-v" 2 )S m Kv,v')-f-, (8) 

0 

1 

<Hv) = j (9) 

0 

and and f/ (2) (/z) are if-functions defined in terms of the charac¬ 

teristic functions 

1^(1-^) and Kl-ju 2 ) 2 , (10) 

respectively. 

44.1. The form of the solution for S^°\fz, /x 0 ) 

By substituting for # (0) from equation (0) in equations (8) and (9), we 
shall obtain the integral equations (Chap. IV, eqs. [79] and [80]) for ift 
and <f> in their normal forms. In solving systems of equations of this 
type we shall be guided, as we have already stated, by the form of the 
solutions obtained in the direct solution of the equations of transfer in 
the general nth approximation and the correspondence between the 
H -functions occurring in these solutions and the exact functions defined 
in terms of integral equations. 

For the case on hand it would appear that the solution for ju 0 ) 

must be of the form]* 

{-■ +-W l V.^o) = H(v)H(VoTA -cOi+^J+wto], (11) 

Vd Po / 

where c is a constant (for the present, unspecified) and JET (ft) is the 
unique]: solution of the equation 

l 

H(v) = I+iWJM f dfi', (12) 

J p-hp 

0 

which is bounded in the interval (0 ^ /x ^ 1). 

t Cf. S. Chandrasekhar, Astrophy#. J r . 103, 105, 1946 (oq. [189]) and Ibid. 105, 164, 
1947 (eq. [246]). 

J It is unique beeauso wo ar© dealing hero with a conservative case: 

^ J (3 

o 


3595.64 


K 
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44.2. The verification of the solution and the expression of the constant c 
in terms of the moments of H(fji) 

The verification that the solution for fx 0 ) has the form (11) will 

consist in first evaluating ip(/x) and <f>(/x) according to equations (8) and 
(9), and then requiring that when the resulting expressions for xfj and cj> 
are substituted back into equation (6) we shall recover the form of the 
solution assumed. In general, such a procedure will lead to certain 
conditions which the constants introduced in the solution (such as c in 
the present instance) must satisfy; these conditions will serve to specify 
the constants and make the solution determinate. 

Our first step, then, is to evaluate ip and f> according to equations (8) 
and (9) for $ (0) given by (11). For this purpose we need the various 
integral properties of the H -function satisfying equation (12). Since, 


in the present case 


= -&(3-V) : 


(13) 


the properties expressed by Theorems 1, 2, and 3 of Chapter Y become 


i 

J (3—/x 2 )i?(/x) djx = ^(3a 0 — a 2 ) = 1, (14) 

o 

a o = i+ACSag—of), (15) 

i 

and m~^) f + < 16 > 

o 

where a n denotes the moment of order n of H([x). 

A further relation among the moments, which we shall find 'useful, 
can be derived from equations (14) and (15) in the following manner: 

32-|-9o4 = 32-f- (9a 0 —16) 2 

= 288(1 — a 0 )4-81ag = 27a|, 

or of = M+lf. (17) 

Turning now to the evaluation of ip and <p according to equations (8), 
(9), and (11), and considering first ip, we have 


1 

'Pih) ~ 3 / x ’ 2 H _ i6i aH(fx) j —- j ~ ~—j p/x'~\ dp/ 


3 [a 2 f 

J LjU + /X 


d[x'. (18) 


v 
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With the help of equations (12) and (14) we can reduce this equation 
to the form ^ 

= 3-^+(3-^)[fl-( fi )_l] +(j[i _ c)jufl - (F)j 

or <I>W = U(n)( 3-cg). 

Next, considering we have 

i 

M+'HlA = 3 + j| J 

0 ^ 

1 

= 3+Tgr^(/r) J |^[3-r.( 1 u +/x ')+/V] dll.' 

i\ 


(19) 


1 

S + ikpHifj,) J H(fx') 


■ ‘J o 




7+ (^ — c) 


cfyx' 


= 3 + 3[H (/x) - I -I-^(/x) (c^-^)] 

= 3#(/x)-|- (/x)(eq — Cm 0 ), (20) 

where we have made use of equation (16) in the reductions 
From equations (19) and (20) we obtain 

where (of. eq. [14]) M (*U 

q — -^-[9^ c(9a 0 — 16)j — nj^cq — ca 2 ). (22) 

Now substituting i[, and <j> according to equations (19) and (21) in 
equation (16) we have ^ 

(g + ^) ^ ^ (.‘i—^)(3- C /it 0 )-|- «r/ 2 /x/x 0 ] 

= ■ff(/r)7/(^ 0 )[3 — c(/i+^t 0 )-|-i(8f/ a -|-c a )/i/x (1 ]. (23) 

Comparing equations (11) and (23) we observe that we must require 

% 2 +c s =3. (24) 

( 22 T wediave deteimmeK C; for ’ substituting for ? according to equation 

me 

or a™ 2 j 82\„2 


- 'f, 

2o,«»6+3K “3?) - 0. 

.25) reduces to 

(25) 

2«i cq c -|- «§ = 0. 

(26) 


(27) 


Hence 
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The constant q now becomes (cf. eqs. [17] and [22]) 


q = 


3 


16 a, 


(3af— a|) 



(28) 


Thus we have shown that, with q and c given by equations (27) and 
(28), equations (19) and (21) represent the solutions of the integral 
equations, Chapter IV, equations (79) and (80). 

Finally, combining equations (5), (7), and (1.1), we can express the 
law of diffuse reflection in the form 


+ (l- / x‘)(l-^)ffW(^)H®(j^)cos2(9 0 - 9 )]-^!_, (29) 

t l r/ x o 

where H(g), H (1) (/x), and 7/ (2) (/x) are defined in terms of the charac¬ 
teristic functions 


i 3 e(3-g 2 ), §g 2 (l-g 2 ) and &( 1 - -g 2 ) 2 , (30) 

respectively, and c is a constant which is related to the moments of II 
by 

rv _ 

(31) 


“l 


The ^-functions occurring in the solution (29) have been evaluated 
numerically by Mrs. Frances H. Breen and the writer by the method 
described in Chapter V, § 41. The solutions are given in Table XIII. 
The various related constants are listed in Table XIV. 


Table XIII 


The Functions 77(g), and //^(/x), obtained as 

Solutions of the Exact Integral Equations 



H{y,) 

H a) (n) 

i?< 2 V) 

fF 

i/(/x) 

0 . 

1-00000 

1-00000 

1-00000 

0*55. 

2*17098 

0*05. 

1*14691 

1*00430 

1*01145 

0*60. 

2*26650 

0-10. 

1*26470 

1*00786 

1*01724 

0*65. 

2*36162 

015. 

1*37457 

1*01089 

1*02134 

0*70. 

2*45639 

0-20. 

1*48009 

1*01352 

1*02448 

6*75. 

2*55085 

0-25. 

1*58281 

1*01582 

1*02700 

0*80. 

2*64503 

0-30. 

1*68355 

1*01785 

1*02909 

0*85. 

2*73899 

0-35. 

1*78287 

1*01968 

1*03085 

0*90. 

2*83274 

0-40. 

1*88105 

1*02132 

1*03236 

0*95. 

2*92631 

0*45. . 

0*50. 

1*97836 

2*07496 

1*02280 

1*02415 

1*03368 

1*03483 

1*00. 

3*01973 



| /7 (2) <id 

1*02539 

1*03586 

1*02652 

1*03679 

1-02757 

1*03761 

1*02854 

1*03836 

1*02944 

1*03904 

1*03028 

1*03966 

1*03106 

1*04024 

1*03179 

1*04076 

1*03247 

1*04125 

1*03312 

1*04170 
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Table XIV 

The Constants derived from the Exact Function , H(/a) 

a 0 = 2 - 0608 S q = 0-55835 

a x = 1-19400 c = 0-71139 

a 2 = 0-84940 

The discussion and the illustration of the solution (29) is postponed 
to 8 47. 


45. The law of darkening for the problem with a constant net 

flux and for Rayleigh’s phase function 

Since scattering according to Rayleigh’s phase function is conserva¬ 
tive, the problem with a constant net flux has a meaning (cf. Chap. I, 
§ 11). The appropriate equation of transfer has, in fact, been formulated 
in Chapter I, § 11.2. However, to obtain the angular distribution of the 
emergent radiation we need not go back to the equation of transfer: 
we can obtain the required distribution more directly from the law of 
diffuse reflection derived in the preceding section and the principles 
of invariance. Thus, from the equation (Chap. I V, eqs. [12 ] and [17]) 


[ 1 27 T 

/x + jL JJ SdfM'ck p' 

0 0 


(32) 


and (eqs. [5] and [11J) 


2tt 

A f SV,*;,*>') Ap' - 2 XEi. H(r)fHvL')[3~c(p+p')+w'l (33) 


we now obtain 


{ ■*• .. 

(JU+&HM f [3 dp' 

0 

1 

SJ’b-hV/O*) J 




fJb — c 


(34) 


0 


On the other hand, according to Chapter V, equations (21) and (22) 


:$ 

10 


//(y)(:t- /x 2 )/x dii ----- 


j. 

J (3—/x 2 )/a 2 dfj. 


= VO *3 


and 


i 

/ / 2 / * > _____ / 2 \ 

'i-AL JLJ-H^dn' = t/( m )Vo-3. 

y-b/x 


(35) 


(36) 
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Using this last relation in equation (34), we have 

-7(0,/*) = f JP[fT(/*) VO • 3 +&H (/*) (a s —ca 2 )], (37) 

and substituting for a 3 from equation (35), we obtain 

■7(0,/*) = AF^-coc^HM. (38) 

Since c = a 2 /a l5 equation (38) becomes 


-7( 0,/*) = jF(3 a |_al)i?(/x), 

or (cf. eq. [17]) 7(0, p) = -L 

Zoc x 


(39) 

(40) 


which expresses the required law of darkening. 

It should be noticed that equation (40) is consistent with itself; for 


F = 2 


i i 

1(0, rip dfj, = — F f H(u)u dix = 

°h J 


(41) 


Again, since 7(0,/x) is proportional to i7(/x), we can combine the 
integrals (14) and (35) to give 


J 7(0, fx) (3—p, 2 ) dfx 


/ 7(0, fx) (3— fj?)iA 


VO-3" 


(42) 


This is the analogue of the Hopf— Bronstein relation for the problem 
on hand. 

Using the ^-functions tabulated in § 44 and Chapter V, § 42 (Table 
XI, case t>jq = 1), we can now compare the exact law of darkening as 
expressed by equation (40) and the corresponding law (Chap. IV, 
eq. [52] and Chap. V, eq. [110]) for the case of isotropic scattering. 
This comparison is made in Table XV. On examining this table, we 
observe that the solution for Rayleigh’s phase function shows a greater 
darkening towards the limb (p, = 0) than the solution for isotropic 
scattering; also, on Rayleigh’s phase function, the intensity at the 
centre (p. = 1) is greater and the intensity at the limb (p, = 0) is less 
than in the case of isotropic scattering for the same net flux. These 
differences in the two cases are clearly due to the forward-throwing 
character of Rayleigh’s phase function. 
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§ 45 


Table XV 


Comparison of the Laws of Darkening for an Atmosphere with a Constant 
Net Flux for the Cases, Isotropic Scattering and Rayleigh* s Phase Function 



I(0,n)/F 

4(0, p) jl{0, 1) 


Isotropic 

Rayleigh's 

Isotropic 

Rayleigh's 


scattering 

phase function 

scattering 

phase function 

0 . 

0-43301 

0-41876 

0-34390 

0-33116 

0-05 . 

0-49223 

0-48028 

0-39094 

0-37981 

0-10 . 

0-54013 

0-52961 

0-42897 

0-41881 

0-15 . 

0-58493 

0-57562 

0-46455 

0-45520 

0-20 . 

0-62802 

0-61981 

0-49878 

0-49014 

0-25 . 

0-67001 

0-66282 

0-53213 

0-52416 

0-30 . 

0-71123 

0-70501 

0-56486 

0-55752 

0-35 . 

0-75188 

0-74660 

0-59715 

0-59041 

0-40 . 

0-79210 

0-78771 

0-62909 

0-62292 

0-45 . 

0-83197 

0-82846 

0-66075 

0-65514 

0-50 . 

0-87156 

0-86891 

0-69220 

0-68791 

0-55 . 

0-91092 

0-90912 

0-72346 

0-71893 

0-60 . 

0-95009 

0-94912 

0-75456 

0-75056 

0-05 . 

0-98909 

0-98896 

0-78554 

0-78206 

0-70 . 

1-02796 

1-02864 

0-81641 

0-81345 

0-75 . 

1-06671 

1*06820 

0-84719 

0-84473 

0-80 . 

1-10535 

1-10764 

0-87788 

0-87592 

0-85 . 

1-14390 

1-14698 

0-90850 

0-90703 

0-90 . 

1-18238 

1-18624 

0-93905 

0-93808 

095 . 

1-22078 

1-22543 

0-96955 

0-96906 

1-00 . 

1-25912 

1-26455 

1-00000 

1-00000 


46. The law of diffuse reflection for scattering in accordance 
with the phase function -nr 0 ( l -\-x cos 0 ) 

As we have already shown in Chapter IV, § 34, the law of diffuse 
reflection for the case of scattering according to the phase function 
vt 0 ( l-\~x cos 0) can be expressed in the form 

1(0, ^ 9 ) = ^F[S®\fi,p 0 )+x(l—p 2 )i(l—pl)*8™(p t /x 0 )cos(cp 0 —<p)], (43) 

where JLVs r(0 >(^, /x 0 ) = i/j(p)i/j(p. 0 )—x (44) 

/V 

(I + ±Wv, p Q ) = (45) 

V/^ ko I 

1 

ifi(ix) =-l-f-|zcr 0 f S w (p,p,') C ~, (46) 

J k' 

0 

1 

cf>(fA) = p-~ -}nr 0 ( S w (p,p') dp,', 

6 


(47) 
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and H (1 )(g) is 
function 


an If-function defined in terms of the characteristic 

TW(/x) = ix^X 0 ( 1-fJL 2 ). (^) 


46.1. The form of the solution for p 0 ) 

The elimination of $ (0) from equations (46) and (47) with tho aid of 
equation (44) leads to a pair of integral equations for ifj and <j> which 
are equations (61) and (62) of Chapter IV. As in § 44, in solving this 
system of equations we shall be guided by the form of the solution 
obtained in the direct solution of the equation of transfer in the method 
of approximation of Chapter III. In the present instance the form for 
$(°)(g,g. 0 ) suggested isf 


—j-go) — H(p)H(pq)\_1 —c(/x + /x 0 ) — a:( 1 — 7xr {> )/.Lf.t l) \ > (49) 


where c is a constant and TI(p) is the solution (bounded in the half-plane 
B(z) > 0) of the equation 


H(fx) — l-j-J-nr, 


o H'H(lJ') J 


l+a:(l —w 0 )/x 


/ o 




II(ft.') dfT. 


(50) 


46.2. The verification of the solution and the expression of the constant t 
in terms of the moments of H (g) 

As in § 44.2, the verification that aS y(0) has the form (49) will consist 

in first evaluating ifi and </> according to equations (46) and (47); then 

requiring that when the resulting expressions for f and <j> are substituted 

back into equation (44), we shall recover the form of the 4 solution 

assumed; and finally showing that the various requirements can be met. 

The evaluation of i/j and cf> according to equations (46), (17), and (49) 

is straightforward if proper use is made of the integral properties of the 

JT-functions. Since H(p) is now defined in terms of the characteristic 

function , , , , , , 

^ (p) = 

we have (Chap. V, Th. 3, eqs. [28] and [29]) 


(51) 


OCf 


(52) 


and 


i 

[l+£c(l — 'cr 0 )g 2 ] J —itil dp 


H(fj,y 


pH(p) 


£t*(l — 'ur () ) (oq— p,a 0 ). 


(53) 


t Cf. S. Chandrasekhar, Astrophys. J. 103, 165, 1046 (eq. [108]). 
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Considering first if;, we have 

1 

l P(p) = ld r ^'w 0 pH(p) J* —-j^[l— c (p~hp ')—*(1 — 'Wq )pp']dp' 


1 

1 + - 2^0 pH(p) J™ H(p') 


1 -\-x{ 1 — rcr {) )p^ 

/4+JU-' 


c—ir(l — dp' 


— l+[#(^)— 1 ( 1 — ^0 ) (“l “ )P& (ft)] — 

— xcr Q pH.{p)\c-\-x{\ —OT-Q^jag 

— H(p )—I ^xr () pH (p ) [coi 0 + x (1—'w 0 )a 1 ], (54) 

where we have made use of equation (53) in the reductions. Thus, ifj(p) 

has the form , . . rr . . ., 

l / J (p) = H(p)(l ~Pp), (55) 

where © = WJcctnd-atfl — ot„WI. (56) 


iere p = i-v7o[c^ 0 -j-a'( I — to- 0 )cy,]. 

Turning next to <j>(p), we have 


1 

<P(p) — p~lra 0 pH(p) J 


[l~c(p-\-p')-x(l-^ 0 )pp') dp' 




1 

l-wr () pH(p) j H(p ,')11 


1 - I «* : 0 — TO- 0 )^ a J( 1 




— p/j C-|.a-'( 1 — xrr () )fi ]| dp' 

= M+ 2 /x//(/x) {| r+rc( 1 — 'sr 0 )/a]aq — | I ~f ;r( I — To- 0 )/x 2 ]a () }+ 

T p{H(p) — 1 — .'.rT7x 0 ( .1 — 'ay 0 )(oc 1 — p,(x 0 )pH(p.)} 

pH (p) ( i ZOg Ccq o T77 0 CY 0 -|- 1 ) . 

Thus c/>(/a) is of the form 

<Kp) ' ■ • <JpH{p), 


P u ip)(h ZlT 0 CcXj^ -v> T7T () CY () -hi)- (57) 

Thus </>(g) is of the form 

<A(^0 ; r - <JpIl(p)> (58) 

■where q ^ ^[xdt 0 ccq -|- (2 — m 0 cv 0 )]. (59) 

Now substituting for */r and c/> according to equations (55) and (58) in 
equation (44), we obtain 


q — -i[ r ar 0 cctj -l- (2 — -nr () 


fl Q / 


(xq-—p-)pp 0 \. (60) 


Comparing equations (49) and (60), we observe that we must have 

P = c — v' nx ol c ’ a o-i~ x (l — ^(>)«ij 
xq z — p 1 — xq 2 —C" — a’(I—zo-g). 


(62) 


and 
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From equation (61) we find that 


C — it't5T 0 (l — -CEXq) 


Oil 


■®0 a 0 


(63) 


With this value of c the constant q, given by equation (59), becomes 

1 




2(2 — TCT 0 O£ 0 ) 
1 


[aJw5(l — w 0 )o^4-(2—<ar 0 a 0 ) 2 ] 

[4 — 4 w 0 a 0 +<n7§{a§+*( 1 — 'W 0 ) af }]. 


(64) 


2(2—Wq ot 0 ) 

This last equation can be simplified by using equation (52). We find 

1 


or 


2(2— m 0 oi 0 ) 


2 


[4—4irr 0 a 0 +4w 0 (a 0 -l)], 

_ 2(1 —<ar 0 ) 

2—vr 0 a 0 ' 


(65) 


It remains to verify that q and c, as given by equations (63) and (65), 
satisfy the relation (62). To show that this is the case, we shall evaluate 
xq 2 c 2 according to equations (63) and (65). We have 


xq 2 —c 2 


x 


[4( 1 — '^'o) 2 —1 — ^r 0 ) 2a i] 

[4 (1 — TET 0 ) — XtjtK 1 — zzr 0 ) af ]. 


(2 -ur Q o£ 0 ) 2 

— :r ( 1 ~ <nT o) 

(2—txt 0 a o) 2 

But, according to equation (52), 

X'uy\{l — 'UT Q )a\ — 4tct 0 (1 — oi 0 -f- |-w 0 a§) 
Using this relation in equation (66), we find 


xq 2 —c 2 


a(l — ‘UTq) 


— (4 — 4to- 0 Oi 0 -b- 'co-g 0 £§) = a?(l — w 0 ), 


( 66 ) 


(67) 


( 68 ) 


(2 'WqCXqj 

which shows that q and c are related as required. Hence, with q and c 
given by equations (63) and (65), 

ipi/x) = fT(/i)(l- C /*) and 0(^) = q^H(fx), (69) 

represent the solution of the integral equations, Chapter IV, equations 
(61) and (62). 

Finally, combining equations (43), (45), and (49), we can express the 
law of diffuse reflection in the form 

I(0, F ,tp) = Jtn-0 ■?’{-ff(rtflW[l-c(fx+ l i lo )-a : (l-T lro ) Wo ]4- 


+z(i -^)Hl-n?)*H®(, i )fla)( f t l) )oos( 9o - 9 ))^<>-_, (70) 

JM+^0 
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Table XVI 

The Functions H(fx) obtained as Solutions of the Exact 
Integral Equations they satisfy (the Case x = 1) 



ii 

Tir (> = 0*2 

tct () = 0*3 

rzr 0 = 0*4 

ot“ 0 = 0-5 

nr Q = 0-6 

0 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

0-05 

1-0089 

1-0183 

1-0280 

1-0383 

1-0492 

1-0608 

0-10 

1-0145 

1-0297 

1-0459 

1-0632 

1-0817 

1-1020 

016 

1*0188 

1-0388 

1-0602 

1-0832 

1-1084 

1-1361 

0-20 

1-0224 

1-0463 

1-0722 

1-1003 

1-1311 

1-1656 

0-25 

1-0254 

1-0528 

1-0825 

1-1151 

1-1511 

1-1918 

0-30 

1-0280 

1-0584 

1-0916 

1-1281 

1-1689 

1-2153 

0-36 

1-0303 

1-0634 

1-0996 

1-1398 

1-1850 

1-2366 

0-40 

1-0324 

1-0678 

1-1069 

1-1504 

1-1996 

1-2562 

0-45 

1-0343 

1-0719 

1-1135 

1-1600 

1-2129 

1-2742 

0-50 

1-0359 

1-0755 

1-1194 

1-1688 

1-2252 

1-2908 

0-55 

1-0375 

1-0788 

1*1249 

1-1769 

1-2365 

1-3063 

0-60 

1-0389 

1-0819 

1-1300 

1-1844 

1-2470 

1-3207 

0-65 

1-0401 

1-0847 

1-1346 

1-1913 

1-2568 

1-3342 

0-70 

1-0413 

1-0873 

1-1389 

1-1978 

1-2659 

1-3468 

0-75 

1-0424 

1-0897 

1-1429 

1-2038 

1-2745 | 

1-3587 

0-80 

1-0434 

1-0919 

1-1467 

1-2094 

1-2825 1 

1-3699 

0-85 

1-0444 

1-0940 

1-1502 

1-2147 

1-2900 

1-3805 

0-90 

1-0453 

1-0960 

1-1535 

1-2196 

1-2972 

1-3905 

0-95 

1-0461 

1-0978 

1-1566 

1-2243 

1-3039 

1-4000 

1-00 

1-0469 

1-0995 

1-1595 

1-2287 

1-3103 

1-4090 


Table XVI {continued) 



w 0 = 0-7 

ot 0 = 0*8 

«r 0 = 0-9 

to-,, = 0-925 

Ci 

11 

& 

•nr 0 = 0-975 

0 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

0-05 . 

1-0735 

1-0876 

1-1045 

1-1096 

1-1153 

1-1223 

0-10 . 

1-1244 

1-1501 

1-1819 

1-1917 

1-2029 

1-2169 

0-15 . 

1-1673 

1-2038 

1-2500 

1-2645 

1-2814 

1-3027 

0-20 . 

1-2049 

1-2516 

1-3120 

1-3313 

1-3539 

1-3830 

0-25 . 

1-2387 

1-2951 

1-3695 

1-3936 

1*4222 

1-4593 

0-30 . 

1-2693 

1-3351 

1-4233 

1-4523 

1-4869 

1-5323 

0-35 . 

1-2973 

1-3722 

1-4740 

1-5079 

1-5487 

1-6026 

0-40 . 

1-3233 

1-4068 

1-5220 

1-5608 

1-6078 

1-6706 

0-45 . 

1-3473 

1-4392 

1-5677 

1-6114 

1-6647 

1-7365 

0-50 . 

1-3697 

1-4697 

1-6112 

1-6598 

1-7195 

1-8005 

0-55 . 

1-3907 

1-4985 

1-6528 

1-7063 

1-7724 

1-8627 

0-60 . 

1-4103 

1-5257 

1-6926 

1-7510 

1-8235 

1-9234 

0-65 . 

1-4288 

1-5515 

1-7308 

1*7941 

1-8730 

1-9826 

0-70 . 

1-4462 

1-5760 

1-7674 

1-8356 

1-9210 

2-0403 

0-75 . 

1-4627 

1-5993 

1-8027 

1-8757 

1-9675 

2-0967 

0-80 . 

1-4783 

1-6216 

1-8367 

1-9144 

2-0127 

2-1519 

0-85 . 

1-4931 

1-6428 

1-8694 

1-9519 

2-0567 

2-2058 

0-90 . 

1-5072 

1-6631 

1-9010 

1-9882 

2-0994 

2-2586 

0-95 . 

1-5206 

1-6825 

1-9315 

2-0233 

2-1409 

2-3103 

1-00 . 

1-5334 

1-7011 

1-9610 

2-0574 

2-1814 

2-3609 
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where H(p) and i? (1) (^) are defined in terms of the characteristic func- 


tions 

^'zzr 0 [l +^(1 — u r 0 )g 2 ] and (1 — p 2 ) 

(71) 

and 

c = X(l — nr 0 )wr 0 , 

(72) 


2 — 'ur 0 oc 0 

ccq and 

a-L being the moments of order zero and one of //(/x). 



We notice that when 


tu- 0 = 1, c = 0, x F(/x) — -Jr for all x, (7,‘J) 

and the azimuth independent term becomes identical with the law of 
diffuse reflection of a perfectly, isotropically, scattering atmosphere. 

For the case x = 1, the H-functions which occur in the solution. (70) 
have been computed for various values of zrr 0 by Mrs. Francos H. Breen 
and the writer; the functions H O) have also been computed for various 
values of x-w 0 . The results of these calculations are summarized in 
Tables XVI, XVII, and XVIII. The cases (1 -f-a; cos©) and to- () ( 1 -)- cos©) 
are covered by these tabulations. 

47. Illustration and comparison of the laws of diffuse reflection 
for the cases (i) isotropic scattering, (ii) Rayleigh’s phase 
function, and (iii) the phase function -ax 0 ( 1 -|- x cos ©) 

The laws of diffuse reflection for the three cases for which we have 
derived exact expressions are: 

I. Isotropic scattering: 

F(0,/x, <p;p, 0 ,<p 0 ) = I(0,g,g 0 ) = \ I\ 

4 jLL | /X () 

where H{p) is defined in terms of the characteristic function 

'f'Xg) = constant = 

The ^-functions for this problem have been tabulated in (Chapter V, 
Table XI. 

II. Scattering in accordance with the phase function ot- 0 (1 -\-.c cos©): 

I( O,g,o;g 0 , 9o ) = J 

+^[(1 P' 2 ) 4 -S' (1 >( i a)][(l go) i -^( 1 )(P' 0 )]cos(cp 0 — <p)}/x 0 I\ 

<A(g) = H(p)(l — C fx) and ftp) = qpH{p) 


where 
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Table XVII 


The Moments a 0 and and the Constants q and c 


7zr 0 

«o 


q 

c 

01. 

1-032729 

0-519588 

0-949003 

0-024654 

0*2 

1-068832 

0*541348 

0-895740 

0-048491 

0-3 . 

1-109034 

0-565767 

0-839686 

0-071260 

0-4 . 

1-154378 

0-593541 

0*780108 

0-092605 

0-5 . 

1-206366 

0-625686 

0-715914 

0-111984 

o-o . 

1-267352 

0-663798 

0-645375 

0-128520 

0-7 . 

1-341368 

0-710639 

0-565482 

0-140649 

0-8 . 

1-436535 

0-771792 

0-470161 

0-145147 

0-9 . 

1-574492 

0-862276 

0-343079 

0*133123 

0-925 

1-623024 

0-894620 

0-300780 

0-124451 

0-950 

1-683484 

0-935277 

0-249569 

0-110873 

0-975 

1*767379 

0-992380 

0*180632 

0-087387 


Table XVIII 


The Functions H a) (fx) obtained as Solutions of the. Exact 
Integral Equations they satisfy 


r 

X'TO-o =-- 
1-0 

X-n t () — 

o-s 

!! 

Ct--ar 0 = 

0-4 

XVT 0 — 
0-2 

.X-TO-,, = 
— 0-2 

Xnr 0 

— 0-4 

X TOT,, = 
— 0-6 

Xror^ = 

— OS 

aiirr,, — 
— 1-0 

0 

1-0000 

1 -0000 

1-0000 

1-0000 

1 -0000 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

0-05 . 

1-0359 

1-0281 

1-0206 

1-0135 

I -0066 

0-9936 

0-9875 

0-9815 

0-9758 

0-9702 

0-10 . 

1-0561 

1-0436 

1-0319 

1 -0207 

1-0101 

0-9903 

0-9811 

0-9722 

0-9637 

0-9555 

0-15 . 

1-0711 

1-0550 

1-0400 

1-0259 

1-0126 

0-9880 

0-9766 

0-9657 

0-9553 

0-9453 

0-20 . 

1-0832 

1-0642 

1-0466 

1-0301 

1-0146 

0-9862 

0-9731 

0-9607 

0-9488 

0-9375 

0-25 

1-0933 

1-0718 

1-0520 

1*0335 

1-0162 

0-9847 

0-9703 

0-9566 

0-9436 

0-9313 

0-30 . 

1-1019 

1-0783 

1-0505 

1-0364 

1-0176 

0-9835 

0-9679 

0-9533 

0-9393 

0-9261 

0-35 

1-1093 

1-0838 

1-0604 

1-0388 

1-0187 

0*9825 

<)*<)<>(}<) 

0-9504 

0-9358 

0-9219 

0-40 

1-1157 

1 -0886 

1-0638 

1-0409 

1-0197 

0-9816 

0-9643 

0-9480 

0-9327 

0-9182 

0-45 

1-1214 

1-0928 

1-0667 

1-0428 

1-0206 

0-9808 

0-9628 

0-9459 

0-9300 

0-9150 

0-50 . 

1-1265 

1-0966 

1-0694 

I -(1444 

1-0214 

0-9801 

0-9615 

0-944 L 

0-9277 

0-9122 

0-55 

1-1311 

1*1000 

1-0718 

1-0459 

1-0221 

0-9795 

0-9604 

0-9424 

0-9256 

0-9097 

0-60 . 

1-1353 

1-1031 

1-0739 

1-0472 

1-0227 

0-9789 

0-9593 

0-9409 

0-9237 

0-9075 

0-65 

1-1391 

1-1059 

1-0759 

1-0484 

1-0232 

0-978-1 

0-9584 

0-9396 

0-9220 

0-9055 

0-70 

1-1426 

M085 

1-0776 

1-0495 

1-0238 

0-9780 

0-9575 

0-9384 

0-9205 

0-9037 

0-75 

1*1458 

1-1108 

1-0792 

1-0505 

1-0242 

0-9776 

0-9568 

0-9373 

0-9191 

0-9020 

0-80 

1-1487 

1-1130 

1-0807 

1-0514 

1*0246 

0-9772 

0-9560 

0-9363 

0-91.79 

0-9005 

0-85 . 

1-1514 

1-1150 

1-0821 

1 -0523 

1-0250 

0-9769 

0-9554 

0-9354 

0-9.1.07 

0-8992 

0-90 

1-1540 

1-1168 

1-0834 

1-0531 

1-0254 

0-9765 

0-9548 

0-9345 

0-9156 

0-8979 

0-95 . 

1-1563 

1-1185 

1-0846 

1-0538 

1-0258 

0-9762 

0-9542 

0-9338 

0-9146 

0-8967 

1-00 . 

1-1585 

1-1201 

1-0857 

1-0545 

1-0261 

0-9760 

0-9537 

0-9330 

0-9137 

0-8956 


and H(fju) and f/ (l) (y) are defined in terms of the characteristic functions 

-|t£7 0 [I-|-£t'(l — 'cx 0 )/x 3 ] and ;}xxcr 0 (I—/x 2 ), 

respectively. The constants q and c are related to the moments of H(jjl) 

hy 9(1 — \ 

q = ~o> ancl c _ ^ 0 ( l _ vr 0 ) 


(X -1 


T3T 0 0i Q 


2 


-Wq OCq 
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For the case x — 1, the functions and 4>([T) are given for various, 
values of td- 0 in Table XIX. The function (1-/**)«<«(/*) for certain 
values of xnr 0 is tabulated in Table XX. 

Table XIX 

The Functions and </>(/x) for the Case x = 1 

and Various Values of nr 0 



wr t) = 

0 1 

'OTo = 

0-2 

'37 0 = 

= 0-3 

'CGT 0 s= 

0-4 





4 

0 

cfr 


0 

0 

1*0000 

0 

1*0000 

0 

1*0000 

0 

1*0000 

0 

0*05 

1-0077 

0*0479 

1*0158 

0*0456 

1*0244 

0*0432 

1-0335 

0-0405 

0*10 

1-0120 

0-0963 

1*0247 

0-0922 

1*0385 

0-0878 

1-0533 

0-0829 

0*15 

1*0150 

0*1450 

1*0312 

0*1396 

1*0488 

0-1335 

1-0682 

0*1268 

0*20 

1*0173 

0-1940 

1*0362 

0-1874 

1-0569 

0*1801 

1-0799 

0-1717 

0*25 

1-0191 

0*2433 

1*0400 

0-2358 

1*0632 

0-2272 

1-0892 

0-2176 

0*30 

1*0204 

0*2927 

1-0430 

0*2844 

1*0682 

0*2750 

1*0968 

0*2640 

0*35 

1*0214 

0*3422 

1*0453 

0*3334 

1-0722 

0-3232 

1*1029 

0-3112 

0*40 

1*0222 

0*3919 

1*0471 

0*3826 

1-0753 

0*3718 

1-1078 

0-3590 

0*45 

1*0228 

0*4417 

1*0485 

0*4320 

1-0778 

0*4207 

1-1117 

0-4072 

0*50 

1*0232 

| 0*4916 

1*0494 

0*4817 

1-0796 

0*4700 

1-1147 

0-4559 

0*55 

1*0234 

0*5415 

1*0501 

0*5315 

1-0808 

0*5195 

1-1170 

0-5050 

0*60 

1*0235 

0*5915 

1*0504 

0*5814 

1-0816 

0*5693 

1-1180 

0-5544 

0*65 

1*0235 

0 - 641 G 

1*0505 

0*6315 

1-0821 

0*6193 

1 - 119 G 

0-6041 

0*70 

1*0233 

0*6917 

1*0504 

0*6817 

1-0821 

0*6094 

1-1201 

0-0541 

0*75 

1*0231 

0*7419 - 

1*0501 

0*7321 

1-0819 

0*7198 

1-1202 

0-7043 

0*80 

1*0228 

0*7922 

1*0496 

0*7825 

1-0813 

0*7703 

1 - 119 S 

0-7548 

0*85 

1*0225 

0*8424 

1*0489 

0*8330 

1-0805 

0*8209 

1-1191 

0-8054 

0*90 

1*0221 

0*8928 

1*0481 

0*8835 

1-0795 

0*8717 

1-1180 

0-8563 

0*95 

1*0216 

0*9431 

1*0472 

0*9342 

1-0783 

0*9226 

1-1166 

0-9073 

1*00 

1*0210 

0*9935 

1*0462 

0*9849 

1-0769 

0*9736 

1-1149 

0-9585 


Table XIX ( continued ) 



o — 

0-5 

TUo = 

0-6 

' OJq ~ 

0-7 

T £ r 0 ~ 

0'S 


* 

0 


0 


0 

</- 

< t > 

0 

1-0000 

0 

1*0000 

0 

1*0000 

0 

1*0000 

0 

0-05 

1-0433 

0-0376 

1*0540 

0*0342 

1*0659 

0*0304 

1-0797 

0*0256 

0*10 

1-0696 

0*0774 

1*0878 

0-0711 

1*1086 

0*0636 

1-1334 

0-0541 

0*15 

1-0897 

0-1190 

1*1142 

0-1100 

1-1427 

0-0990 

1*1776 

0-0849 

0-20 

1-1058 

0*1620 

1-1357 

0*1505 

1*1710 

0*1363 

1*2153 

0-1177 

0*25 

1*1189 

0-2060 

1*1535 

0*1923 

1-1951 

0*1751 

1*2481 

0-1522 

0*30 

1*1297 

0-2511 

1*1684 

0-2353 

1*2157 

0*2153 

1-2770 

0*1883 

0*35 

1*1385 

0-2969 

1*1810 

0*2793 

1-2335 

0*2568 

1-3025 

0 - 225 S 

0*40 

1-1458 

0*3435 

1-1916 

0*3243 

1*2488 

0*2993 

1*3251 

0-2040 

0*45 

1*1518 

0*3907 

1-2005 

0*3700 

1*2620 

0*3428 

1*3452 

0-3045 

0*50 

1*1566 

0*4386 

1-2078 

0*4165 

1*2734 

0*3873 

1*3031 

0-3455 

0*55 

1*1603 

0*4869 

1-2139 

0*4637 

1*2831 

0*4325 

1*3789 

0-3875 

0*60 

1*1632 

0*5356 

1-2188 

0*5114 

1*2913 

0*4785 

1*3928 

0-4304 

0-65 

1*1653 

0*5848 

1-2227 

0*5597 

1*2982 

0*5252 

1*4051 

0-4741 

0*70 

1*1667 

0*6344 

1*2256 

0*6084 

1*3039 

0*5725 

1*4150 

0-5187 

0*75 

1*1674 

0*6843 

1*2277 

0*6576 

1*3084 

0*6204 

1*4252 

0-5040 

0*80 

1-1676 

0*7345 

1-2290 

0-7073 

1*3120 

0*6688 

1*4333 

0-6099 

0*85 

1-1673 

0*7850 

1*2297 

0*7573 

1*3146 

0*7177 

1*4401 

0-6565 

0*90 

1*1664 

0*8358 

1-2296 

0*8076 

1*3164 

0-7671 

1*4458 

0-7037 

0-95 

1-1652 

0*8868 

1*2290 

0*8583 

1*3174 

0*8169 

1*4505 

0-7515 

1*00 

1*1635 

0*9380 

1*2279 

0*9093 

1*3177 

0*8671 

1*4542 

0-7998 
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Table XIX {continued) 


F 

'Wq = 

- 0-9 

= 0-025 

Wo = 0-95 

-vj 0 — 0-975 



>0 

<*> 


0 

\ '^ 

<t> 

0 

0-05 

0*10 

0*15 

0*20 

0*25 

0*30 

0*35 

0*40 

0*45 

0-50 

0*55 

0*60 

0*05 

0*70 

0*75 

0*80 

0*85 

0*90 

0*95 

1*00 

1*0000 

1*0972 

1*1602 

1*2250 

1*2771 

1*3239 

1*3604 

1*4053 

1*4410 

1 1*4737 

1*5039 
1*5318 
1*5574 
1*5810 
1*6027 
1*6227 
1*6411 
1*6579 
1*6732 
1*6872 
1*6999 

0 

0-0189 

0-0405 

0-0043 

0-0900 

0-1175 

0-1465 

0-1770 

0-2089 

0-2420 

0-2764 

0-3119 

0-3484 

0-3860 

0-4245 

0-4639 

0-5041 

0-5452 

0-5870 

0-6295 

0-6728 

1*0000 

1*1027 

1*1768 

1*2409 

1*2981 

1*3502 

1*3980 

1*4422 

1*4831 

1*5211 

1*5565 

1*5895 

1*6203 

1*6490 

1*6757 

1*7006 

1*7238 

1*7454 

1*7655 

1*7841 

1*8014 

0 

0-0167 

0-0358 

0-0570 

0-0801 

0-1048 

0-1310 

0-1587 

0-1878 

0-2181 

0-2496 

0-2823 

0-3160 

0-3508 

0-3865 

0-4231 

0-4607 

0-4990 

0-5382 

0-5781 

0-0188 

1*0000 

1*1091 

1*1896 

1*2601 

1*3239 

1*3828 

1*4375 

1*4886 

1*5365 

1*5816 

1*6242 

1*0643 

1*7022 

1*7380 

1*7719 

1*8039 

1*8342 

1*8628 

1-S899 

1*9154 

1*9395 

0 

0-0139 

0-0300 

0-0480 

0-0076 

0-0887 

0-1113 

0-1353 

0-1605 

0-1870 

0-2146 

0-2433 

0-2731 

0-3038 

0-3356 

0-3683 

0-4019 

0-4363 

0-4715 

0-5076 

0-5444 

1-0000 

1*1174 

1*2063 

1- 2857 
1*3588 
1*4274 
1*4921 
1*5536 
1*6122 
1*6682 
1*7218 
1*7732 
1*8226 
1*8699 
1*9155 
1*9593 

2- 0014 
2*0420 
2*0809 
2*1185 
2*1546 

0 

0*0101 

0*0220 

0*0353 

0-0500 

0*0659 

0*0830 

0*1013 

0*1207 

0*1411 

0-1626 

0*1851 

0*2085 

0-2328 

0*2580 

0*2841 

0*3110 

0*3387 

0*3672 

0*3964 

0-4265 


III. Scattering in accordance with Rayleigh's phase function: 

I{ 0,^,<p;m 0 ,9o) = {MOO'A^o)+§^O0<£Ga o )— 

—[ 2 /x(l—^)i//a ) ( /x )j 2 /Xo (I—^)j/ : /a ) ( ft o)]cos( 9 0 -- 9 )+ 

+ [( 1 — ^ 2 )# ( 2 ) (/ 0 ][( 1 - yl)H^{y, 0 )]eos 2{c? 0 -< 9 )}^ F, 

where <A(y) = #(/x)(3 — cp,) and <^(^) = ^//(p.) 

and #(/*), R. (1) {g), and H^\y) are defined in terms of the characteristic 
functions 

/x 2 ), f-p 2 (l—p 2 ), and |>(I—-p 2 ) 2 , 

respectively. The constants c and g are related to the moments of H{g) 


by 


a l 


and </ 


3 a n 


The functions ^(p), <A(p), 2p(l-p2)*/fa)(p), and (1 -p 2 )/f<*>(p) are 
given in Table XXI. ^ 

In Fig. 10 we have illustrated the laws of diffuse reflection for 
isotropic scattering and Rayleigh’s phase function, for p 0 = 0*8 and 
for 9 0 —9 = 0° and 90°. In Fig. 11 we have illustrated the cases, 
isotropic scattering and (1 dz cos ©) for the same angle of incidence 
(/tx 0 = 0 - 8 ) and for 9 0 —9 = 0 and 90°. 

In I ig. 12 we have similarly compared the laws of diffuse reflection 
or the cases ( 1 ) m 0 = 0-8 and x = 0, and (ii) zzr 0 = 0-8 and x = 1 for 
/x 0 = 0-6 and 9 0 —9 = 0 ° and 90°. 
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Table XX 

The Function (1—^ 2 )^i? (1) (/x) for Various Values of xzcr 0 


fA 

Xtx t 0 = 1*0 

Xvr a — 0-8 

xz& {) — O'6 

XX Er 0 = 0'4 

= 0*2 

0 

1*0000 

1*0000 

1*0000 

1*0000 

1*0000 

0*05 

1*0346 

1-0268 

1*0194 

1*0122 

1*0053 

0-10 

1*0508 

1*0384 

1*0267 

1*0156 

1*0050 

0-15 

1*0590 

1-0431 

1*0283 

1*0143 

1*0012 

0-20 

1*0613 

1*0427 

1*0254 

1*0093 

0*9941 

0-25 

1*0586 

1*0378 

1*0186 

1*0007 

0*9840 

030 

1*0511 

1*0286 

1*0079 

0*9886 

0*9707 

035 

1*0391 

1*0152 

0*9933 

0*9731 

0*9543 

0-40 

1*0225 

0*9977 

0*9750 

0*9540 

0*9346 

0-45 

1*0015 

0*9759 

0*9526 

0*9312 

0*9114 

0-50 

0-9756 

0*9497 

0*9261 

0*9045 

0*8845 

0-55 

0*9447 

0-9187 

0*8951 

0*8735 

0*8536 

0-60 

0*9082 

0*8825 

0*8591 

0*8378 

0*8181 

0*65 

0*8656 

0*8404 

0*8176 

0*7967 

0*7776 

0*70 

0*8160 

0*7916 

0*7696 

0*7495 

0*7311 

0*75 

. 0*7578 

0*7347 

0*7139 

0*6949 

0*6775 

0*80 

0*6892 

0*6678 

0*6484 

0*6309 

0*6148 

0*85 

0*6065 

0*5873 

0*5700 

0*5543 

0*5400 

0-90 

0*5030 

0*4868 

0*4722 

0*4590 

0*4470 

0*95 

0*3611 

0-3493 

0*3387 

0*3291 

0*3203 

1*00 

0 

0 

0 

0 

0 


Table XX ( continued) 



Xzrr Q = — 0*2 

XTiT Q — — 0-4 

X 7JT {) = - O' 6 

XZ ET 0 — 0 m S 

X 7zr 0 =S= —1*0 

0 

# 

1*0000 

1*0000 

1*0000 

1*0000 

1*0000 

0*05 


0*9924 

0*9862 

0*9803 

0*9745 

0*9689 

0*10 


0*9854 

0*9762 

0*9674 

0*9589 

0*9507 

0*15 


0*9768 

0*9656 

0*9548 

0*9445 

0*9346 

0*20 


0*9663 

0*9534 

0*9413 

0*9296 

0*9186 

0*25 


0*9534 

0*9395 

0*9262 

0*9137 

0*9017 

0*30 


0*9382 

0*9234 

0*9093 

0*8961 

0*8835 

0*35 


0*9203 

0*9049 

0*8903 

0*8766 

0*8635 

0*40 


0*8996 

0*8838 

0*8689 

0*8548 

0*8415 

0*45 


0*8759 

0*8598 

0*8447 

0*8305 

0*8171 

0*50 


0*8488 

0*8327 

0-8176 

0*8034 

0*7900 

0*55 


0*8180 

0*8021 

0*7871 

0*7730 

0*7597 

0*60 


0*7832 

0*7675 

0*7528 

0*7390 

0*7260 

0*65 


0*7436 

0*7283 

0*7140 

0*7007 

0*6881 

0*70 


0*6984 

0*6838 

0*6702 

0*6574 

0*6454 

0*75 


0*6466 

0*6328 

0*6200 

0*6079 

0*5966 

0*80 


0*5863 

0*5736 

0*5618 

0*5507 

0*5403 

0*85 


0*5146 

0*5033 

0*4927 

0*4829 

0*4737 

0*90 


0*4257 

0*4162 

0*4074 

0*3991 

0*3914 

0*95 


0*3048 

0*2980 

0*2916 

0*2856 

0*2800 

1*00. 

- 

0 

0 

0 

0 

0 
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Table XXI 

The Functions *J,( h c), <^(/x), 2g(l and (1 



<A(/d 


2ft( 1 - fJL 2 )&L 

(1 

0 

3-00000 

0 

0 

1-00000 

0-05 

3-39993 

0-03202 

0-10030 

1-00892 

0*10 

3-70413 

0-07061 

0-20056 

1-00707 

0-15 

3-97703 

0-11512 

0-29984 

0-99836 

0-20 

4-22969 

0-16528 

0-39722 

0-98350 

0-25 

4-46693 

0-22094 

0-49178 

0-96281 

0-30 

4-69135 

0-28200 

0-58258 

0-93647 

0-35 

4-90470 

0-34841 

0-66863 

0-90457 

0-40 

5-10789 

0-42011 

0-74884 

0-86718 

0-45 

5-30176 

0-49708 

0-82205 

0-82436 

0-50 

5-48683 

0-57928 

0-88694 

0-77613 

0-55 

5-66351 

0-66669 

0-94201 

0-72252 

0-60 

5-83208 

0-75930 

0-98546 

0-66354 

0-65 

5-99284 

0-85710 

101515 

0-59922 

0-70 

6-14595 

0-96007 

1-02833 

0-52956 

0-75 

6-29156 

1-06820 

1-02136 

0-45458 

0-80 

6-42977 

1-18148 

0-98906 

0-37428 

0-85 

6-56075 

1-29992 

0-92334 

0-28866 

0-90 

6-68456 

1-42349 

0-80954 

0-19774 

0-95 

6-80127 

1-55221 

0-61254 

0-10152 

1-00 

6-91099 

1-68606 

0 

0 


47.1. The intensity of the light which has been scattered once 

In the earlier treatments of the problem of diffuse reflection it 
was customary to consider the emergent radiation as consisting of 
light which has been scattered once, twice, three times, etc., in the 
atmosphere. Because of the excessive complexity of the resulting 
expressions, such calculations have never been rigorously extended 
beyond the stage of secondary scattering (of. Chap. IX, § 63). It is, 
however, a simple matter to obtain an expression for the light which 
has suffered a single scattering process in the atmosphere. Thus, con¬ 
sidering the layer of the atmosphere between r and r-j-dr, we observe 
that at this depth the fraction e~" r h l0 of the incident flux appears without 
having suffered any scattering process in the intervening atmosphere. 
The contribution to the diffuse intensity in the direction (/x, cp) at the 
depth t by this reduced incident flux is 

P’e-^Gx.cp;. (74) 

A fraction e~~ r T of this amount emerges in the direction (/x, cp) without 
suffering any further scattering. Consequently, the contribution to the 

3595.64 T 
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emergent intensity by light which has suffered a single scattering in the 
layer between r and r-\-dr is 

IFe-T^e-^piiJL, cp; —/4,„<p 0 ) —- (75) 

r JJs 

Integrating this expression over t, we obtain the expression 

ja, 9 ;g 0 , 9 o) = T —T—^>9; --Mo’9o)^o (76) 

for the light which has been scattered only once in the atmosphere. 

If in analogy with equation (16) we write the law of diff use reflection 
in the form 

j 1 

7(0, /x, cp, [j,q, cpo) === ~r j 7^(/x, cp , /x ( ), 9())ff'(> 'ft , (77) 


then 


7(0, p*, 9 ; 9o)—7 (1) (0, /x, 9 ; /x 0 , cp 0 ) 

7(0,/x, cp;/x 0 ,cp 0 ) 


1 — M<n 9 o) 

7^(/x, 9 ; /x 0 , 90 ) ’ 


(78) 


represents the fraction of the light, emergent in the direction (/x, 9 ), 
which has been scattered more than once in the atmosphere. The 
departure of R({jl, 9 ; £t 0 ,qp 0 ) from p(fx, cp; —/x 0 ,cp 0 ) is therefore a measure 
of the importance, for diffuse reflection, of orders of scattering higher 
than the first. 

The relation of the function i?(/x,cp; p, 0 , <p 0 ) to the scattering function 
&(p,,<p;p, 0 ,cp 0 ) is 

( 77 ~f” ~T )^(fG 9 j 9 o) ==:: 7f(/x, 9 ; ^x 0 , cp 0 ). (79) 

VA 1, ^0/ 

The function g 0 , cp 0 ) has therefore a somewhat simpler structure 

than S(fL,cp; g 0 ,cp 0 ), though the principles of invariance are more con¬ 
veniently formulated in terms of the latter. 

In Figs. 10 , 11 , and 12 we have indicated (according to eq. | 76]) the 
light which has been scattered once in the atmosphere. The differences 
7(0, fMjCp; /x 0 , cp 0 ) 7 ( 1 ) (0, /x, 9 ; g 0 , cp 0 ) for the various cases are also shown. 
It is of interest to notice how very nearly these differences agree for the 
conserv ative cases illustrated in Fig. 10 , and (to a lesser extent) for the 
two cases with the same albedo (to - 0 = 0 * 8 ) illustrated in Fig. 12 . These 
agreements clearly imply that, for a given albedo, the fraction of the 
emergent light which has arisen from orders of scattering higher than 
the first is, in a first approximation, independent of the phase function: 
a result which is physically understandable. 

Another comparison which is of interest in this connexion is to the 
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so-called Lambert’s law of diffuse reflection. On this law the diffusely 
reflected light is isotropic in the outward hemisphere and is natural, inde¬ 
pendently of the state of polarization and the angle of incidence of the 
incident light. If the surface reflects all the light which is incident on it, 


Mo 



Fig. 10. The law of diffuse reflection from a somi-infinito atmosphere for 
conservative isotropic .scattering (dashed curves) and scattering according’ to 
Rayleigh's phase function (full lino curves). 

The ordinates represent, tho intensities in the units /t 0 F and the abscissae the 
angles in degrees. 

An angle of incidence corresponding to /x 0 ^ 0-8 is considered and the variation 
of the reflected intensity in tho pianos cp 0 — ep — 0° (tho curves on the loft side of 

the diagram) and cp (> .cp :-•* 90° (tho curves on tho right side of the diagram) arc 

illustrated. 

The top sot of curves represent the diffusely reflected light as given by the 
exact solutions of the problem ; the bottom sot of curves represent the light which 
has suffered only a single scattering process in tho atmosphere; tho middle sot of 
curves (obtained by subtracting the bottom curves from tho corresponding top 
ones) represent the result of the higher orders of scattering. 


then "Lambert’s law of diffuse reflection can be expressed in the form 

1 ( 0 , /x, 9 ; /x () , <p 0 ) ■ •:.= /x 0 F. (80) 

More generally, a surface is said to reflect according to Lambert’s law 
with an ‘albedo’ A 0 if 

I( 0,/A,9;/zo,<p 0 ) = ( 81 ) 

When we are dealing with diffuse reflection from, an atmosphere, it 
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is convenient to identify A 0 and -ur 0 and write, for comparison, Lambert s 

law in the form T ,~ . _ \ _ „ j? (sa 1 ) 

I (0, fx, 9; [x 0 , 9o) = vtq /x 0 I y . \^) 



Fig-. 11 . The law of diffuse reflection from a semi-infinite atmosphere for conserva¬ 
tive isotropic scattering (curves marked I) and for scattering according to the 
phase functions 1-j-cos© (curves marked II) and 1 — cos© (curves marked III). 

The ordinates and the abscissae have the same meanings as in Fig. 10. 

An angle of incidence corresponding to — 0-8 is considered and the varia¬ 
tion. of the reflected intensity in the plane cp 0 — cp = 0 ° is illustrated. 

The top set of curves represent the diffusely reflected light as given by the 
exact solution of the problem; the bottom set of curves represent the light which 
has suffered only a single scattering process in the atmosphore. 

It may be noted that in the exact solution of the problem, the variation of the 
reflected intensity in the plane cp 0 —9 = 90° is the same on all three laws of 
scattering and agree with that given by conservative isotropic scattering for any 
of the planes 9 = constant. 

The corresponding expression for JR is 

JR (Lambert) = 4ur 0 ( j a-l- i u 0 ). (83) 

From Figs. 10 and 11 it is seen that, for conservative cases, Lambert’s 
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approximation 5 to the exact laws of diffuse 



48 us™ZZT th phase function and 

Of the plu^f^ th ‘ li ' ox > ,!msi ™ 

number of terms, .say N: ‘ co,„f only a finite 

yi(eoH«) (M) 

where w, (< 0. I. AT) are a set of N \ I eonsHnts i,v 

function of this form constants, hoi a phase 

»fr,r,nW) sp)]. (85) 

Expanding the Legendre polynomials for the argument 

/hu h(I —/u/ 2 )icos(<p 
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by the addition theorem of spherical harmonics, we have 


z=° m==1 (86) 

Inverting the order of the summation on the right-hand side of this 
equation, we can write 

N t N \ 

<p # ) = f (2—s 0< »){ 2 " <p)^ ( 87 ) 

m=0 v Z=m 


where 

and 


_m _ __ 

-trr z — ^ 


^ jv , o <»» <- Zv > 


(Z+m)! 

So 5 m = 1 if m = 0 , 
= 0 otherwise. 


( 88 ) 


(89) 


48.1. The equation of transfer for the problem, of diffuse reflection and 
transmission and its reduction 

For the phase function given by (87), the equation of transfer appro¬ 
priate to the problem of diffuse reflection and transmission is 

4-1 2 tt• r . N 


= 7 ( t, f ,<p)-A j J [2 < 2 -v)x 

— 1 0 


X { 2 xD-fP^(^)i^(/i')J c os w(cp'— 9 ) I(r, [T, 9 ') dp’dtp' — 

— IF\ y (2—S 0 jf 2 ‘®T( — 1 ) m+z Pf(/x)Pf (/ x o)}cosm(«p 0 —<p)l e~ rl ^ 
L m =o ’ U=m ' J 

( 

This equation suggests that we expand I(r,/x, 9 ) in the form 


v , „ 

/(r, ju, 9 ) = 2 I <w) (T,/x)cosm(<p 0 —< 9 ). (91) 

m— 0 

With this substitution equation (90) splits up into the (N . 1 ) inde¬ 
pendent equations: 

= | OT pp r(M) + f V-- 

d'T 

-{i(2-s 0 .») f ^ 

' Z=m 

(w — 0, I,..., TV). (92) 


f 6 
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48.2. The equivalent system of linear equations in the nth approxi¬ 
mation 

On tlie method of approximation described in Chapters II and III, 
the integrals which occur in the equation of transfer are to be replaced 
by sums according to Gauss’s quadrature formula. In the nth. approxi¬ 
mation the equivalent system of linear equations is of order 2 n, corre¬ 
sponding to the division of the interval (— 1, -f-1) according to the zeros 
of P» n (y). Consequently, in the present context in which Legendre 
polynomials of maximum order N occur under the integral sign, we 
must seek solutions in approximations n such that 

4ra—1 > 2 N. (93) 


Conversely, if we limit ourselves to solutions of the equation of transfer 
in the ?ith approximation, we are not entitled to include in an expansion 
of the phase function, in Legendre polynomials spherical harmonics of 
order higher than 2%—-1. 

Assuming that the condition (93) is met, we have the following 
system of 2 n linear equations which is equivalent to equation (92) in 
the a tli approximation: 


Pi 


dl^> 

dr 


l m j 

- {.1(2 8 (>,,„) i (- 

1 l m J 

<»*= ±1,-, ±n\ 0 <m <N). 


(94) 


48.3. The. solution of the associated homogeneous system 
Considering a particular 0 < m < N, we shall first seek the general 
solution of the associated homogeneous system 


dlf» 

** ' 7(r~ 


i £ vyfjrvd 2 «j ip'irw) (* 

l m j 


±h- 


±n), 

(95) 


and add a particular integral of the non-homogeneous system (94). 

To obtain the different linearly independent solutions of the system 
(95), we led, /<«.) .... (fin) e -kr ^ ± j . ±n ), (9G) 

where the f/J"' } ’s and k are constants. From equation (95) we find that 
(ff l) must be of the form 

l A, 

j/i w) - , .-r > rTTfifiriPi) (i = ±b-, ±»), 

1 1 


( 97 ) 




152 PROBLEMS WITH GENERAL LAWS OP SCATTERING Chap. VI 


where the g^’s (l — are certain constants which have to be 

determined in conformity with the equation 


jsr 


2 

l—m 


Defining 


1 ^ A n P m (uL \ v 

a 2 "TJtm 2 -ttff 2 oho 


2 

Z — m 

p>¥!\(v) 


1 

2 


2 - 


l-f^- 
a j P? l (Pj)P \(h) 


1 -|— jXj X 


(99) 


( 100 ) 


we can rewrite equation (98) in the form 

N N N 

Since this equation must be valid for all 2 we must require that 

N 

2 (l = m,...,N). ( 101 ) 


a" 


= m 


This represents a homogeneous system of linear equations for (N—m 1) 
unknowns. The determinant of the system must therefore vanish; this 
condition will lead to the characteristic equation for k; and for each root 
of the characteristic equation we shall have a set of £| n ’s which will be 
determined apart from a constant of proportionality. However, it is 
possible to obtain the characteristic equation and the without going 
through the procedure indicated by the following artifice: 

First we observe that Df x (x) satisfies a simple recursion formula; for, 
writing JDjy in the form 

D'h =12 a, 

and remembering that, since 

H-A <2 N < 4=n — 1, 

* 2 «y JP'n^)P'x(^) = 1- fpf ^ypt^) dfj. 

■j -2 


( 102 ) 


(103) 


^z,A (Z+m)! 


we have 

rym = hx_ (M~^)! 
*’ A 2Z+1 


*•2 


__ (Z+m)! 

2Z+1 (Z—m)! 


hx a; 


j 


2Z+1 (Z—m)! 


(104) 




X 


2Z-f-l (Z—m)! 


2 ( 2 Z+ 1 )^ 1 +^. 

X[(Z-m+l)Pf4_ 1 (^0 + (Z+m)Pf_i( i u, i )] 

_^_ r [(Z_ m+ l )jDr+a+ ( Z + TO)jD m a ]. (105) 
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Hence 

(2Z+1)Z>|" X (*) = 

(106) 

Using the recursion formula (106) in equation (101), we have 

(2Z+l)fi« ^ 

X ““ (107) 

or, again, using equation ( 101 ), we have (cf. eq. [ 88 ]) 

( 2?41 )ir =- -m .*»+ 1 (ios> 

Alternatively, we can write 


± 1+1 


2 Z+ 1 -W, J±m ^ (i = (109)f 


/’(/—m-}~ 1) 

Eq nation ( 101 )) determines the |’s apart from a constant of propor¬ 
tionality which we shall make determinate by the choice 

£2 - h (HO) 

With this choice of the remaining g }' 1 ’s are uniquely determined. 
Thus 


£m 


lm | I 
k 


rrr 


m 


(2 m . 1 1 ■■■'ar, H )(2m 1 6 -or.,,,., L ) 2m \ I 

f :-ia - • <,w - 


2 /,; 


«•> 


(in) 


It is to be particularly noted that the gf ‘’s determined in this fashion 
are, in general, functions of k. To emphasize this dependence we shall 
soiileti mes w rite gf ( k ). 

The characteristic equation for k now follows from equation (101) by 
letting l m. Thus 

( 112 ) 


N 


or, more explicitly, 

I 


1 =.■ 


42 


i ■ 2 

A m 




(113) 


By virtue of (‘({nation (109), equation (I I 3) is of order n in k“ and admits, 
in general, 2 n distinct non-vanishing roots which must occur in pairs as 

/d (2 (,x 1 and k% --- k f !!: a ). (114) 

-|- Jt, should bo noted t.lmt., in applying this equation for fho case Z — m, wo must put 

... o .since the £’k am not defined for l < trt. 

*1 3 
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The 2 n linearly independent solutions of the homogeneous system 
associated with equation (94) are therefore 

pm( lL \ 

jtyn) _ constant 2 £p(&™)tvf”' -— hiol. e~ k ^ T 

{tin 

(a = i i 1,..., 0 ^ ?n A r ). (115) 

In conservative cases, when ru- 0 = 1 , 7c 2 = 0 will be a root of the 
characteristic equation for m = 0 ; for 

N 

i II % 6 PaW = 2 2 % ^0 = 1 • (11 <>) 

i A=m 

We shall then have only (2n—2) non-vanishing roots, and (115) pro¬ 
vides only (2 n—2) independent integrals. On the other hand, in con¬ 
servative cases the equation of transfer admits the further integral 
(cf. Chap. I, § 10 , eq. [81]) 

/(°) = constant[(l—ir^r+^+Q]. (117) 

To avoid repetition we shall suppose that n r 0 -A 1 , unless it is 
explicitly stated to the contrary. 


48.4. A particular integral of the non-homogeneous system (91) 

To complete the solution of the system of equations (94) we need a 
particular integral. This can be obtained in the following manner: 
Setting 

/$•»> = 4 ( 2-8 0m )h^Fe-^ (i = ± l,..., ±n) (IIH) 

in equation (94), we verify that the constants *{"»> must bo expressible 
in the form jv 

h ( i m) = V rxrfyf ±±SAaL / j jm 

7 i+tolPo* ( <} 


Z = m 


where the yf 1 s are certain constants to be determined in accordance 
with the relation (cf. eq. [ 101 ]) 

yf = (—l) z+m Pf(^o)+ 2 ^ rn.,..., N). ( 120 ) 

UW 

Using the recursion formula (106) satisfied by the Dff s, we derive: 

N 

(2Z+l)yf = (-l)Hr» (2 Z +1) J»» W+ V 

A —m 

f (l-\-m )! _ If / | \ 

X W=m )1 Su ~ y 0 y- l ~ m + 1 U (-) + (i+m)7);» liA 


- 

\/ x o> 


( 121 ) 
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or, again, using equation (120), we have 

(2Z+i )yP = (—l ) z + m (2Z+1 )Pp(f* 0 )+ yf— 

- i{(i-m+ l)[yi^i-(- l)’ +m+ 1 Pr+M]+ 

^0 

+ (i+«*)[ y fi 1 -(-l)'+“- 1 P^ 1 ( fi() )]}. (122) 

The terms in the spherical harmonics cancel and we are left with 

(21+1 )yf = w,y? - A[(l-ra+ l)yl"n+(^+m)y^i]- (123) 

Comparing this relation among the yf s with equation (108), we observe 
that the yf s satisfy a recursion formula of the same form as the IP’s. 
Hence we should have 

yr = yS«£r(-) (l = m,....#), (124) 

w 

where yP;(g 0 ) is a constant of proportionality which can be determined 
from equation (120) by letting l — m and remembering that = 1. 
Wo have ^ 

yXW - raW+yS- T C 25 ) 

Wo/ W 

or ySM - -sr--• ( 126 > 

y-r wf^MusuyiH) 

A-~m 

From the relation of the denominator in this expression for y™(/x 0 ) to 
the characteristic equation (112), we conclude by arguments similar to 
those leading to the identity established in Chapter V, equations (46) 
and (51), that 

VmW ~ o). ( 127 ) 

where is defined as usual in terms of the positive roots of the 

characteristic equation. 

The required particular integral is therefore 

/<»> - *(2-8 Jl“W««WS w (-(M)i , f 1 * , X 


(i = ±l.-.±«; 0 <m<7V r ). (128) 
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48.5. The general solution of the system of equations (94) 

•r llssl " ““ -“s" ■“““ 


/!”•> = 1(2—s„ jFP" 1 !,, 'll V 

41 °-’ n) '^ ” ° t^r„T+^L ; 2 ^r(/‘T)Pr(^) 


+ 


.^w^ie^rv 

^ “f~ fti!,ft 0 I / 


= m 


\prifti) 

\fto/ 


) 


(* = ±]. ±n), 

(129)f 


where the £?•s are 2 »(tf+l) constants of integration. 

“ tion <l2 ^ must be fo " nd from 
diffuse reflection by a semi-infinite atmosphere! 
the terms which are unbounded, as r * m r n • • 

Will then be determined by the conditioT C °“ 

I~ l ~ 0 a * T = 0 for i = and m := 0,...,JV, (130) 

problem kTthe theory of dTfftse tefleT ^ d T lin& with the 8tandard 
9 */wi iv- , , y iixuse reflection and transmission, then the 

^ ii?j“"*p,r“ i 

d === 0 at t = 0 foi* i —— i I 

v 101 4 and //( o 2 V 

and w, ^ N. (131) 

•Jssnsassassr r - - - 

/ n ~l -r- » _ jV 

*1 

+ ( 1 — A,), (132) 


and /(ff 


0 at t 


for 


L 


lr Lt^lS 


con^Utions * C ° n8tantS L « are to be determined from the boundary 

I - ~ 0 for n ' — 1 


1 7 i at t = 0 . 


^Equation (109) which determines the f a reduces in this case, m '= 0 , 


*hbl 


2 Z-f-l- 7TT r j. I 

IciJ+T) ^ l ~T- pi^ 1 ^ = iv - — i). 


(134) 


th “ = 0 o.ndfchat ‘-Jft Iteo® 11 "™ ’ “ °‘ e “ Umnlati ' nl ovor a, there is no term 

ad;wtsLrh=r‘'™ 0aBO “- f ”-=0,„,.unsonl y 


with ex — 0 and that /c™_ /r „ _ 

from (w t \ / -i \ 0i . /Co! ' in conservative 

(W ~ 1 ) t0 < n - 1 )s ins toad, we shall have the term 

-'IwijT+PjJ + LJ 


in the solution. 
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In particular (since OT - 0 = 1 ), 

= 1, ll = 0, f» 


1 

' 2’5 


£ __ 5 ~ OT a 
6 & 


, etc. (135) 


The characteristic equation which determines the fc’s is 

t N 


2 iAi(g'.»»«>!• 


(136) 


48.7. The solution for the phase function 1 ~|--'nT 1 P 1 (cos 0 )-h'W 2 ^ > 2 ( cos ®) 
As an illustration of the general theory, we shall consider the con¬ 
servative case 

p(cos0) = I-|-'nT 1 P 1 (cos©)-|-Tir 2 P 2 (cos0). (137) 

For this phase function the solution has the form 

/(r, /a, (p) — I ( 0 ) (t, ju)cos(<p 0 —(p)-hI ( 2 ) (r, /a)cos 2(cp 0 —<p). (138) 

Considering first P 0 ) (r, ju), we have the characteristic equation 

1 _ I ^ ~~~ 

3 

or, somewhat differently, 


3 f-fijh 


(139) 


‘'i".2(‘-S s -^)r?pr <1 ‘ 01 

Equation (140) admits only (n — l) distinct non-vanishing roots for k*. 
We must accordingly make use of the integral (117) in writing the 
general solution for /)°h Thus we have 


/(o) 


1 XU" 2 

To 


(4 -|- n r.> f 

[Srr^f ~~ lH 


n ~~ 1 

2 


1 H“ f L i My 


+ L$(t+p,. £ )+L° + 


os — — n-l-1 

i /l±py _ 3 \// ((, K/x <,)// ( 0 ) (-^o) e .... T//t# 

\ 3 vr 2 / A “i P,:/Po 

(Considering next the solution for 7 (1 ) (t, /a), we have 

3-'UTi 


(■i — dz3,..., zb^)* ■ (141) 


£1 ^ 1 and £ 


:1 


(142) 


The characteristic equation (3 3 3) becomes 

X s a-(l—/ a |)[' 1 ^- 2 (3—-nrj) a 

1 = ^2 Pypd 


( 143 ) 
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The corresponding solution for is 


^ t T 'ZTTo(^--CCTj) ft,,; 

1 . _■ 

A '<*. 


^1 




z?) = 

+ gMfa°> e^\i - at?=a) ft ^ 1 

— dr i,---, rh'^')* (14*4) 

And, finally, the solution for I{ 2) is 

«■ - •*••) 

(i — ±3,..., ±»), (145) 

the characteristic equation being 


n 


ft i -^ 2 


(14b) 


For the standard problems in semi-infinite plane-parallel atmospheres, 
the constants in the solutions (141), (144), and (145) can be eliminated 
and the angular distributions of the emergent radiations expressed in 
closed forms. Indeed, for the phase function (137), the integral equa¬ 
tions derived from the principles of invariance can be solved and 
expressed in terms of -functions. The solutions are given below: 

48.8. The exact solutions for the standard problems in son i-in finite 
atmospheres for the case P (cos0) == 1 + ^ P t (cos W) | ^ /> (eosH) * 

By solving the integral equations derived from the principles of 

invariance, we find that the law of diffuse reflection is expressible in the 
form 

J(0,g, <p;g 0 , <p 0 ) 

(J'qF I 9^2 r 1 

+[ OT i 8(p)8(Po) — 3m, 1 — OH * ~~l4) s <;< w(9„ — 9 ) | - 


where 


+t®a( 1-~ P 2 ) (1 --A )#< 2 >(g )m\p (0 ) cos 2( 9o - 9 )|, 
Up) = if ( 0 ) (^)^-iL^ 2 _ c ^j ) ^(g.) — 

6 (^ = # (: V)(i--y/A), o-(g) = Kfjjiwfai 


(147) 


( 148 ) 
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and # (0) (/x), and f/ (2) (/x) are defined in terms of the characteristic 

functions 


and 


3 Tcr 3 /4-f- -ct 2 

T\ :w 2 



I ( 1 —tD- 2 (3 — 
— /x 2 ) 2 , 


(149) 


respectively. Further, the constants, c, y, and k are given by 


c 


<x 


c % 


i 0) , 

( 0 ) ; 


q = 



xet o( 3— tct ; i)(c 4 1 * — o:^) 

4—ixr 1 (a^ 1 ^ —odg 1 ^) 

- 4 (3—TP-j) 

3 4 — 'nr 1 () ’ 


(150) 


where c4 0) and cx^ denote the moments of order n of J? (0) (/x) and 
respectively. 

Similarly, the law of darkening for the problem with a constant net 
flux is given bv 

1(0 (151) 


It will be noticed that in the foregoing solutions the azimuth, indepen¬ 
dent terms do not involve nr l in any way; that for the case 7xr 1 — 3 the 
term in cos(cp 0 — 9 ) in the law of diffuse reflection also becomes inde¬ 
pendent of tov, and, finally, that for nr l ~ 0 and <nr 2 — | the solutions 
reduce to those given in §§ 44 and 45 for the case of Rayleigh’s phase 
function. 
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§§ 44 and 45. Problems of radiative transfer in semi-infinite plano-parallol 
atmospheres and allowing for an anisotropy of the scattered radiation according 
to Rayleigh’s phase function are considered in— 
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2. — - ibid. 103, 1(55, 194(5 (Section II of this paper). 
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4. .- - and Francks H. Hhkkn, ibid. 105, 435, 1947 (Section 1 of this paper). 

In references 1 and 2 the standard problems of constant not flux and diffuse 
reflection art' considered in the method of approximation of Chapter III. In 
reference 2 the elimination of the constants is performed and the angular distribu¬ 
tions of the emergent radiations aro expressed in closed forms. The exact solution 
of these problems will bo found in reference 3. Tho H -functions tabulated in § 45 
aro reproduced from reference 4. 
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§46. The law of diffuse reflection in accordance with the phase function 
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5. V. A. Ambarzijmian, Journal of Physics of tk Academy of Sciences of 
U.SM. 8,65 (1944). 

6. S. Chandrasekhar, Astrophys. J. 103,165, 1946 (Section I of this paper). 

7. —ibid. 105,164,1946 (Section IV of this paper). 

8. —and Frances H. Breen, ibid. 107, 216 (1948). 

In reference 6 the problem is considered in the general »th approximation; the 
elimination of the constants is also effected here. In reference 7 the solution of the 
integral equations derived from the principles of invariance are reduced to E- 
functions. And finally, in reference 8, the H --functions which occur in the solution 
of this problem are tabulated. Reference 5 is of historical interest. We have 
already commented on it in the Bibliographical Notes for the preceding chapter. 

§ 47. The writer is indebted to Mrs. Frances H. Breen for the computations 
included in this section. 

A discussion along similar lines will be found in— 

9. H. C. van de Hulst, The Atmospheres of tk Earth and Planets (edited by 
G. P. Kuiper, University of Chicago Press, 1949, Chicago), Chapter IV (see 
particularly pp. 92-9). 

§ 48. The analysis in this section is in the main derived from— 

10. S. Chandrasekhar, Astrophys. J. 104, 191 (1946). 
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VII 

PRINCIPLES OE INVARIANCE (continued) 


49. Introduction 

In Chapters III-VI we have considered various transfer problems in 
semi-infinite plane-parallel atmospheres and shown how, in all cases, 
it is possible to solve the equation of transfer by a method of approxima¬ 
tion which can be made to give solutions of any desired accuracy. 
However, in some ways, the most striking aspect of the theory which 
has been presented is the role which the principles of invariance of 
Chapter IV have played in the developments: they have enabled the 
exact solution of the problem of the angular distribution of the emergent 
radiation and, in some instances, have even circumvented the explicit 
use of the equation of transfer (cf. Chap. VI, § 45). Now this method 
of using integral equations derived from principles of invariance is not 
limited to problems in semi-infinite atmospheres. Principles of in¬ 
variance can be formulated also for transfer problems in atmospheres 
of finite optical thicknesses. Indeed, in some respects, the method 
shows itself to its best advantage in these latter contexts, as only by 
its means has it been possible to solve exactly, for the first time, a 
large class of problems, long considered impossible. In this chapter we 
shall formulate these general principles and derive their most immediate 
consequences. The chapter also includes a discussion of certain related 
matters, such as the principle of reciprocity. 


50. The principles of invariance 

Let a parallel beam of radiation of net flux nF {) per unit area normal 
to itself be incident on a plane-parallel atmosphere of optical thickness 
r x in the direction (—p 0 , cp 0 ). Let the intensity diffusely reflected in the 
direction (/u,rp) be denoted by 7(0, g, 9) (0 y ^ 1) ; similarly, let the 
intensity diffusely transmitted in the direction (—ja,<p), below the sur¬ 
face r — iq, be denoted by I(r,, —fx, 9). We shall express these reflected 
and transmitted intensities in terms of a scattering f unction 

and a transmission junction T(r x ; p,,<p;/r 0 ,<p 0 ) in the forms (cf. Chap. I, 
eq. [120]) 


/ (0, /x,<p) =■= ™-7/(Ti;/r,9;^ OJ ?o) 


and 




F 

1 m 


ijJL 


^( t i; ?;/*<>> 9o)* 


(i) 


M 


3595.04 
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< 'hup. Vtl 


It will be noticed that we have included t 1 explicitly as a parameter 
in the definitions of S and T to emphasize their dependence on the 
optical thickness of the atmosphere. 

hTow, considering the radiation field in such an atmosphere, w© 
distinguish between the reduced incident flux of amount 


7rFe~ r/ ^ 



in the direction (—p 0 ,<po) and the diffuse radiation field characterized 

by the intensity I(t, p, 9 ). To distinguish further between the outward 

(0 < p < 1 ) and the inward (—1 < p < 0 ) directed radiations, we 

shall write T , . , ^ ... 

-fp,<?) (0 < y < . 1 .) ( 3 ) 

and I(t, 


-p,9) (0 < p < I). 


(4) 


With these definitions we can formulate the following four principles: 

I. The intensity, T(t, +p, 9 ), in the outward direction at any level r 
results from the reflection of the reduced incident flux Tr/'V W and the 
diffuse radiation I(r, — p',<p') (0 < p' < 1 ) incident on the surface r, by 
the atmosphere of optical thickness ( Tl — r), below t. 



The mathematical expression of this principle is clearly (see Kg. 13) 


+ 4^a f f lS ( r i- T '’f*,9;p',<p')f(T, -(3) 

0 0 

r^uils^rirflthTtf' /( T’T'*’ 9) ’ in the inw ard direction at. any level r 

TT ° f tU incidanf b » »"■ of 

P tmchness r, above the surface T , a,ml the reflection by tL same 
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surface of the diffuse radiation I(r, -f-//, cp') (0 
from below. 


fa ^ 1) incident on it 



Fig. 14. 

The mathematical expression of this principle is (see Fig. 14) 

F 

I(r, — p-,9) == j-T(T;fx } (p]fi 0 ,<p 0 )+ 

1 2tt 

+ J J F{r;p,p;p,<p')I{T, +/x',<p') dpdF. ( 6 ) 
0 0 

III. 27*6 diffuse reflection of the incident, light by the entire atmosphere 
is equivalent to the reflection by the part of the atmosphere of optical 
thickness r, above, the level r, and the transmission by this same atmosphere 
of the diffuse radiation /(r, <p') (0 ,<: p =<C 1) incident on the surface r 

from below. 



Via. in. 


The mathematical expression of this principle is (see Fig. 15) 
F h 

T~ ^( T i; I 1 ’ 9; / x 0’ ?<>) = y ~ /S r (r; /x, cp; /x 0 , <p 0 )-j er^el (t, -|-/i,©)-|- 
4/x 4/x 


T(r;y.,^;[x',p , )J( T , -b/x',cp') dp'dy'. 


0 0 
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amp. vrr 


The three terms on the right-hand side represent, respectively, the 
contribution to the reflected intensity by the reflection of the incident 
flux by the part of the atmosphere above r, the direct transmission of 
the diffuse intensity I(r, p) already in the direction and the 

diffuse transmission of the radiation field (3) incident on the surface r 
from below. 

IV. The diffuse transmission of the incident light by the cut in' atmo¬ 
sphere is equivalent to the transmission of the reduced incident jiux 
nFe-^o and the diffuse radiation l(r, — ft , cp') (0 * ; p - ; l) incident on 
the surface r by the atmosphere of optical thickness {t y t) talon' r. 



Fin. I(>. 


The mathematical expression of this principle is (see Fig. Hi) 
F 

F 

= —e ^Tfa—r; [*.,<?; ix Q ,y 0 ) \ e V« t)'p/( t /<i? ) ; 


4:77 jJL 


1 27 T 

SI Tt 


r — T 


; y, r f; /d, <p') /(r, fi\ </) dp'd f, f. 


The three terms on the right-hand side represent, respect i vely, the 
contribution to the transmitted intensity by the reduced incident flux 
(2) by the transmission of the atmosphere below t, t ho direct transmission 
of the diffuse intensity 7(r, -~/x,«p) already in the direction ( /£ , 9 ), and 

the diffuse transmission of the radiation field (t) h\* t in* atm<>sphere of 
optical thickness (t x — r). 

It is clear that equations (5) and (0) or (7) and (S) will suffice to 
determine the radiation field in the atmosphere, uniquely, in terms of 
the scattering and the transmission functions for plane-parallel atmo¬ 
spheres of finite optical thicknesses. 
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Integral equations analogous to equations (5)—(8) for the axially 
symmetric radiation field in semi-infinite atmospheres with a constant 
net flux are (see Figs. 17, 18, and 19) 




Fig. 19. 


i 

I(r, -f p) = 7(0, +/*) + ;r- f $ (0) (oo ;p,p')I(r 3 —p) dp' , (9) 

J 

0 

l 

1( 0,+O - e^J(r,+^) + f- f rv>(T; M ,p')I(T, +n')dp', (10) 

~P J 
0 

I 

and /(r,—/x.) — f 7> <0) (t; p, p)l(r, ~\~p') dp', (11) 

J 

o 

where $ (0) and 7 T(0) are the azimuth independent terms in the scattering 
and the transmission functions as defined in (1). Equations (9)—(11) 
are the mathematical expressions of the following principle: 

V. In a semi-infinite plane-parallel atmosphere with a constant netjlux, 
the emergent radiation is invariant to the addition (or subtraction) of layers 
of arbitrary optical thickness to (or from) the atmosphere; also , the emergent 
radiation can be regarded as the result of transmission of the radiation 
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incident on the surface r from below; and finally, the inward directed 
radiation at any level, r, can be regarded as the reflection of the outward 
directed radiation by the atmosphere of optical thickness t overlying r. 

The first part of this principle has already been, analysed in Chapter 
IV, §§ 29.2 and 32. 

The various principles we have enunciated clarify and emphasize the 
remark made in Chapter I, § 13 (p. 20), that the solution of all transfer 
problems in plane-parallel atmospheres can be reduced to the problem 
of diffuse reflection and transmission by atmospheres of finite optical 
thicknesses. 


51. Integral equations for the scattering and the transmission 
functions 

The importance of the principles enunciated in § 50 arises from the 
fact that they can be used to derive a basic set of four integral equations 
for the scattering and the transmission functions. These integral equa¬ 
tions are non-linear and non-homogeneous; nevertheless they provide, 
as we shall see, the most practical means for solving many of the 

fundamental problems of the subject. 

The basic integral equations which govern the scattering and the 

transmission functions can be obtained from the principles I-IV of § 50 
by differentiating with respect to t the equations representing these 
principles and passing either to the limit r = 0 (Principles 1 and IV) 
or to the limit t = t x (Principles II and III). Thus, differentiating 
equations (5)—(8) of § 50 and making use of the boundary conditions 

1(0, — /x,cp) == 0 and /(vq, +g,<p) --- 0 (0 < y < 1), (12) 

we obtain 


dlij, +^y) 

dr 


F 


J T=0 




y 0 


^ cy ... m . ., m \ ^M' 7 T A 1 * 9 > /hr 9o) 

v^i 5 P'y 9 5 Pq, 9o/ 


c) t 


+* 


1 2 7T 


4:rry 


j J $( r i.;^> 9 ;^^ c p , ) 
0 0 


dt jy, —p/ ,q/) 

dr 


dy'dy', 


T- 0 


dl ( t , —y,cp) 


dr 


“* T=Tl 


(13) 


F_ 8T(t x ; p;^ 0 , cp„) 
4/x dr 1 


1 2tt 


+ J* j y,<p; y , cp ) 

o o 


■ dJ(T,4V,<p7 

dr 


dy'drfi, (14) 


T “ T i 
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F <p;/x',<p') 


- 1 - e~ r ^ r ^( T > +/^ 9 ) ~ 

L dr 


1 2 77 


+ i^/J 7{wwW)\ dI{ *’ <W, (15) 

a a *- -J r."T'. 


and 


F \ 1 

0 = iR~ ^ 


0 ) 


1 2 tt 

+c “ T1, i—V—] T=o +i J f ww-wrW) x 


^/(t, ~-ju/,<p') 


1 dp/d<$'. (16) 

Jt=0 


The derivatives which occur in equations (13)—(16) can he found from 
the equation of transfer (cf. Chap. IV, eqs. [19H21]) 


dl(r, fx,cp) 


3(r,^,<p), 


(17) 


where 


3(T,/X 5 rp) ,1 : Fp(iA,y; —fMQ,<pQ)e- r lt«- 


1 277 


+■]- f f P(w,tS,’f’)I(T,vL‘,<t") dfSdip’. (18) 


We have (cf. eqs. [I] and [12]) 


~dl( r, -1 }i,y)' 
dr ._ 

~dl(r, ./i/p)" 

dr 

d /(r, -1 /4,rp)~ 

(Zr 


lf.F 


T~ /S '( T i7 ^ ?; 9a) — 3(0, +/^ qp) , 




-3( (> s — 


3( r i> 4-/*,<p), 


( 20 ) 


( 21 ) 


^//(r,./x,cp) 

dr 


F 

i „ 7 


/m_ 4 p 


7 7 (ti;/ A ,9;^ 0 ,9o)™3(^i 5 —/^<¥>) • (22) 
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Using these expressions for the derivatives in equations ( 13 )-( 16 ), we 
find, after some minor rearranging of the terms, that 


If{ (i-]_-!)&( Tl ; ix, 9; /x 0 , cp 0 ) 
l\(“ W 


+ 


a^('r 1 ;ja,<p;^ 0 »<Po) 


0T, 


) 


1 2 77 


3(0, 4-^,9) + ^-J J >S r (T 1 ;^,9;/x',9 / )3(0 J — ^, ( 23 ) 


0 0 


i-W- T (n; ^ 9 ; ^o> <po) 


ay(T x ;/^,9;^ 0 ,9 0 ) 

■» 5t x 

1 2ir 


) 


3(r x , — J J ^(t 1 ;/*, 9 ;/a', 9 , ) 3 (t 1 , +^',9') ^-^9', ( 24 ) 

0 0 


iF ggtlliAVcPIfel o) = e -r^ 3 ( Tl> +( a,cp) + 
OTl 


1 277 


4 --^; J J 3 r, ('Ti;^, 9 ;^', 9 / ) 3 (' 7 'n ( 25 ) 


0 0 


and 


4-W— 2 T (Ti;^,?;/A 0 ><Po)-f 
1/^0 


9iifoi9o) 


1 


1 277 


-^ 3 ( 0 , — ^, 9 )-j-A; J J T r (r 1 ;^, 9 ;^ , , 9 , ) 3 ( 0 , —/x', 9 ')^-^ 9 '. 


0 0 


( 26 ) 


On the other hand, according to equations (1), (12), and ( 18 ) 

3(0, /*,?) 


1 2tt 


|^J^(/x,9; —^ 0 ,9 0 )-}-A J J p(^ t <p;^ 9 <p w )8{^ 1 ; f F t <p v ;fi 0i <p 0 )^d<p H 

( 27 ) 


0 0 


and 


3( t i>AL9) = IF \e- T ^°p(fj,,cp; — /x 0 ,9 0 )-h 


1 2 tt 


A J J^ l9 ;_ / x\ 9 *)r(T 1 ; i L t ’,9'';yx 0 ,< Po )^dp'|. (28) 
0 0 J 
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Substituting equations (27) and (28) in equations (23)—(26), we obtain 

(- + i-Wri; cp ; cpo) -f —- 1? ?’ ■ ~ = p(p,cp; — ^?o) + 

VA 6 PoJ v T i 

1 27T 


H- 


0 0 
1 277 


-f]j~ J J S{ T i\P><?\p\q')p{~P Po, Vo)^~dcp'-{- 

0 0 


1 277 X 277 


+iwm ^( t i ; /*> 9 ; p, v')p{—p, 9 '; p", 9 ") x 


0 0 0 0 


X S(t x ;p!', cp" ; fi 0 , 9 0 ) *^dcp' ^tL dcp", (29) 

P p. 


dSir^^cpiix^cpn) 


dr-, 


P{p>V> /x 0 , cp 0 )exp| 7 l|— 4 ~—^j-j- 


1 277 

^ ^ ^ > ^ )-^ 7 ( T i5 P j 9 j /^oj 9o) ~f dkp” ~f" 


0 0 
1 277 


+ ~ e ~ ri,(X0 J |* ^ 7 K; ^3 9 ; P> 9 X ^3 9 '; —^03 9o) “7- <V+ 


0 0 
1 27r X 2 77 


0 0 0 0 

X T^’^uh ,9a)^dp'^-*p'. (30) 

P P 

I /x, 9 ; /i () , 9 „) + = e~ r ^p{~p,,cp; ~fx 0 , cp 0 )-f 


I ‘2tt 


+ ^ J j* p{~~p,<p\ —p,<p")T{rp,p,cp"\p. Q ,cp^^dcp"-\- 

0 0 


1 2rr 


■f—f ;<s> ( T i 3 / x ? 9 5 / x 3 9 )p[p 39 3 / x 03 9o) ~ji~ ^9 - b 


0 0 

1 2 ir X 2 tt 


H~ jY* ) 7T 2 ^ ^ ^ ^ ^’( T l> / X 3 9*3 P ’9 )*>0*',<P 3 H' 39 ) X 


0 o 0 0 


X T(r i; /*", 9 "; /x 0 , 9 0 ) ^<fcp' ^ <&p", (31) 

/x //, 
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and 


; po, <po) + -°- — = e Til > x p{—^,^;~^o,<Po)-\- ( 

Po &r x 




1 27r 


4=tt 




0 0 
1 27r 


-h^; J J ^ T (ni^» < p;^ , »9 , )i 3 (—A*'»<p'; — ^o>9o)~v^9' + 

0 0 


1 2ir 1 2ir 


X ^2 J J J J ^( T i ; F><p;p'> c PO p(-V,<p';fW') x 


0 0 0 0 


X S(T i;/ x", 9 "; Mo , To )^irf9'^.'rf<p". (32) 


Equations (29)—(32) represent four integral equations which govern, 
the problem of diffuse reflection and transmission by plane-parallel 
atmospheres of finite optical thicknesses. 

ISTow, by simple subtraction, we can eliminate 88/8t 1 from equations 
(29) and (30); similarly, we can eliminate 8T/8T ± from equations (31) 
and (32). The resulting pair of integral equations, between 8 and T 
only, may be regarded as the expression of the invariance of the laws 
of diffuse reflection and transmission to the addition (or, removal) of layers 
of arbitrary optical thickness to (or, from) the atmosphere at the top and 
the simultaneous removal (or, addition ) of layers of equal optical thickness 
from (or, to) the atmosphere at the bottom. 

To generalize the foregoing considerations to allow for the polariza¬ 
tion of the radiation field, we must, of course, first express the laws of 
diffuse reflection and transmission in terms of a scattering matrix 
S(ti; p,<p; fjL Q ,<p 0 ) and a transmission matrix T(t x ; /x, 9 ;/x 0 , 9 0 ) (cf. Chap. I, 
eq. [230]). However, in view of the complete similarity of the equation 
of transfer for I (whose components are the Stokes parameters I z , I r , U, 
and F) and the ordinary equation of transfer (when polarization is 
ignored) and the entirely parallel roles which a phase-matrix P(p, 9 ; y, 9 ') 
and a phase function p(yi, 9 ; ft', 9 ') play in the respective equations, it 
is apparent that S and T will satisfy equations of exactly the same 
forms as equations (29)—(32): only, the functions 8, T, and p which 
occur in these equations must be replaced by the matrices S, T, and P. 
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52. The principle of reciprocity 

In § 51 we have indicated liow, by subtracting equations (30) and (32) 
from equations (29) and (31), respectively, we can eliminate the deriva¬ 
tives 8S/8t 1 and &Tjdr t and obtain a pair of integral equations for S 
and T only. From the structure of these equations and the properties 
of the phase function for transposition (cf. Chap. IV, § 31, eqs. [29] 
and [31]) it follows that if 9 ; ju. 0 ,cp 0 ) and T(r x ; p, 9 ; g 0 , cp 0 ) are 

solutions, then so are 

< P;/h» c Po) = 

and T{r i;/x,cp;/r OJ 9o) — 2 7 ( t i;/ a o»9o;^»9)- (33) 

For example, by transposing the variables (/x, 9 ) and (/x 0 , 9 0 ), we find 
that the right-hand side of equation (31) becomes: 

e—^ J<p; -~/x 0 ,9 0 ) + 


1 2 7T 


+ j'~ j j r ?(T t ; /x, cp; /x", y")p(—fx",cp"; — /x 0 , <p 0 ) cfcp" + 


0 0 

1 2 w 

+ -4—J J 


0 o 


7 f 

p( —/*, 9; /A 9')$( T i ’ /*'» 9'; /h» r -Po) -4- + 


I 2 tt 1 2 tt 


hL.JJJJ 


^(t i; /x,9 ;/ x w ,9")X 


0 0 0 o 


X p(--/x", 9 "; ft', <p')3(t s ; [i, <p'; /x 0 , cp 0 ) cfcp' - 4 ,-- <&p", 

/X /X 

and this is the right-hand side of equation (32) for and T. (The other 
equations transform similarly for the interchange of the variables.) 

On the other hand, from equation (30) arid the corresponding equation 
for dT/8r { obtained by eliminating 7 7 between, equations (31) and (32), 
it follows that if A> A? and T - T for a particular value of r l3 then 
the derivatives, rtS'/dr, and <>TjVr t , a.re also symmetrical for the same 
value of t l : for example, from equation (30) 


^S'(t ,;/x 0 ,9 0 ;p,9) 


1 


v /x /X 0 y 


9 ; I 1 O' 9o) ox l :) j — r 3^- 

+ Tl//<0 | | 7 r (r,; /X, 9 ; /t", y")p(p", 9 "; -~/x 0 , y 0 ) + 


1 2rr 


^/ X ^7,r." 


0 0 
1 2tt 


-b ^ c: Ti,,t | | p(/L 9 ; /x', 9 / ) / f 7 (r 1 ; /x', 9 '; /x (l , 9 „) ~4~ rl9'-f 


0 0 
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1 2it 1 2ir 


..WJJJ — ^'>9') x 


0 0 0 0 


X ^(t x ; ft', 9 '; ft-o, 9o) ~^r <&P' ^rd<?" 

fjj ft 


f 6 ? 9? Ahu 9o) j£ y _ y £ or T _ T 

3v x 


(34) 


$ and will therefore continue to be symmetrical for t x - 4 -<$t x . Hence, 
8 and T will be symmetrical for all values of t x if they are symmetrical 
for any particular value of t x . 

How from equations (29)—(32) it is apparent that, as t x -> 0 , 



$( T i;^9;^o>9o) 


= p{p,v; —i^o 



and 



+ 0(rl) 



T( t i> Po*Vo) 


${{*, 9 ; ft 0 , 9 0 )[e- T ^—e-^] + 0(rf). (35)t 


Evidently 8 and T are symmetrical in (ju, 9 ) and (ft 0 , 9 0 ) for t x -» 0 . 
According to our earlier remarks, we conclude that 8 and T will be 
symmetrical for all values of t x . We have thus shown that 




and 


2 V i;m»9;/*o>9o) = ^( r i; ^9^0590)* 


(36) 


In other words, the scattering and the transmission functions are unaltered 
when the directions of incidence and emergence are interchanged. This is 
the statement of the principle of reciprocity as it applies to the problem 
of diffuse reflection and transmission. It is of particular interest to 
notice that in the present context the principle emerges directly as a 
consequence of its validity for single scattering, a circumstance which 
clarifies the origin of the principle. 

When the polarization of the radiation field is taken into account, 
the corresponding statement of the principle of reciprocity derives 


t These expressions for S' and T can also be derived, directly, from the consideration 
that as -t x —» 0, single scattering is all that need be taken into account (cf. Chap. VI, 
§ 47.1 and Chap. IX, § 63). 
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similarly from the symmetry of the phase-matrix for transposition. 
Thus, letting 




(37)t 


where 


(38) 


we have (cf. Chap. I, eqs. [220]-[225]) 

cp;/x',cp') 5 


(39) 


where it may be recalled that stands for the matrix obtained from 
by interchanging its rows and columns and the arguments (/x,<p) and 
(p/, cp'). In terms of its elements, equation (39) is equivalent to 

9 5 » 9 ') — &Lh(p> 9 ; /x' , 9 ') (i, k — l , r, U, and V) . (40) 

In addition, we also have the relations 

9 > / x 5 9 ) 9 5 H" ’ 9 ) ^ and i 1c y*— U') 

and $ in (fA,<p; — g', 9 ') = ——/«•', 9 ') (i = l,r, V). (41) 

Now writing 

^(n;/ A >9;/h)>?o) = Q'& ? ( t i',H'>9 : ’H'0i9q) 
and T(ti;/*,<p;/a 0 »9o) Q&~( r i'> ^>91 Po^o)* (4-2) 

we infer, from equations for ^ and analogous to equations (35), that 
for r x -> 0 these matrices have the same symmetries as 9 ; —ju. 0 ,<p 0 ) 

and ^(— fi, 9 ; — p. () , <p w ), respecti vely, f< >r tramsposition. By continuation 
we can prove (though the details are somewhat elaborate) that these 
symmetry properties are preserved identically for all values of r x . Thus 

'“W 

'%]A r i*> / x > 9 ; /hr 9o) ““ " Cy /^:( r ; /A 9 5 A*o» 9 o) (* ” & arlfi ^ -A k ~£ U), 

' C/ iU ( T i ’ / x > 9; /hr 9o) '■ ™ ' C/ in( T i g»9/hr 9o) (» = ^ C f 7 ) (43) 

and ^/,(r,; p, 9 ; /x 0 , 9 ,,) - ^ ci (r x ; /x, 9 ; /x () , <p 0 ) (i, & = /•, r, £7, F). (44) 

The relationships expressed by equations (43) and (44) for the reversal 
of the light path by interchanging the directions of incidence and 


*(’ The origin of tho factor Q goes back to tho particular choice of I r > U, and. V as 
the parameters for representing polarized light. That there is a Blight c asymmetry * 
between 1 1 and I r on the on<i hand and 11 and V on tho other in apparent from the form 
of the linear transformation L(<j>) (Chap. 3, eq. j 1SH)j) which these parameters undergo 
for a rotation of tho axes (see also Chap. I, eq. [101]). 
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emergence represent the complete statement of the principle of recipro¬ 
city as it applies to the problem of diffuse reflection and transmission. 

To elucidate the meaning of the relations (43) and ( 44 ), we consider 
the case of incidence of a parallel beam of light, plane polarized in a 
direction Xo f° the meridian plane containing the direction, (—/x 0 , <p 0 ), 
of incidence. The components of the incident flux, then, are 


F z = F cos 2 Xo , F r — F sin 2 Xo , F n = F sin 2 Xo and F v = 0 . 

(45) 

The intensities in the three components Z, r, and U , reflected in the 
direction (^, 9 ), are therefore 

^( 0 ,^., 9 ) = — (5f z cos 2 y 0 -]- c 5f ? .sin 2 y 0 -]- t: S^’j 7 sin 2 ^ 0 ), 

F 

m fx, 9 ) == — {SP rl cos 2 Xo + £f„ sin 2 Xo + S? rU sin 2 Xo ), 

U(0,[x,cp) = ^(^cos 2 Xo4-^m- sin2 Xo+^c7 s i n2 Xo)* ( 46 ) 


The intensity of this reflected light in a direction making an angle x 
with the meridian plane through (/x, 9 ) can be obtained by combining 
the foregoing equations according to the formula (Chap. I, eq. [161]) 

I(X) = / z cos 2 x -|-Z, sin 2 x -j -|U sin 2 X . (47) 

We thus have 


I{ 0;^9 jX ;/xo,9 0 , Xo ) 

jp 

= \Fu cos2 Xo c °s 2 X + ^rr sin 2 Xo sin 2 x + v sin 2 Xo sin 2 X 4 - 

+ (^fr sin 2 Xo cos 2 x + S^ rl cos 2 X() sin 2 x ) -f 

+ (&iu sin 2 Xo cos 2 x + cos 2 Xo sin 2 X ) + 

^ri&ru s in ^Xo sin 2 x -j- ^jj r sin 2 x 0 sin 2 X )]. (48) 

Interchanging the variables ( fx , 9 ) and (/x 0 , 9 0 ) and using the relations (43), 
we observe that 


fc/(0;^,9, x;g 0 >9o» Xo) = A&o ^(°;^o=9o> “Xo— x)* ( 49 ) 

The reversal of the signs of x and Xo when the directions of incidence 
and reflection are interchanged is required by the fact that the inter¬ 
change reverses the sense of the measurement of the azimuthal differ¬ 
ence ( 9 0 — 9 ) and consequently, also, the sense of x . 

Tor transmitted light, the equation analogous to ( 49 ) is 

A x -^(' r i’ A^j 9j X) Fo’ 9o> Xo) ==: / x o-^( T ii Ah)? 9o> Xo? AL 9’ x) - (56) 
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More generally than for incident plane-polarized light, equations (43) 
and (44) imply the following principle of reciprocity: 

If a parallel beam of light, elliptically polarized in a direction y 0 and 
characterized by an ellipticity parameter /3 0 , be incident in a direction 
(—/x 0 , 9 0 ), and if the light reflected in the direction (/x, 9 ) be analysed 



Pin. 20. Illustrating the principle of reciprocity for incident elliptically polarized 
light: Lot light elliptically polarized and characterized by the parameters y 0 , /3 0 
be incident in the direction (— <p 0 ) and lot the light diffusely reflected in the 

direction (/*, <p) ho analysed in the states of opposite polarization, (y, ft) and 
(y+.W, — ft). In the reverse experiment, light in the stato of polarization (y, ft) is 
incident in the direction (— fz, rp) and the light diffusely reflected in the direction 
(fi 0 , cp 0 ) is analysed in the states of opposite polarization (y 0 , ft 0 ) and (xo~l~ i 7r > — fio) 
and the intensity in the former state is cornparod with what was reflected in tho 

state (y, ft) in tho first experiment. 


in the two states of opposite polarization (y, /3) and (x~\~ 2 7r > —/?) then the 
intensity 7 ( 0 ;/x, 9 , y, /x 0 ,<p 0 , y 0 ,/3 () ) in the component (%, j 8 ) has the 
synunet ry p ro j >e rty 

pliQ; x , fi; f i 0 ,y 0 , Xo , j3 () ) — /x () 7 ( 0 ;/x 0 , 9 0 , — X(( ,/3 0 ;/x, 9 , — y,/3). (51) 

Similarly, for the intensity transmitted in the direction (—/x, 9 ), we have 

“/Ai) — /x 0 7(r :l ; —p, {) ,y () ,Xu,P Q ;tx,cp,x,P)- (52) 

According to equations (51.) and (52), when the light path is reversed 
by interchanging the directions of incidence and emergence, light in the 
state of -polarization in which the reflected (respectively, transmitted) 
light was originally resolved in the direction (/x, 9 ) is incident in that 
direction, while the light reflected (respectively, transmitted) in the 
direction (/i 0 gp o ) is resolved into a component having the ellipticity and 
the plane of polarization which tho light originally incident in this 
direction had (see Fig. 20 ). This principle of reciprocity for incident 


PRINCIPLES OF INVARIANCE 


176 


Chap. VII 


elliptically polarized light follows from the symmetry properties of Sf 
and and the formulae 


I{x> ft) — -^( cos2 X cos 2 /3-|-sin 2 x sin 2 j8)+/^(sin 2 ^ cos 2 /3-}-cos 2 x sin 2 /3)-f- 


-f -%U sin 2x cos 2jS-|-|-Fsin 2/1, 

and 

—j8) = / z (sin 2 x cos 2 y8-|-cos 2 ^sin 2 jS) + 

-j-i^.(eos 2 x cos 2 j84*sin 2 ^ sin 2 /3)— |-£7 sin 2^ cos 2/1—-|-F sin 2/3, (53) 

which give the intensities of a beam characterized by the Stokes 
parameters I l3 I r , U, and F, when resolved in the two states of opposite 
polarization (x,fi) and (y-j- Jtt, P). 

Finally, we may notice that a principle of reciprocity can be formu¬ 
lated for the total intensity when a beam of natural light is reflected or 
transmitted; for then 

Ij— I r = \F and F v — F v = 0, (54) 

and the total intensities of the reflected and the transmitted light can 
be expressed in terms of a scattering and a transmission function which 
are related to the elements of Sf and according to 

O 


^natural ( T l59o) — + ^lr + &*rl ~f~ ^rr](n; fx,<P; /x 0 ,<Po) 

and ^natural ( T l5 ^>95 9 o) == i‘[^ + ^r + ^Z + '^rr](ri;/a J q>;/xo,'Po)* (^) 

From equations (43) and (44) it now follows that 


SL 


-’natural ^natural ? natural natural > 


T n 




(56) 

which is clearly a statement of a principle of reciprocity. It should, 
however, be emphasized that for total intensity, a principle of recipro¬ 
city of this character exists only for the case of incident natural light; 
in no other case is the principle valid for total intensities. 

The symmetries of the scattering and the transmission functions and 
matrices which we have designated under c a principle of reciprocity* 
derive from a theorem in geometrical optics due to Helmholtz which 
states that, if a ray of light (i) after any number of refractions and 
reflections at plane or nearly plane surfaces gives rise (among others) 
to a ray (e) whose intensity is a certain fraction f ic of the intensity of 
the ray ( i ), then, on reversing the path of light, an incident ray (e)' 
will give rise (among others) to a ray ( i)' whose intensity is a fraction 

f ei of the ray ( e)' such that * _ - 

Jei Jie m I* 5 */ 

For the validity of Helmholtz’s theorem in geometrical optics, the 
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surfaces if not plane must be such that their radius of curvature is 
large compared with the lateral extent of the ray, and this lateral 
extent must itself be large compared with the wave-lengths in the ray. 
However, in the context of problems of diffuse reflection and trans¬ 
mission, the following observation of Rayleigh is more relevant: 

‘ Suppose that in any direction (i) and at any distance r from a small surface 
(s) reflecting in any manner there be situated a radiant point (A) of given intensity, 
and consider the intensity of the reflected vibrations at any point B situated in a 
direction e and a distance r' from s. The theorem is to the effect that the intensity 
is the same as it would be at -4 if the radiant point were transferred to B.’ 

Recently, Minnaert and van de Hulst have re-examined the basic 
ideas underlying the theorems of Rayleigh and Helmholtz with a view 
to formulating a principle of as wide a range of applicability as possible. 
It is beyond the scope of this book to go into these discussions here: 
it suffices for our purposes that the principle in its entire generality 
can be derived from the integral equations incorporating the various 
principles of invariance underlying the problem of diffuse reflection 
and transmission by plane-parallel atmospheres. 

53. The reduction of the integral equations (29)-(32) for the 

case in which the phase function is expressible as a series 

in Legendre polynomials 

We shall now show how the integral equations (29)—(32) can be 
reduced to a basic system of equations for functions in one variable 
only, when the phase function has the form considered in Chapter VI, 
§ 48, namely, 

N , N v 

2 j(/x,cp;/x', 9 ') — 2 (2—S 0>m )j 2 OTfPf(g.)Pf(p,')]cosm(cp'— 9 ). (58) 

m <) H'm * 

From the manner in which the phase function enters the integral 
equations (29) -(32), it is clear that when the phase function has the 
form (58), the scattering and the transmission functions have the 
analogous expansions 

jy 

^(t x ;/*,?;/*«,?<>) 2 $ (m) (T x ;/x,p, 0 )cosm(<p 0 —<p) 

m 0 
N 

and P(t x ;/x, 9 ;p 0 , 9 () ) == 2 /b iH) G03m (<Po—' <p)» ( 59 ) 

via 0 

where, as the notation indicates, and jP ( w) are functions of t x , /x, 
and p 0 only. Substituting these expansions for 8 and T in equations 

3595.04 w 
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(29)—(32), we find that the equations for the various Tourier com¬ 
ponents separate; thus equation (29) leads to the system 




jst 


(2-8ow) .2 (-X)»+VfPf MPT ( Fo )+ 




JSJ’ x 

+iy^r(f>) i P7^")s m [T i,n", l *o) d K+ 
itIn. J P 


Z==m 

jst 


ffsl J V- 

1 jv 11 

+ S(2^s~)2 (_1)m+ ' wr f f^K^WteWOOx 

\ 0,7JJ./ 7 J J 

1 m 0 0 

(60) 

fx [X 

for m = 0, 1, etc. The right-hand side of this equation can clearly be 
expressed as a sum of products in the form 

S + /S^ (Ti: ^ )+ ^ ( £ : ' t ’ ~ = (2-s 0 , r „) y <-i)«vrx 

X 7 .—. (wi 


X 


.1 

A’V) + f s <n,) K;/x, )PT(^')% 

0 

1 

X FT(v-o) + J P’l’W -s<“>( T,; /x", v 0 ) 


djx" 

// 


. (61) 


Similarly, from equations (30)-(32) we find: 

^ (to) (ti_ / 9 * x ^ 

— (J Oo,m) 

l=m 


8t^ 


iV 

( 2 -V>) 2 (-i)” + wrx 


X 


i 

^Pp(^) + —■ 1 f T(»>(r i;At)/ x')Pr(^)^ 

-qz—d 0m ) J 


X 


X 


6 -r./^,_p r(Mo)+ . 1 f p p( * )TM( . (V' 

L — “O.m) J /x 


, (62) 
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I r«»>( r,; fi, n„)+ 


(2-s,,,„) 2 «r JT0*)+4. r ^, f X 

& L -v-—J p 

1 

x e— , M.p r ( ft ,) + _l f Pr^)T^\r 1 ^\^ 0 )% , (63) 

°0,m/ J /X 

n J 


and 


Ip»)( Tl ;,,, o) + ? 5 “fe) = (2-S 0/ J £ 


'ttrf 1 X 


2 — m 


1 

e ^ iJr ( /i)+ j__ r x 

" J v“ J °o,/hJ J /x 


2_1 \m+l /* 

^■W+^'-r *TV')«<' 

°i) i m) J 


A 4 


(64) 


If we now let 


’ArOv^) 


and 


i 

^TW+4=d^-. f -S<"')(r(66) 

o 0fOT ; j /x 


< Af( T dM) ^ e- T «A / *i J f( /A ) + __-i 


1 

f r»»)(r, \ t i,p-')PT^')~, (66) 

J /X 


tlien, in view of Uie principle of reciprocity (§ 52), we can rewrite 
equations (61)(61) in the forms 

C Hr -) W-'K; ,i. ,<„) + 

\/x u,,/ dr, 


jx fX {) 


XC")( T| ; ^,/X 0 )-|- 


iV 

( 2 . S 0,m) 2 ( “ 1 ) w 17 Ttrfi/;f (r x ; /x)</xf(r 1 ; y 0 ), (67) 

Z 7/7 


** //, it ^ TV 

.'dr. ~~ 2 (~ ■l) m ' |/ to-r^r(r 1 ;/x)^ 3 f"(r;^t 0 ), ( 68 ) 

' 1 Z 7/7 

-^(ry/tyx,,)-)- "'■ = ( 2 ~“ 8 o.m) 2 ^fV'f ( T i i / x )# i (' r i 5 Mo)» (° 9 ) 

rr » 2 m. 


A 4 

and 


2 y(m ^ Ti; /4, ^ ^ ; ^ z ''= ( 2 —\m) 2 p)'l’T( r \> Mo)* 

U * ■ 1 / <yn 


/ 7/7 


( 70 ) 
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Alternative forms of the foregoing equations are 


(— + -) S (m) (T iJ ^-o) 


-tv 

( 2 ~ S o,m) 2 (— l) m+7 -urf l ( t x ; — ft 0 ], (71) 

Z — m 


W H 


= ( 2 ~ § o,m) 2 ^P[^f( r i;/4Ar( T i;^o)—*Af( r i;^)^r( r i;^o)] 5 ( 72 ) 

l=m 

l H°) = (2 — S 0)n ) | (73) 

vTi Z —m 


and 


Z*_ Z^o) 

Wo P-/ Sr i 

JV -I i 1 

= (2—\m) 3? — ^f( T i;/4£PK;Mo)— PoWFiri* p) • 

L^o a* J 

(74) 

Finally substituting for $fr n) (r; ft, ft/) and T^ir^, ft, ft') according to 
equations (71) and (72) back into equations (65) and (66), we obtain 
the following basic set of equations: 

^ r P( r i^) = -Pp(/*)+ 

fc=m 0 \ (75) 

and 

b) = e _Tl/ f i Pf(ft)+ 

+*/<• 1> w “ f 




(m = 0,1,...). 


54. The integral equations for the case of isotropic scattering 

In the case of isotropic scattering 


•nr 0 ^ 0 and r m l =0 (l = 1,...) 


(77) 



§ 84 principles of invariance 

and the equations of the preceding section become 

= ^(w) = 1+i f S(r i; ^)^tL 

o ’ 

1 

r M = <(t iU A = e-^ +i f 

j LL 5 

1 \ fl • 


= ™°l x (l*)X( H . 0 )-Y( IJ ,)Y( IJ , 0 )l 

(i 

\ f^o f*. 


rv / 


<9tj 

\/x 0 /x/ 5 T]L 


TXT, 


TD", 


Y M Y M, 


0 

I 

“ d rw - * ""+!—/ 

opicd ft, r ||‘f '" ,lg wtth the corresponding 

pair of equations 1 L J ^]) it would appear that the 
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(78) 

(79) 

(80) 
(81) 
(82) 

(83) 

(84) 

(85) 


-Vfn) = 1 


0 


( 86 ) 


and 


^ 6 ; 1 ^//x~/J^ d[x r , (87) 

*7°“°"' ^ *• same 

optical thicknesses as the. equation” *‘“ U><0t “ atmos P h eres of finite 

~ ijfflxfrVV ( 88 ) 

tirZo" f SeraWnfinito a * moM phenM. We shah find that 







182 


PRINCIPLES OP INVARIANCE 


Chap. VII 


BIBLIOGRAPHICAL NOTES 

§ 50. The various principles of invariance formulated in this section were first 
enunciated in 

1. S. Chandrasekhar, Astrophys. J. 105, 441, 1947 (Section II of this paper). 
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The writer is not aware that a rigorous proof of the principle from the basic 
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THE X- AND THE T-EUNCTIONS 

55. Definitions and alternative forms of the basic equations 

It will, appear in the following chapters that the integral equations 
incorporating the various invariances of the problem of diffuse reflection 
and transmission can be reduced to one or more pairs of integral 
equations of the following standard forms: 

1 

X(n) = l+p I" (p')-Y(p)Y(p')] dp (1) 

0 

1 

and (2) 

J l- L f 1 
0 

where the characteristic function. ’'F(g) is an even polynomial in g, 
generally, satisfying the condition 

J Y(m) dp, < I, (3) 

0 

and r 1 is the optical thickness of the atmosphere. 

The functions X and Y defined in terms of the integral equations (1) 
and (2) play, in the general theory, a role similar to the //-functions in 
the theory of transfer in semi-infinite atmospheres. Indeed, we should 
require that 



X(g) -> //(g) 

and T(g) — > 0 

as T| •— > 

00, 

(4) 

where //(g) s 

satisfies the ini 

begral equation 





//(g) - 1 

-vpii(p) f d^. 


(5) 



j g-f-g 




Moreover, it 

will also a.ppe 

ar that 





A (g) . - 1 ai 

;ul T(g) -> cr^ 

as r t —> 

0. 

(6) 

in dealing 

with the solid 

ions of equations (1 

1) and (2) 

it k 

? convenient 

to introduce 

the following 

abbreviations: 





JL 

x (p)T(g)/x w d/x, ?/,,.= J WIW dp. 


| X(fi)j.L n dfi and =■■ J V(g)g w ' Z/.x; 
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i.e. x n and y n are the moments of order n of X(/x) and Y([x), weighted 
by while oc n and /3 n are the simple moments themselves. 

Certain alternative forms of the basic equations which we shall find 
useful may also be noted here. Writing 


I± 

P'+t*'' 


/X 




/ 3 


and 






14- 


/X 




in equations (1) and (2), we readily find that 


( 8 ) 


1 

J & = i-[(i-*,)J:w+»»ro*)] 0) 

0 

and 

1 

f ^^[rMX^-xwY^')] dp' 

J P* p 

° = -e-^»+[y 0 JM+(1 -x 0 )Y(^)\. (10) 

We also have 


and 


1 

J XW^'I-WW] V 

o 


= Y{fx)—[x-\-{x[(l—x 0 )X(/x)-\-y 0 Y(ix)] 


1 

f [Y^X^^-X^Y^')] dyf 

J P' M 
0 

= 2/1 —■ X 1 Y M — ^xe~ T1 ^-{~fx[y Q X ((X) +(1 — Xq)Y (/x)]. 

The foregoing equations can be verified by writing 


(±1 = uf Y±L til / , tXL 

ix-j-fx' y—\Y ^ Hp 

and using equations (10) and (11). 


( 11 ) 


( 12 ) 


56. Integro - differential equations for X^,^) and Y([x ,r 1 ) 

In equations (1) and (2), 0 <C c 00 is, of course, to be regarded as 
some assigned constant. Nevertheless, it is sometimes convenient to 
emphasize explicitly the dependence of the solutions X and Y on r v 
We shall then write X(/x, t-J and Y(/x > t 1 ) instead of simply X(/x) and 
Y(fx). And, considered as functions of r x also, X and Y satisfy certain 
integro-differential equations which are of importance. We shall state 
this result in the form of the following theorem: 
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Theorem 1. IfXfe Tl ) andTfcr,) are solutions of equations (1) and 
( ) for a particular value of r„ then solutions for other values of r can 
be obtained from the integro-differential equations 




and 


Tj^) Tj) rdu / ’ 

a Tl + ^ = 1 ( /X 3 ' r i) J 

0 


(13) 


= 2/-l( r l)% 5 Tj). 

Proof. According to equations (13) and (14) 

/x-f/x'~^ (aOP(/P)] d^' 

0 


(14) 


— U/*) 

Hence 


^ j y U q_^'|^-i-^(/ x )^ ?r (A t/ )4-2/-iX(^')F(^c) — 

o 

^+2/_ 1 X(^)J-r(^)^_ZM +2/ _ iX(j[i )jj (15) 

1 

/ /H-/x'“P(^)P(/ x')] <fyx' = 7j_ 1 Y( f x). (16) 

0 


0 

IV) 

/X 


Similarly, 




^ / ^[ y MX(/O-X0«)iV)] dya' 


I 

-/ 


ZM 

t 1 ' I. 


-K04XV) + tl W 7 (fl -) 


d/x'. (17) 


We therefore have 


i 

/ dya'-l- 

0 

I 

f) r x F(/x') 

+ '*t^ J —'L^(^)-y(/*')-JC(^)r(^')] v = y^x^). ( 18 ) 
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-e l“ er ^ ^' Z ^ ^ ^ S ° hrtio “ of equations (1 ) and ( 2 ), 

dX __ dr >F(yu,') 

r i ~ ^ J JI+^ [X(lJ - >JC( ^-~ r <^ r <^)] W (19) 

0 ' 


dr. 


and 


dY Y 


r *P(V) 

J ^ 71 ?(f*) 2 M-xwr(rt] ( i Al ' + 

0 

1 

dr W(u') 

+M &~1 J dp,’. (20) 

0 

Irom equations (16), (18), ( 19 ) a71r i / 9n \ 

-XWj and F(u 7 - ) ' J’,1 ■’ , (20) we now conclude that if 

ticular value of C’ then Utl ° nS ° f e 1 uations ( 1 ) and ( 2 ) for a par- 

)-\-y~ 1 Y(ix,r 1 ) dT t ^1) 

and r^u-LS^i),,, .1 _ 

L /Ct “f" y-lX(/X, Tj)J 6^7 -j (22) 

larger value 

r^i 


COROLLARY. 


CO 

^J-PK Tl ) = #V)-- f Y 2 (ju, t) dt. 

A 6 J 


(23) 


Pboof. Eliminating between equations^) and (14) we have 

■ ex 


X 


8ti 


ydY Y* 

&-1 V 


or 


i- (X 2 _ r2)= | r2 _ 


(24) 

(25) 

(26) 


Integrating equation (25) and remembering that 

X(m-,t t )^S(p.) and Yfr, Tl )-» 0 as Tl <*, 
we obtain the result stated. 

57 Integral properties of the X- and E-functions 

-A-S m the case of the ✓»+■;« u 

theorems which can be proved for f 5 tWe are a num ber of integral 
(2). The theorems which folW fu ^ W and 

P o vea tor the ^-functions m Chapter V, § 38. 
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Theorem 2. 


j* I(/x) l F(/x) clfA = 1— 1 — 2 | x Y(i u) d/x-f- j J Y(fju) x F(/x) d/xl . (27) 

Proof. Multiplying the equation satisfied by X^/x) by 'F(y-) and 
integrating over the range of jtx, we have 

*„ = J'PV) V+ 

0 

1 1 

+ [ J -^'lV)HV')[AV)AV')-*V)U/0] W'- (28) 

0 0 

Interchanging /x and /x' in the double integral on the right-hand side 
and taking the average of the two equations, we have 

X 0 = / 'IV) V-l-i J 


= f 'IV) dp+UA-ift)- 

6 

Solving this equation for rr 0 we have 


(29) 


J 


J 'IV) dp+t/ 1 ■ 


(30) 


The ambiguity in the sign in equation (20) can be removed by the 
consideration that the quantity on the right-hand side must uniformly 
converge to zero when x F(/x) 0 uniformly in the interval (0,1). This 
requires us to choose the negative sign in equation (20) and the result 
stated follows. 

Corollary: 1. In the conservative ease 


T(/x) d/x 


(31) 


we have 


n,)~\-Y(fi) ] x F(/x) r//x —1. 


(32) 


Corollary 2. In ease 


x F(,x) d/x : 


there exists a critical value of rj, say r*, such that for r 1 > r*, the 
solutions become complex. 
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Since Y(fx) -> e“ Tl/ ^ for r x -> 0 and F(y) 0 (0 < y < 1 ), as ^ co, 
it is clear that there must exist a value of r x = r* such that 


1 r 1 

J ^= 2/%) dft- 

X *- A 


il 4 


(34) 


For r > r*, the quantity on the right-hand side of equation (27) 
becomes complex and the corollary stated follows.f 


Theorem 3. 


JL 

(1—aj 0 )x 2 +y o «/2+l(*i—J/!) = J 


(35) 


Proof. Multiplying equation ( 1 ) by x F(y)y 2 and integrating over 
the range of y we have 


i 

= J d^.+ 

0 

11 

+ J J 

0 0 

1 

= f 

0 

1 1 

+if J 


1 

= J x Y{p)fx* dfx+x 2 x 0 —y. z y 0 —\{x\—ij\), 
o 

which is equivalent to equation (35). 

Corollary. In the conservative case 

i 

yo( aj 2+3fe)+i(^i— 2 /i) = f T(y)y 2 dy. 

i' 


(36) 


(37) 


This follows from equation (35) and the Corollary 1 of Theorem 2 , 
according to which ^ 4 .^ = j. (38) 

t It is apparent that the existence of a critical value of r* which we encounter here is 
related to the problem of the critical size of a pile. 
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Theorem 4. When the characteristic function T(^u.) has the form 

v F( / a) = a+bfx 2 , (39) 

where a and b are two constants, we have the relations 

oc 0 = l + |-[a(ag—/3g) + i(af—/3f)], (40) 




[iW-ij-stK-^iW-^-^rw], (4i) 


and 


i 

(a+b^) f 

J H* H* 
o 

= h^)~e^]-b[(h+^ 0 )X(p)~(oc 1 + n )Y(i J .)l (42) 

Proof. To prove equation (40), we simply integrate the equation 
satisfied by X(/a). We find 
1 x 

“0=1+ // r ^ [X(p,)X(p/) — Y(fx)Y (/*')] d/ud/x' 

o 0 
1 1 

.= 1 + 1 J J {a+bpp.')[X(p.)X(p')~Y^Y^'^dpcLp.' 

0 0 

= l + -a[aK-®+&(«f-j3!)]. (43) 

The relation (42) can be proved in the following manner: 


p —/X 


7 [T MXW-XMYfa')] 


a-\-b/x 
P—b 


7~ ) -XG u)Y(tx')] dfx' + 


+ b J ^4-^'_^_j[F( /i )X( yu .')-X( ( u.)r(^)] dp.’ 

0 

= +O0~«- ^+0[^ l +p.a h )Y(p)-(p 

/X 

1 

-V 2 f -^~[Y(p)X(p')~-X(p)Y(p’)]. 

J fX [X 
0 

Hence the result. Equation (41) follows quite similarly. 


(44) 
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58. The non-uniqueness of the solution in the conservative case. 
The standard solution 

We shall now prove the following theorem: 

Theorem 5. In the conservative case 

i 

J Y(ju) d/r = 4, (45) 

0 

The solutions of equations (1) and (2) are not unique; more particularly 
if X(ju.) and Y(jx) are solutions, then so are 

X( J a) + <3 / a[X(,r) + y(p,)] 

and rw-^pw+rif)], (46) 

where Q is an arbitrary constant. 

Proof. Writing 

TV) = iM+grfiw+rw] 

and G(p.) = (47) 

we verify that 

fM%')-%)%') = 

+ «3(/a+/x')[X( M ) + y(p.)][X(,L t ') + T(F')] 

and 

ewfM-fWet') = wvi-xwfm- 

-^-/PM+rWIi^O+rfr')]. (48) 

Hence 





[F^F^-G^G^')] dtY 


J S^[- x (/ i ) x ^')- y (^) y (^')] V+ 


+ <2/a[XQa) + l>)] f [XOx'J+WM’i'V) ( 49 > 

0 

Using equation (1) and Corollary 1 of Theorem 2 (eq. [32]), we have 

i 

p J ^[%>%')-ew%')] 4 *' 

= x( M )-i+0/a[X( M .)+y( M )] 

= %)-!• 


( 60 ) 



§ 58 
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THE X- AND F-FUNCTIONS 


191 


J H' h 1 

= Yiri-e^-QAXiri + YifjL)] = G(fx)-e~^. (51) 

Hence F(fi) and G(fx) satisfy the same equations as X(g) and Y{fi) and 
the theorem follows. 

Corollary. The solutions derivable from a given one according to 
equations (47) form a one-parameter family which can be generated 
by any of its members. 

Proof. Pet F x {fi) = X(g)A$ig[X(/u,)-[-6r(g)] 
and G^fju) == G(fx)-Q 1 ^[F{fjL)-\-G([M)], (52) 

where Q x is an arbitrary constant. According to Theorem 5, F x and G x 
are also solutions of equations (1) and (2). On the other hand, since 

(cf. eq. [47]) F(fi)-\-G(fx) = X(g)-1-T(g), (53) 

we can exprem and G x alternatively in the forms 

FM = xw+(e+«iH^M+5 r (f)] 

and GM = rw-fe+ftHiw+rirt). (54) 

In other words, F x ( g) and Gfi/a) can also be derived directly from 
I(^) and 1». 

It would appear that in a given conservative case all the solutions 
of equations (1) and (2) which are bounded in the interval (0 ^ ^ ^ 1) 
are included in one and only one family. In non-conservative cases, on 
the other hand, it would seem that the solutions which are bounded in 
the half-plane M(z) > 0 are unique. But so far no rigorous proofs have 
been supplied for these statements. 

58.1. /Standard solution# 

In view of the ambiguity of the solutions of equations (1) and (2) in 
conservative cases, it would be convenient to select, in each case, a 
particular member of the one-parameter family of solutions as a 
standard solution. 

* Definition. In a conservative case we shall define the solutions which 
have the property l 

,r 0 | X(/x)T’(g) d/M ■■■- I 

6 

i 

and ?/ () j Y(fi) dfx, = 0, 

6 

as the standard solutions of equations (1) and (2). 


( 55 ) 
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buch solutions can always be found - , 

not satisfy the conditions ^55) weT^.’ d™ fiZ n* * d ° 

solutions derived from X and Y in tv, " fi d a ® suoh that the 

the required prooertv ® manner of ^nations (47) have 

, 1 J °P er ty. standard solutions defined in rtic w, r 

several interesting uronertT^ u n d ln thls mann er have 

following theorems: State tW “ the form of the 

Theorem 6. The standard solutions are invariant to ti„ • . 

of r, according to tl^ invariant to the increments 

v oramg to the mtegro-dvfferential equations of Theorem 1. 

Proof. Multiplying equations (13) and (141 bv >pv i , . . 
over the range of we have 1(14) by F(p.) and mtegratmg 


dx, 


o 


and 


dr x 

<k[o 

d ^i 




0 


(* 0—1 )y~ x = o, 


(56) 


from which the theorem stated follows. 

of equations (1) and WinaL^ ^ denote the standard solutions 
Consider the solutvonj °° nSerVatl ™ case ** a Particular value of T , 

i^Ti) = X(fX 3 Tl ) + Qfx[X(fx) -f Y([x)] 

6 ^X 1 ) = Y(fx, 'r x )~Q[j\X([x)-\-Y (yU.)] ( 57 ) 

oVe“! of :: d aecord£ Ve t d o T * “* * ^ for 

solutions for other valut of of Theorem 1. These 

standard solutions armmn * + ? C t. n ’ m turn ’ be derived from the 

of Q. The quantity £ eonsMertd TsT f^r ^7 ^ ^ 
satisfies the differential equation '° n of r ± m this manner 


d n 

dr x \Q, 


2 V~i 


Q 


= — l. 


— \ ~ f C/ 

PB00F ’ Accordin g to equations (13) and ( 14 ) 

7 1 ~°f ^ Y0*')O&.'), 

ft 


(58) 


8F 

Sr, 


and 


*£.£ 

8t i + P 


n 


( 59 ) 
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Now (cf. eq. [57]) 


li i 

/ ^WJGV') - J J [xw+Ywypw V 


0 

0 

0 



= y~i—Q- 


(60) 

Hence 

I 

H 

! 

II 

CO CO 

-Q)G, 

(61) 

and 

8G Cr , 

„ + = (v- 1- 

-Q)F. 

(62) 


On the other hand, since X and Y remain standard solutions when 
continued for other values of r x we must have 

~ qJ^+~)+^(x+y)^- 

dT i c)t i \ dT i dr i! dr i 

= ?/_t r+cd*/-! Y-Z. +2/_ x xj + ^(X+T)^ 




Sr, Sr, 


- ?/_t r+<?/x x- ~ +2/_ x xj+ M (x+x) ^ 

= (!l-.x-Q)Y+^X+Y)\y_ 1 Q + ^\. (63) 

We can rewrite the foregoing equation in the form 

= b/. 1 -«|T-(2Mi+r)l+ 

CJT l 

+ji(x+t) I ao_ 1 -e)+?/- 1 « +|^], 
or ~ = (?/..-,-«KM - / x(XH-X)hy_ 1 <2-Q*-|-|^. (64) 

Comparing equations ((*>1) and (64), we conclude that 

' /(l - _l 2>/„ 1 0-- 0“ — 0. (65) 

. <^x. 

A similar consideration of the equation for c)G/dr 1 leads to the same 
equation for Q. 

Equation (65) can he rewritten in the form 

. X _ d( l _i_ ~ X (66) 

<C> a dr, h Q 

which is equivalent to equation (58). 

The various relations (eqs. [9]—[12] and [37]) derived in §§ 55 and 57 
for the solutions of equation (1) and (2) in general take particularly 

3595.61 0 


(65) 
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simple forms for standard solutions in conservative cases. We shall 
collect their relations in the form of the following theorem: 

Theorem 8. For the standard solutions in conservative cases we have 
the relations ^ =1 ^ = 0> (67) 

1 

x\ — y\ — 2 J W(ft)ju 2 d[L, (6®) 

o 

i 

J W = 1 . ( 60 ) 

0 

1 

f ft S^[7(n»)Z(ji')-XWW)] v = —e-""'. ( 7 °) 

J /X /J, 

0 

1 

/ ( 71 > 

0 

and 

i 

f = ^iw-^rw-^ ( 72 ) 

J /X —/X 

o 

59. Rational representations of theX- and F-functions in finite 
approximations 

In the theory of radiative transfer in semi-infinite atmospheres it was 
found that the solutions of the equations of transfer in a finite approxi¬ 
mation led to closed expressions for the angular distributions of the 
emergent radiations, involving certain H -functions defined, rationally, 
in terms of characteristic roots and points of the Gaussian division, and 
which in the limit of infinite approximation became solutions of integral 
equations of a standard form. In analogy with this theory, we may 
expect that in transfer problems in atmospheres of finite optical thick¬ 
nesses also, the angular distributions of the emergent radiations can be 
expressed in terms of certain rational functions X and Y which, in the 
limit of infinite approximation, will become solutions of integral equa¬ 
tions of the form considered in the preceding sections. Moreover, as in 
the case of the H-funetions, we can also expect that the rational 
functions are, in some sense, approximations to the exact functions. 
It is found that all these expectations are fulfilled though the com'pld& 
formal similarity in the properties of the ^-functions defined rationally 
and as solutions of integral equations is not maintained in the case of 
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the X- and Y-£ unctions. Nevertheless, the fact that the form of the 
exact solutions of the integral equations incorporating the invariances 
of the problem can be written down, in virtue of the correspondence 
between the X- and ^-functions occurring in the solutions in finite 
approximations and the exact X- and ^-functions defined as solutions 
of integral equations, is of very great importance: otherwise, the high 
order and complex nature of the systems of equations which the prin¬ 
ciples of invariance of Chapter VII lead to might have prevented even 
their consideration for solution. In this section we shall indicate the 
manner and origin of this correspondence. 

As in the case of transfer problems in semi-infinite atmospheres, the 
characteristic features of the solution already emerge in the simplest 
context of isotropic scattering. Considering, then, the problem of 
diffuse reflection and transmission by a plane-parallel atmosphere of 
optical thickness r 1} we have (cf. Chap. Ill, eqs. [92] and [108]) 


r — x 

-* A 


5 ] (i-iX,.... 

I 1 ~Vhi lc a J 


■ oi= — ti 


for the solution of the intensities I L . In equation (73) the L a ’s 

(a; = dil,..., zj-n) 


±n)y 

(73)f 


are 2 n constants of integration and the 7c a ’s 

(oc — ±1,..., ±n and k a = — k_ a ) 
are the 2 n characteristic roots which are non-vanishing in the case 

TXTq 1. 

The boundary conditions appropriate to our problem are 
7 . () at r =-■= 0 and for i = 1 

and I+. L = 0 at t = r x and for i = l,...,n. (74) 


In terms of the functions 



//( ^ 0 )/f(--/x 0 ) 
1 — 


and ?V)= y 4®,^“ + —T^/ - ~ 

1 -p k' Y /x -L -j- /x //Xo 

the boundary conditions (74) aro equivalent to 

S^) = JV,) = 0 (i = 1. n). 


(75) 

(76) 


-]• In the summation over « in this oquation thoro is no term with a — 0. Wo shall 
adopt thin convention throughout ill in section. It in, therefore, to bo understood, that in 
all summations (or produets) oxtondod over « from —n to -|-n tho torm with a = 0 does 
not occur. 
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In analogy with, the procedure adopted in the case of semi-infinite 
atmospheres we must express the reflected and the transmitted inten¬ 
sities, 1(0,/x) and I(t x , —/x) (0 ^ /x ^ 1) in terms of $(/x) and T(jx). 
For this purpose, we must first determine the radiation field in the 
atmosphere according to Chapter I, equations (64) and (65) with the 
aid of the source function (cf. Chap. Ill, eq. [98]) 

/ Yl> . 

3(r) = K^ 2 (77) 

We find 

( ~{- Tb jr 

^ -“- [e-T(l+*“ /*)//*-g-Txd+fca fJL)/p J _|_ 

a— — n 


and 


| •^'(a 4 o)-^I( A 4 *)) 
1 +Wi u '0 


[g—r(/z 0 +ju.)/ J w.yx 0 _ 





“-[ e r(l- 7 c a \x)hx — l J _j_ 

Oi 6± n 1 — k od^ 


+ g(po)H( Afo) 1]|. (78) 

* WP o ; 

From these equations we find that the reflected and transmitted 
intensities are given by 

1(0,ju.) = i-ar 0 I’( V 4 « _| ■ g (^o)- g (—Mo) 




and 

/(r 1} 


2 

a— — 


-f 


"A 4 ) 


1 +^ a / 4 ‘ 1 -hW^o 

*or 0 W y 

1 1 ]q n 1 -/x/zx^ 


e —Ti/{M 0 


2 A 4 


a £ = — 

r + «. 

■ e -T1 ^ 


2 T 


X 


a 


Wa 4 o 

H({Xq)H (— /x 0 ) 


— ^aA 4 ‘ 1 — A 4 // 4 ' 


“Jr 


(79) 


According to the definitions of the functions tf(/x) and X(/x), we can 
rewrite the foregoing expressions for I (0, -j-/x) and J( Tl , — fx) in the forms 

1(0, fx) — i^r 0 F[/S(—/x)—e~ T1 // w X r ( / u,)] 

and -^( T i> A 4 ) = i^o F[7 7 (—/x)— e~ T1 ^JS(ix)~\. (80) 

Thus, in the case of finite atmospheres, as in the case of semi-infinite 
atmospheres, there is a relationship of reciprocity between the equations 
which express the boundary conditions and the functions which describe 
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the emergent radiations. The present relationship is naturally not as 
direct as the one encountered in the context of semi-infinite atmo¬ 
spheres. But the relationship exemplified by equations (76) and (80) is 
quite general and occurs in all the problems. 

59.1. The elimination of the constants and the expression of the laws of 
reflection and transmission in closed forms 

In addition to the functions 


U 


P K) = IT 0*— IH) and = JJ (l—jfc (81) 

which were used in Chapter III (eqs. [54] and [55]) we shall introduce 
the functions 

W(ix) = R{p)R{—iT) = n (1 — k a ft) = JJ (1 —/c|y 2 ), (82) 

oc=« •—n a —1 


and 


+ 71 


KM = ii (1— typ) (a = ±1,..., ±»). 


/3#« 


(83) 


Identities which follow from these definitions and which are useful in 
subsequent reductions are 

WM - W(-ri and WM = W_ x {-p) (« = ±1.±»). (84) 

Now, from equations (75) it follows that 


iS'(/x) W (/x)/.l — ^ and T(/x)W(^)( 1 -f ii) 

\ Mo / \ Mo/ 


(85) 


are polynomials of degree 2 n in y; and according to equation (76), the 

M< 8 i >•••> )K of both these polynomials. We may therefore 

write 

/S r (/x) 


P(g) 


and 


7’(m) 


6 > (m) 

*(m). 


( 86 )- 


Mi***M«. lf r (g')(l m/m o) 

.. 1 ..£(m).. 

Mi-.-Mvt H^(m )(1 -I-m/Mo) 
where *(y) and /(y) are polynomials of degree n in y. 

Two relations which follow immediately from equations (75) and (86) 
are 

- .7. 3 / ‘" ) 

W (/ z o) 


li, “ f 1 SNc«(/%), 

n y i l o\ Mo/ Mi • • -M/t (Mo) 


t The fur lor I //t;'... /d has boon introduced in those equations for reasons of eon- 
veruonoo (see oqs. |87J ami [X8J). 
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and 

H (fx 0 )H (—/x 0 )e- Tl/ ^° 


e-^ P( / x 0 )P(- / x 0 ) 

^ i—/4 


= lim (l + iiW/x) = 

/x-^-/x 0 \ /x 0 / 


1 -P( Mo) 

/4'”/4 ^(/h>) 




Hence s(^ 0 ) = P(—ju 0 ), 

and —/x 0 ) = e- T1 ^°P(/x 0 ). 

We next observe that, since (cf. eqs. [75]) 


(87) 

( 88 ) 


P a = lim (1—& a ^)$(/x) 

/Xr-KL /JCot 

and L a e~ ka - T± — lim (1 -)-^ a/ u,)7 ri (/x) (a = ±1,..., zh^), 

■we must hare (cf. eq. [83]) 

r 1 P(1 IK) 


'a 




8(1/K) 


and 


L a e~ kari 


P(-VK) 


P-1--A — 


(89) 


((—1 /lc a ) (oc = zt 1>..., zb 71 )* 


(90) 


Comparing these expressions for L a and L Q ,e~ koiT1 , we observe that 


*<i IK) = e ^ n p[ + ] l [£ ) ) t< -- 1 i k «) (“ = ±!.-> ±»)- 


(91) 


The relationship between s and t is a reciprocal one since writing — cc 
in place of a in equation (91), we have 

* (1W = 4k "?P^ ,(_1W («=±1 .±»). (9 2 ) 

From equations (91) and (92) we obtain the relation 

s (llk a )«s( l/& a ) £(!/&<*)£(—1/^a) — 9 (a = dzl,..., do n )‘ (93) 

Accordingly, 

s([jl,)s (— ju.) — t(jx)t( — fx) — constant W(fx), (94) 

since the quantity on the left-hand side is a polynomial of degree 2 n 
in /x and vanishes for [x = ±1 jk a (a = l,...,w). 

How it can be shown (for proof, see Appendix II) that equation (91) 
determines s([x) and t(/x) apart from two arbitrary constants q 0 and gf x 
and that they can be expressed in the forms 


s (l x ) — 9'oQi(/ j ') + Q'iQl(/ u ’) 
t([x) — q x C 0 ([x)-\-q 0 Ci([x), 


and 


(95) 
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where <7 0 (g) and are two basic polynomials (each of degree n and 

suitably normalized) which are related in the same manner as s(/x) 
and t(/x): 

e 0 (l//O = (<*= ±l,...,±n). (96) 

The particular polynomials C 0 (fx) and <7 x (/x) which satisfy the relations 
(96) and which are to be used are (cf. Appendix II, eqs. [25] and [26]) 


Z = n. w,—2.,.. 


CM 


V"""A JL JL JL JL 

2 4 * t 


l n—l 

n XT (K+ksJ -J- 


n — l 


2n “ X terms JT IT (K ~K) i==1 

i — 1 m = 1 


m= 1 


rfo+^n^ 1 fcs ” 


and i 

l~n- t»-3„. n n (**+&,.) 

o» = (-i)»- 1 2 

2 n—1 terms 


if n -* s j 

^ 1 m —1 


x 


Z TO-Z , 

X {-](!+*„,.) P[_ ( l-^), (97) 


i = l m = 1 

where and t are selections of l and n—l distinct integers 

from the set (1,2,..., n), 


-( 0 ) 


e} 1) 


-|-1 for integers of the form n — 4 m 
— 1 for integers of the form n —4 m —2 
0 otherwise, 

-1-1 for integers of the form n — 4m —1 


0 


1 for integers of the form n — 4m —3 


3 i'wise, 


and 


A„ - rrrlrl (“ - ±i>-> ±»>- 

i rr J 7 K a) 


(98) 

(99) 


It is apparent that in virtue of the relation (96), 0 o (/x) and 0 1 ( j a) must, 
like s(fx) and /(g), satisfy an identity of the form (94). We can, therefore, 

write 0»(n)(\{-f = [CS(0)-OS(0)]W», (100) 

since lf(0) • 1. 

Now returning to equations (95) we can determine the constants q 0 
and rq by making use of equations (88). Thus, 

*(Mo) r :: ( hC 0 {p>o)-\~fhCM) = P(--H'o) 

— f /oC L (~~/j. 0 )-j-(/ l C 0 ( — fi 0 ) = e~ r ^oP(/x 0 ). 


and 


( 101 ) 







and 


20° rr-rr-r, 

- ' X ' ANI> ^-rWOTIONS Chap . -yrrr 

Solving these equations for a and , 

loi q 0 and ?1 and using (100), we find that 

q n = _ 1 rri/ 

and [^o( 0 )-Cf( 0 )]^jL^C-Mo)Q,(-/ io )-e-^op(^ o)0i( ^ o) j 
91 ~ U)--p(-/i o) ci (-/,„)]. 

and J , ( ( a) < tak e U ttie ( forSr n ^ eqUatl0ns (101 )- equations (86) for Sfc) 

£(/Ci) = -L__ •^ > (i a ) /X 0 

^1-/4 ^(At)i^^^oCo(^)+S , 1 Ci( At )] 

and T^)=__ p 0 . „ 

o , .W r ( / n) Ato +^^i <7 o(^)+5'oCi(M)]. (103) 

Substituting for S(u) and wr \ * 7 

we obtain, after some minor^re 1 * 0111 tW equations in equations (80), 
expressions for the reflected and ° f the terms ’ the foll °wing 

7(0j/a) = 1 7 ted intensities: 

4 /*x-»/4 ^ jP ^~i u ) C o(—A*) — 

r 


and 


-^( T l: —ft) = i _^0 1 r r 

4 ^f--Pn JF^) L5' 1 (^(—/a)O 0 (— /x )__ 

.— sv — •rift, t^s / > 




^°( e Tl/Mi> (^)^o(/a) —P(~ i u)<7 1 (—yu,)}] — 

< 7 _ CJ TO ^ 


(104) 


-blext substituting for a and ^ Q ,. P 

/(0 1 ° j 1 CC ° r t0 e( l uations (102) we have 

Li ( ^)Oo(-M)-e-n/*P( M ) 0iM}x 

and X ^ Tl/ l Uo p(^t^ 0 )< 7 0 (p, 0 ) P( fX 0 )G 1 ( yU, 0 )}J 

V * 1 *r» ^ J 


—ju) = l 


= ~ _ 1 2 

4 ^...^2 — 01(0)1 TF(aTp|77rT — x 

X{e-n/«p (ft)C , (ylto) _ p( _ 


Po)Ql( a*o)}]- (105) 
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Now let 

X( ,) =- ilT 1) w 1 1 

^ fh-Ab, r^o(°)—Cf(0)]i W(j2 } [A—P-XU—P-)—e-^P^Cit^)] 

and < 106 ) 




(— !■)" 1 1 r , 

Px-Pn [Cf(0)-C|(0j]i fM [ ‘ ^ P W G o^)~P(,-^)G 1 (- l ,)l 

(107) 

In terms of these functions the expressions (105) for the reflected and 
the transmitted intensities become 


1(0, fx) 


i _ j/'i M o 


II. TO" r 


M 


^[WW-rM7W] (los) 


and 


l{r x , — fx) = | td- () /t 1 


Mo 


M Mo 


[UmWmo)—^(m)Umo)]- (109) 


Comparing equations (108) and (109) with the forms of the scattering 
ant thetranam^ion functions given by the principles of invariance 
(Chap. VII, § 54, eqs. [ 80] and [81]), wo observe that X and Y defined 
as ini equations (100) and (107) replace the solutions of the integral 

T <2) fOT „ the ° aSe ™ <«* Chap. VII, eqs. [84] 

1 K bo J)- Q lllto generally, we may conclude that the X- and the In¬ 
unctions defined exactly as by the equations (97), (106), and (107) 

ut m terms of the n distinct positive roots of the characteristic 
equation 

i = 2 V 
A l- 


MT 


\F(/x) d[x 


o 


( 110 ) 


are, in the hunt of infinite approximation, to be associated with the 
so utions of the integral equations (1) and (2). An exception to this 

1U ?™ consovvatlve oases, when the solutions of equations (1) 
and (_) become ambiguous and form a one-parameter family and when 
moreover, the equations defining Xfc) and I» in a finite approxima¬ 
tion become indeterminate on account of two of the characteristic roots 
becoming coincident and vanishing. However, under these circum¬ 
stances, in the finite approximations, wo can still define functions X(u) 
and Y (p) 1,1 terms of the reduced number of non-vanishing positive 
c laracteristic roots; and it can be shown that these functions, in the 
urn o infinite-approximation, must be associated with the standard 
solutions of the corresponding integral equations. 
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60. Solutions for small values of r x 

As in tlie case of the If-functions, we may expect to solve for the 
AT- and Y -functions by an iteration process in which the nth iterates 
are obtained by evaluating the integrals on the right-hand sides of 
equations (1) and (2) in terms of the (n —l)th iterates. Thus 

i 

x<»+«(n.) = i+ii f <V' ( 1U ) 

J 

0 


and 


l 

Y^ifx) = e~ T ^-f^ f d(x'. (112) 

J y—y 

0 

The success of such an iteration scheme will largely depend on how 
well the first ‘trial 5 functions X (1 V) and F (1) (/x) are chosen. The rational 
representations of the X- and Y -functions given in § 59, in the third or 
the fourth approximation, could, of course, be used; for purposes of 
numerical iteration this is indeed quite satisfactory. However, an 
alternative method which appears suitable, particularly for small values 
of r l5 is to start the iteration with the functions 


X (1) (/x) = 1 and T (1) (ia) = (113) 


The appropriateness of these functions in our present context arises 
from the fact that with these expressions for X and Y we essentially 
recover the formulae for the reflected and the transmitted light which 
has suffered a single scattering process in the atmosphere. 

Iterating the functions (113) in accordance with equations (111) and 
(112), we have 


z«v ) = 1+ ,JZg)[ 
0 


1 exp | 4~ — 

l ^ > 


dp' 


and 

Let 


i 

f du.’. 

J F—F 


'J'V) — 2 a j 


(114) 

(115) 

(116) 


(In actual fact only even powers of y can occur on the right-hand side, 
since the characteristic function is an even polynomial in /x.) 

Tor TV) of the form (116) we can express X (2 V) and X (2 V) in the 

forms X«>(f) = 1 + 2 «,7 (+1 ( Tl , -f) 
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and 

r (2) (/x) = 

= e- Tl ^[l+ X a i F o+ i( T i>^)]> 


(117) 

where 



{- 1 

(118) 


The functions T j+1 (r, p,) (j = 0, 1,...) defined as in equation (US) are 
the same as the functions 

Fj+i = J eW J+1 («) At, (119) 

0 

which have been studied by King, Hamm ad and Chapman, and van de 
Hulst. A proof of the identity of the definitions (118) and (119) and a 
discussion of the properties of these functions will be found in Appen¬ 
dix I. Tables of these functions for the orders 1, 3, and 5, which are 
most useful in applications, have been published by Chandrasekhar and 
Frances Breen. 


60.1. The momenta of X (2) (/x) and Y (2) (/x) 

The moments <x u , fi u , x n , and y, n (cf. eq. [7]) of the functions A(/x) and 
Y{jx) are needed in several connexions. In the ‘second approximation’ 
these moments can all be expressed in terms of the functions 

i 

(Ur,) = f Ki n, 

J ^ 

0 

1 

and G'n.mi'r l) = J (120) 

0 

also studied by van de Hulst. Tables of these functions (symmetrical 
in the indices n and m) for m = 1, 2, 3, 4, 5, and 6 and m, ^ n have also 
been published by Chandrasekhar and Breen. 

We clearly have 


(X 


C2) 

n 



I 

— 2 a j Gj. i-i,n+2( T l)j 


,( 2 ) 

n 


2 yCp^_p[ >“22 ^' a,c ^+l.*+»+2( T l)> 
j ' j />• 


:'/!? - 2 «i , .(ti)+ 22%«» 
j j k 


and 


( 121 ) 
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60.2 The correction of the approximate solutions 

In § 57 we have shown that the X- and F-funetions satisfy a number 
of integral properties. Of these, the most important relation is (eq. [27]) 


x„ = 1—[l—2 J Y(/i) d/L+yl 
An alternative form of this relation is 


( 122 ) 


[1 — K+2/o)! 1 — (^o—2/o)] = 1 —2 J x F(/x) dp. (123) 

o 

The approximate solutions (113) and (117) will not, naturally, satisfy 
equation (123) exactly. We shall now indicate how, on this account, we 
can make use of equation (123) to ‘correct’ the approximate solutions. 
For this purpose we shall write 


X(p) = X^>( i a) + A(r 1 ) i a(l-c-^) 


and Y(p) = Y ( - n) (p) J r A(r 1 )p(l — e Tl ^), (124) 

and determine A(r x ) by requiring that x Q and ?/ () evaluated with the aid 
of the functions (124) satisfy the relation (123) exactly. This procedure 
of adding a correction term of the form A(r 1 )/x(l — er Tl/ ^) to both X and 
Y can, in a sense, be regarded as equivalent to assuming that the 
sources giving rise to the radiation which has been scattered more 
than n times in the atmosphere are uniformly distributed.]' 

For X(p) and Y(p) defined as in equations (124), we have 

i 

*0 = zir'+AK) J v F(/x)/n(l—e _Tl/ '*) d,x 

0 

1 

and y a = y™+ A(r,) J djx, (125) 

0 

where x ^ and y ^ n) are the respective quantities evaluated with the 
functions X (n) and Y^ n \ Inserting equations (125) in equation (123), we 

'j* This remark should not be taken too literally, since, even in the simplest case of 
isotropic scattering, the solutions obtained by successive iterations of the equations 
for -XT and Y are not in strict 1: 1 correspondence with the solutions obtained by includ¬ 
ing successively the higher orders of scattering (cf. Chap. IX, § 63). And apart from this, 
the method of correcting by the moment relation (123) is not exactly the same as 
distributing the sources for the higher orders of scattering uniformly through the 
atmosphere. 
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obtain after some minor rearranging of the terms: 


AK) 


[ x F(/x)/x(l — e-^) d[x | 


1 —[ !K o w) +2/o n> ] 


1 —2 J x F(ya) dp." 


1—W>—Z/& n) ]* 


where it may be noted that, for x F(/x) given by (116), 

In conservative cases equation (126) reduces to 


(126) 


(127) 


A(t x ) 


I-~[*i n) +yi n) ] 


2 | v F( j Lt)^(l-e- T1 ^) 4 


(128) 


As an illustration of the foregoing procedure of correcting the solu¬ 
tions and F (,i) (n = 1 and 2) consider the isotropic case [when 
'F(ju-) ~~ -1 tt 0 ] and the correction to the first approximation (11,3). In 

this case , ,, , 

4° = 2^0 y{p — Itrr () /^( t-j), (129) 

and 

A ( T l) == T T ~mT VI ( 1 i 1 + *2 ( T 1) 1 T 'ArWril • < 13 °) 

La" "3o i)Jl 1—i^T-j)]/ 

For the case ur 0 = 1 we have, in particular, 

a( T i ) = (i3i) 

Actual numerical comparisons show that the first approximation cor¬ 
rected in this manner already gives accuracy of less than 1 per cent, 
for tj, • 0-2.•)' It would therefore seem that the second approximation 

corrected in the manner indicated will give satisfactory representations 
for Tj 0-5. 

For A (2) (p.) and F <2) (/x) given by equations (1 1 7), the moments and 
jy ( ( ) 2) are (cf. eqs. [121]) 


4 3) 


^j+l + ? ? a ‘ " k <!j 1 *•* 


lii 


and 


4 2) = 2 ra-h 2 2 

j 3 /c 


(132) 


t ^ or exam]>le, for fcho ea.no -ro- n - I and ft -.- 1 tho corrected first approximation 

givt^s for X tho values I *1 (> and 1*20 for rr l 0*1 and 0*2, respectively, while the true 
values arc estimated to be 1*151) and 1*203 respectively. 
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The resulting expression for A(t x ) is 

A( r l) = — | j +-®?*+2j + 2 a j a k(^j+l,Tc+2+ ^'+l,fc-l-2)|' 


1 — 2 J Wi^dfA 

0 


— -^3+zj + 2 2 a j a k(@j+i,k+2 ^V+i,fc+a)j 


4-2 


a. 


J + 


E ' 

- — ^j + 3 , 


. (133) 


In conservative cases the foregoing equation simplifies to 

1 | ^ ^ J |1 •®3'+2^ ~i~ ^ ^/c(^3'+l,7c+2 - f' ^3+1, 7c+2)| 


A(ti) 




. (134) 


As an illustration of the foregoing expressions, consider again the 
isotropic case. In this case the only non-vanishing a is 

« 0 = i® 0 ; ( 135 ) 

and equation (133) becomes 


A(r x ) — £l — i^o{lH - ^2+¥' nT o(^12+^12)} 


* '&J r\ 


1—itv 0 {l— J3 2 -\-^'w 0 (G r2i —- G 
And for the case w 0 = 1, we have, in particular, 


"_1 

12)}. 




(136) 


A(Ti) = 


(137) 


60.3. The standard solutions 

In § 58 we have shown that in conservative cases the solutions of 
equations (1) and (2) are not unique and that they form, instead, a 
one-parameter family. A member of this family which plays an 
important role in the further developments of the theory is the standard 
solution defined by the property (55). 

Now if X(jji) and FQa) are particular solutions of equations (1) and (2) 
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(in the conservative case), then the standard solutions (distinguished by 
a superscript 5 ) can be derived from them by writing 


m*) = rw+ariiM+rw] 

and r«0i) = r(ju)—gja[Z(/i)+r(/x)], (138) 

and determining the constant q by the condition (55). In this manner 

Vo 


we find that 


<1 




(139) 


Since the approximate solutions, corrected as in § 60.2, satisfy the 
moment condition a’ 0 -f-?/ 0 — 1 exactly, it is apparent that standard 
solutions can be constructed from them according to equation (138) 
with q given by (139). 
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61. Introduction. Questions of uniqueness 

Iisr this chapter we return to the problem of diffuse reflection and 
transmission by plane-parallel atmospheres and show how exact solu¬ 
tions can be found under a variety of scattering conditions. The method 
consists in starting with the integral equations derived from the prin¬ 
ciples of invariance in Chapter VII; reducing them to pairs of integral 
equations of the standard form 

1 

= 1 J (1) 

0 

I 

and Y(y.) = e^+f, f [Y^X^j-X^Y ^')| ; (i>) 

J g g 
0 


and finally, relating in a unique manner the various constants occurring 
in the solutions with the moments of the A and Y funct«i< >ns appropriate 
to the problem. The theory is therefore similar, in its outlines, to the 
theory of diffuse reflection by semi-infinite atmospheres described in 
Chapter VI. However, there is one important respect in which the 
present theory differs from the theory of transfer in semi-infinite 
atmospheres, namely, that in all conservative cases of perfect scattering 
the integral equations derived from the principles of invariance do not 
suffice to characterize the physical solutions uniquely; for, as we shall 
, e general solutions of the relevant equations have a single arbi- 
rary parameter in them. The origin of this non-uniqueness in the 
so ution is not clear; but we shall see that, in all cases, the ambiguity 
can be removed by appealing to the ^-integral (Chap. I, § I.O) which 
conservative problems always admit. 

t>r^tdw eren0e t0 * he y uestion ofth e uniqueness of the solution in the 

iJor^Lrt gr tw A 8 attention to a &ct which we have so for 

the principles of ' a mdeed ’ no grinds for believing that 

by themselves, can lead to deter,ninato 

hev lead to ar7 ar r S Pr ° tW The and the equations 

hat hey are IL 01 f V COnditions ; * is ^ no ^oans obvious 

surprise 6 that; 6 the*i ^ B ^ therefore ’ ^ally, «■ matter for some 

prise that the invariances should suffice to determine the solutions, 
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without any ambiguity, in as many cases as they do. Thus, in the 
theory of transfer in semi-infinite atmospheres, the equations derived 
from the invariances have proved sufficient to characterize the physical 
solutions completely. Conversely, we may conclude from this unique¬ 
ness of the mathematical solution that the physical formulation has 
been complete in these cases. This is a somewhat novel situation in 
physics; for, normally, a physical problem is formulated in terms of 
equations and boundary conditions and it is generally assumed that a 
well-defined physical problem admits only of a unique solution, i.e. one 
often infers the uniqueness of the mathematical solution from the 
completeness of the physical formulation. The situation we encounter 
in the solution for the angular distributions of the emergent radiations 
from the integral equations derived from certain immediately obvious 
‘kinematical 5 conditions on the solution is the opposite of the usual 
one: we have no assurance, to begin with, that the equations include 
all the physical conditions of the problem; yet, when the equations 
are found to have a unique mathematical solution, as they do in all 
cases except those of perfect scattering in finite atmospheres, we con¬ 
clude that in all these cases the physical problem has been formulated 
completely. 


62. The laws of diffuse reflection and transmission for isotropic 
scattering 

The basic equations of the problem of diffuse reflections and trans¬ 
mission by an atmosphere scattering radiation isotropically with an 
albedo w 0 1 have already been given in Chapter VI1, § 5-1. They are: 


F F 

/(0, ft ) ~~rs - - /S(tj, /a, /i(j) . I(r 1% ft) J- (ti) F> Fo)> 

4/a 4/a 


f 1 + 1 

{Fo F. 


^ *S (t^ ,/A,/A^) AIT,, [ A (/t) A (/Aq) - 1, (/a) 1 (g 0 )]» 


(3) 


(4) 


n. 

\Fn 


flj 


7 T (r, ; /a, /a 0 ) Trr 0 | F(/a).Y(/a 0 ) — A"(/a)F(/a 0 )J, 


ChS 

<r>Ti 


UT () y(/A)> r {/x 0 ) 


(5) 

( 6 ) 


and 


1 !\b7 7 


{Fo F/ i>T i 


TiT, 


•'-.%)%)-' >»*>„) 

Fo F 


(7) 


3595.61 


P 
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(«) 


(9) 


( 10 ) 


Further, the definitions of X(/x) and Y (/x) in terms of iS and T are 

i 

= i+| f 

0 

1 

and i» = e-^-f IJ rfo; y, ^') . 

0 

In virtue of equations (4), (5), (8), and (9) we have 

i 

X W = l+i®oi“ j" 

0 

1 

and (JtL[Y^)X(^)-XMY(^)\. (11) 

0 

Thus X and Y satisfy integral equations of the form (1) and (2) with 
the characteristic function 

= constant. (12) 

In considering the foregoing equations it is of interest to establish, 
farst, that equations (6) and (7) are really equivalent to the Integra- 
diirerential equations of Theorem 1 (Chapter Vi 11, § 5(j). 

Thus, differentiating equation (8) with respect to t, and using 

equation (6), we have 


BX 


^ = i<ur 0 I» f^il>'). (1 3) 

X J /x 

0 

Similarly, differentiating equation (9) and using equation (7), we have 

b = ~V (U) 

0 ^ 

and combining this with equation (11) we have 

BY Y 


BY 

Bt-, 


^+7 = ^oX(fx) J ^rY(tx'). 


(15) 


It is seen that equations (13) iinH /k\ n 

(13) and (14) of Chapter VIII, § 56 ^ ^ agreement with equations 
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Finally, we may note that according to equations (3)—(5) we can 
express the reflected and the transmitted intensities in the forms 


-T(O^) = -[WW-WW] 

and I(r lt ft) = F -Za- [r( fl )X( fl0 )-X( /t )F( / x 0 )]. (16) 

A X A 6 o 

62.1. A meaning for the X- and Y-functions 

Equations (8) and (9) allow the following interpretation of the X- and 
F-functions: 

Let radiation from all directions, with an angular distribution 


7 inc(Oj A 6 >9 ) — j~7j (—1 ^ ^ +1), 


(17) 


be incident on the atmosphere. Then the light diffusely reflected in 
the direction (/x, cp) is given by (cf. Chap. I, eq. [122]) 

1 2t r 

/ rof (0,Ac,9) = 4 ™ JJ 


0 0 
1 


or 


-4er( () > A t >9) = f fM, Ac') ^ 
^A 6 J A 6 


(18) 


Similarly, the light diffusely transmitted in the direction (—p,,cp), 
below r x , is 


“7 X J [X 


(19) 


On the other hand, the intensity in the incident radiation field, already 
in the direction (p,, <p), is 

4k,(^>AA9) —- " 5 (20) 

A 

while in the direction (—/*,?) at r 1; the intensity of the directly trans- 

• 11 1 1 * 1 . . ^ 


mitted light is 


7 ino( 0 , —/x,rp)c'-^ = 7 = 5?C n//q 

/x 


( 21 ) 


Hence ___ ^ , x f 0 / . y/V' 

4k,(<>,- 1-^9) ha J 




(22) 



212 


DIFFUSE REFLECTION AND TRANSMISSION Chap. IX 


and 


- ^trans(' 7 'l? Hq Tl ^-^inc(^j jf>9) 

JlncC 0 . —M»<P) 


= e-«^+i f T(t i;p,v')y- 
= F(/x). ° ( 23 ) 


In other words, X(ft) a?i<7 F(/a) represent the relative changes in the 
intensities in the direction (p, 9 ) at r — 0 and in the direction (—pc-, 9 ) a l 
t — respectively , m a prevailing radiation field J inc ( 0 , /a', 9 ') — F 0 |^' i"" 1 , 
due £0 the presence of the atmosphere.]' 

Alternative meanings to the X- and F-functions (which are in fact 
implicit in the original definitions of these functions) are that they are, 
respectively, proportional to the source functions at v — 0 and r = .r x 
for an incident parallel beam of radiation in the direction /a; for, accord¬ 
ing to Chapter VII, equations (27) and (28) we have, in the case of 
isotropic scattering 

r* 1 “1 


3 (°) = 


1+i 



df.Y 


// 


H- 


0 


and 


4^0 FX{pf) 


3(ti) = i^o F 


J P 


i 


(24) 


62.2. The ambiguity in the solutions of the integral equations in the 
case <gtq = 1 and its resolution by an appeal to the K-integral 

When txtq = 1, the equations (10) and (11) belong to the conservative 
class discussed in Chapter VIII, § 58 and according to Theorem 5 of 
that section, the solutions of these equations are not unique, the general 
solutions being expressible in the forms 

X{p)+Qp[X(p) + Y(p)] 

and Y(p)-Qp[X(p)+Y(p)], (25) 

where Q is an arbitrary constant and X(p) and Y(p) are the standard 
solutions, having, for the characteristic function the property 

1 1 

Qi 0 = J X{p) dp =2 and j8 0 = f Y(p) dp = 0. (26) 

0 0 

1* It should be emphasized that similar interpretations do not apply to X- and Y - 
functions defined, generally, in terms of a characteristic function. However, it is clear 
that analogous interpretations can be given to the functions ifif 1 and 4>f introduced in 
Chap. VII, § 53, eqs. (65) and (66). 
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With the solutions (25), the expressions (16) for the emergent intensities 
take the forms 

m?) = t-[X( J u 0 )X( At )-y( J a 0 )y( J a)] + 

+ Q[X{fZo)+YMIXfa) + 1 ^)] 

and 

m, —f») = i/xoi’l—i- [Ww-zwrMi- 

iMo —F 

- + + (27) 

These expressions for the emergent intensities involve the arbitrary 
constant Q and there is nothing in the framework of equations (3)—(11), 
for the case nr 0 = 1, which will remove this arbitrariness. We therefore 
conclude that, in this case, the various invariances considered in 
Chapter VII are not sufficient to determine the physical solution 
uniquely. 

We now turn to the matter of the arbitrariness left in the solution 
(27) and the manner in which it is to be resolved. 

The equation of transfer appropriate to the problem on hand is 

•ii 

—J- [ rCr,^)d t i -lFe */». (28) 

~1 


The flux and the /v-integrals which this equation admits are (of. Chap. I, 
§§ 8 and 10) t 




/••(: ) = 2 J I(; 
— 1 

r, /x)/x d/x /x () V(( 

7 T//X0 _ 

"7i) 

(29) 

and 

/v(r) ,, 

= 2 ( /(r,/x)/x“ 

* “1 

d/X « j/x () F( 

/ x o 

(, - t/ho _ 

-y 1 T}-y 2 ), 

(30) 

where 

■y, and y. 

„ are two constants. 





Applying the 

> integrals (29) 

and (80) at 

T 

0 and 

at r - t 15 

we have 


F(0) - 

JL 

: 2 j* /((), /x)/X d 
0 

: /x /X () F(l - 

-ri)> 



(31) 


F(T t ) * 

l 

.2 J I (t,, 

6 

/x)/x d/x - /x () 


Tl//to_ 

7i)’ 

(32) 


,/v(0) - 

l 

' l | / (<>, /x)/x‘“ < 

<) 

v - '„*» n 


-I'-Va)-. 


(33) 

and 

K(r x ) == 

1 

i j /(T,, .- /x)/x- d/x .=-4 |/x 0 

* T (. 

fi () e. Ti//u»„ yiTi q_ 

Vi)- ( 34 ) 


o 
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On the other hand, we can also evaluate these quantities according to 
the solution (27) for 7(0, jx) and I{r x , — /x). In this manner we shall 
obtain four relations between the three constants y x , y 2 , and Q. How¬ 
ever, it will appear that two of these four relations are equivalent and 
that, in fact, they just suffice to determine all the constants uniquely. 

The integrals defining F(0), F(t x ), K( 0 ), and K{r x ) in terms of /( 0 ,/x) 
and I(t x , — fx) given by equations (27) can all be evaluated by using the 
various relations valid for standard solutions and collected under 
Theorem 8 in Chapter VIII, § 58. We find 

F(0) = p , 0 JP{1+WCoi+WCXC^ + r^)]}, (35) 

nri) = ih J 1 {e- T ^o + iQ( ai 4. i 8 1 )[X( / u 0 )+r(/* 0 )]}, (36) 

*«» = J , {-f‘o+^ 1 X( 1 a o )-p 1 y(, i0 )+|e(a 2+J s 2 )[X( fio )+r(/ io )]}, 

(37) 

and 

hn) = )-krw- 

-i«(c< 2 +ft)[X(^ 0 ) + y(, i0 )]}, (38) 

where ot„ and j 8 ,„ are the moments of order n of X(^) and Y(fi), respee- 
tively. 

It is now clear that equations (31) and ( 35 ) and (32) and (36), in 
agreement with each other, determine 

7i = ~i < 3( a i+i 3 i)[X(^ 0 )-[-T(^o)j- (39) 

From equations (33) and (37) we next find that 

y 2 = %a x X({A 0 ) i^iX(fx 0 )-{-^Q(a 2 -]-^ 2 )[X(fj, 0 )-j r Y(^ 0 )2. (^9) 

Finally, from equations (34) and (38) we obtain 

— 7i*i+7a = ^i^(^o)-i“iy(^o)-i^(^4-i3 2 )[X( i a 0 ) + F( / x 0 )]. (41) 

How substituting for y x and y 2 according to equations ( 39 ) and (40) in 
equation (41), we find 

i)r x = -ifa-pj-Qfa+pJ. (42) 


Hence Q —- 0=1 _ 

( a i+/3i )r x + 2 ( <x 2 -+ /3 2 ) 


(43) 


With this determination of Q in terms of the optical thickness, t x , of 
the atmosphere and the moments of the standard solutions, we have 
removed the arbitrariness left by the integral equations in the solutions 
for the emergent intensities. It is in some ways remarkable that an 
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explicit appeal to the /C-integral is what is necessary to resolve the 
arbitrariness left by the integral equations. It is found that similar 
appeals to the IsT-integrals are necessary in all other cases of perfect 
scattering. 

62.3. The verification that Q satisfies the differential equation of 
Theorem 7, § 58 

It is apparent that the quantity Q as introduced in § 62.2 must satisfy 
the differential equation of Theorem 7, § 58. In our present context we 
can write this equation (Chap. VIII, § 58, eq. [58]) in the form 

d !\\ j8_. 


since 


dr x \Q) Q 

:l 

?/-i =i f 

J p 


(44) 


(45) 


We shall now show that Q as defined by equation (43) does in fact 
satisfy this equation. 

Making use of the relation (ef. Th. 8, Chap. VIII, § 58, eq. [68]) 

= 4 J p? df, - *■ 


XV 


(46) 


we first rewrite equation (43) in the form 

I 


Q 


2{( ot i+/ J i)* , 'i+ 2 (“a+P»)(“i+/ J i)]' 


(47) 


Differentiating this equation, we obtain 
d ll\ :il 


d T i l Q j 


j £i) JkH Pi )+2t x ( oq| /? x )j 4- 

-1- 2( f v a -h^ a ) ~ (« i -|-^ 1 ) + 2(fY 1 +/3 1 ) -J~ (o£ 2 +Aj) 


(t,T v ~ L 1 ' — V ~ A 1 r 1 ' a 1 l ~‘ i/ i" (48) 

To simplify equation (48) we observe that, according to equations 
(13) and (1.5), we now have 


4' (.v i n - ip .,(x+y)--. 

r)r t /x 


(49) 


Multi]dying this equation by fi n and integrating over the range of /x, we 
obtain 


d 

(1t x 


~Pn) '■ ■■■= rP-„)—Pn- 1- 


(50) 


d 

(It, 


(«i i P i) iP-i(<*i+Pi) 


In particular, 


(51) 
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(since, according to eq. [26], /3 0 = 0), and 

(o: 2 + ^2) = 2^-l( a 2 + Ai) — £l- ( 52 ) 

Using these relations in equation (48) we find, after some minor reduc¬ 
tions, that 

d / 1 \ 

= ^[^-i^ a i^^i) 2T i+2(a 2 -f-/3 2 )(a 1 +/3 1 )} + 

-{-(ai-hPi) 2 — 2 ^ 1 ( q : i +/ 3 i )]* ( 5 ^) 

Hence (cf. eqs. [46] and [47]) 

(M) 

This completes the verification. 

63. Approximate solutions for small values of t ± in the case of 
isotropic scattering 

The approximate solutions for small values of t x for the X- and Y- 
functions given in Chapter VIII, §60 (eqs. [113] and [117]), for the 
characteristic function (12), become 



XV(fx) = 1, YW(fx) = 

(55) 

and 

XV(ix) = 1 + iw 0 I?l( ri , -y), 



F (2) (y) = e“ Tl/ ^[l + -|-'nr 0 ^ 7 1 (T 1 ,y)]. 

(56) 


These solutions can be further corrected in the manner described in 
Chapter VIII, § 60.2, by adding to both X and Y a term of the form 


A(r 1 )/x(l — e~ T1 ^) (57) 

where A(r x ) is given by Chapter VIII, equations (130) (first approxima¬ 
tion) and (136) (second approximation). 

We shall now exhibit the relationship of the solutions (55) and (56) 
to the approximate solutions given in earlier treatments of the subject 
in which the emergent intensities were analysed in terms of light which 
has been scattered once, twice, etc. Thus, considering the layer of the 
atmosphere between r and r-\-dr, we have for the contribution to 
the diffuse intensity in the direction y, by the scattering of the reduced 
incident flux 7rFe~ T '^ at this level (cf. Chap. VI, eq. [74]), 

iw 0 (58) 

Of this intensity, the fractions e — and (n— t)//* will emerge in the 
directions y and — y, from r — 0 and r = r l3 respectively. The 
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contributions to the reflected and the transmitted intensities by light 
which has suffered a single scattering process in the layer between, t 
and are, therefore. 


cIt fli* 

i^ 0 Fe~ Tl t io cr T !t L ~~ and |OT 0 ^e- T ^»e“ (n ^—. 

I 7 P 


(59) 


Integrating these expressions over r from 0 to r 1( we obtain 

1—expf — 


O>(0, +p.) = 

AH /h) 


vM- IHt 


and 


/ (1) (r l5 -/*) 


l^-o^ 


Ah) 


— e -rx//Xo] 5 


(60) 


/x—po 

for the intensities of the reflected and the transmitted light which has 
been scattered once in the atmosphere. 

Comparing equations (16) and (60), we observe that the first approxi¬ 
mation (55) is equivalent to a treatment in which only light which has 
been scattered once in the atmosphere is included. Similarly, it can be 
shown that the second approximation (56) is equivalent to a treatment 
in which light which has been scattered twice is also included. 

A further comparison of interest arises when we consider the inter¬ 
pretation of the X- and y-functions given in § 62.1. On this interpreta¬ 
tion, the case when radiation from all directions with the angular 
distribution (17) is incident on the atmosphere is considered. In this 
case the contributions to diffuse reflection and transmission by light 
which has been scattered only once in the atmosphere are 

i 


fro!’(°> + / x ) “ 


I T t 

■vUT 


dr 




and 


/liUn. —/*) - f '-K f (61) 

J A x J / x 


Performing the integrations over t we have 


!if(°» +/ x ) "-• 4 J 


d(.L 

/x + /x' 


1 —ex pi 


< 1 P 

. —J— —- 

f x N 


and 


I 

- /*) i^<)V‘ Tl,fl j 


dfi 

A X {X 


,(• 


1 -exp | 7-, 


f 1 
d l 


-si: 


(62) 
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or recalling the definition of the function F j+1 (T l3f x) (Chap. VIII, eq. 
[118]), we have 

4&(0, +fi) = — fx) 


and -fginsK, -iA = l^e-^F x {T l3 fj,). 

A 6 

Accordingly (cf. eqs. [22] and [23]) 

+pQ-f--4nc(Q> 4 -aO 
•4qc(6j +/*) 

and 


(63) 


l+lvrof'xf.T!, -/*) = -£<»(,*) 


^rans(' r l; — l M )Y^ —A 6 ) 

■^iii.c( 6 > A 1 ') 


e Tl ^[ 1 + o^o -^i(' r i 5 ^)] 


YW(fJi). 

(64) 


Thus A (2) (p,) and T (2) (^t) represent the relative changes in the intensities 
in the direction —}—/x at r = 0 and in the direction —/x at r = r l3 
respectively, due to light which has suffered a single scattering process 
in the atmosphere, when radiation from all directions with an angular 
distribution incident on the atmosphere, is present. 


63.1. The approximate solution for the conservative isotropic case 

In § 62.2 we have shown that in the case -ur 0 = 1 the solutions for X 
and Y , appropriate to the problem, are 


X*0x) = l®( fi )+^[i(4^)+yfe)( fi )] 
and y*M = + (65) 

where -3 l^(a 0 ail d V^(/x) are the standard solutions and 


? _ _ W>-W>) , 66) 

W s) +A s) >i+2[^+^ s) ]- { } 

(In the foregoing equations we have used a superscript s to distinguish 
the standard solutions from the others.) 

When the standard solutions are themselves derived from another 
set X(fx) and Y{^) (according to Chap. VIII, eqs. [138] and [139]), 
then the required solutions can be expressed in terms of these latter 
solutions in the forms (cf. Chap. VIII, eqs. [54]) 


+ (C+2')A'[V(/x)4- V(/x)] 

Y*([j,) = Y(fx) (Q+Q')P'[V(ju.)-j-I :r (/x)], (67) 
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§ 63 
where 

and 


x<*V) = xw+^zM+rw], 

= YW-q^XM + YM] 

q _ ?/o _ Po 


x i~hy± “i+A.* 

the moments now referring to X(/ u) and Y(y). 
Since (cf. eqs. [68]) 

° 4 ' b) — oi j~'rd( 0! 'j+i~\~Pj+i) 
and fij s) — Pj—q{<Xj +1 +Pj+i), 

the expression (66) for Q becomes 

<*i ~ ^i+ 2 ^( a 2+^a) 


( 68 ) 

(69) 


Q 


Combining this with (69), we have 

Pa T i~( a i —Pi) 


(70) 


(71) 


CM-7 


(«i + M )tjl+ 2 (cx 2 +/3o) 


(72) 


The solutions X*(/x) and T*(/x) appropriate to the problem of diffuse 
reflection and transmission are, therefore, 

(°h i Pi ) r i I - 1 ( ( ^2H Pa) 

and vo*) - (73) 

(“i4~Fi) T i+ J («2+Pa) 

If we now use in equations (79) the solutions in the corrected second 
approximation, we shall obtain solutions which will exactly satisfy both 
the integrals of the problem, namely, the flux and the K -integrals.]* 


64. Diffuse reflection and transmission on Rayleigh’s phase 
function 

We have already shown in Chapter VII, § 53, how the integral equa¬ 
tions governing the angular distributions of the reflected and the 


-f- In this connexion it is of intercut to note that, by writing the reflected and the 
transmitted intensities in tho forms given by equations (l<>) (with vr n --- 1), wo can 
readily show that the ilux and the A’-integrals are equivalent to tho conditions 


<«« \~foo ' ■** and "jq 


“i — 0i 



and it may bo verified that, with tho solutions for AT and Y in the forms given by eqs. 
(73), tho latter condition is satisfied in virtue of the forrnor. 
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transmitted radiations from an atmosphere scattering according to a 
general phase function, expressible as a series in Legendre polynomials, 
can he reduced to independent systems of equations in one variable 
only. 

In the case of scattering according to Rayleigh’s phase function, we 
can express the scattering and the transmission functions in the forms 
(of. Chap. IV, eq. [67]) 


^(t-^/x, <p;/h»9o) = t[£ (0) (/*»/*o)—/4 )*x 

X /z 0 )cos(cp 0 —cp)-)~-(l—ft 2 )(l— [i Q )cos 2(cp 0 9 )] (74) 

and 

= |[T (0) (/x,/x 0 )+4/xp, 0 ( 1 —^ 2 ) 1 ( 1 “/ x o)" x 

X TW(p,p 0 )cos(cp 0 — cp) + (l—/x 2 )(l — fj%)T^([x, /x 0 )cos2(<p 0 —<p)], (75) 


and the functions of the different orders (distinguished by the super¬ 
scripts) satisfy independent systems of equations. Of these systems, 
the two governing the functions of order one and two are directly 
reducible to X- and X-functions. Thus (cf. Chap. IV, eqs. [72] and [73]) 

(!+IWV/*o) = )-r>»wr®W 

\[X Q [If 

and 

= rw( ft )x®( ( x 0 )-x(«( ft )r<o(^ 0 ) (* = i,2), (76) 

\/A 0 [if 


where X (1) , Y®, and X (2) , Y (2) are defined in terms of the characteristic 


functions 


|^ 2 (1—ju 2 ) and 3 3 2 (1 — ju. 2 ) 2 , 


(77) 


respectively. These terms require, therefore, no further consideration. 

Turning to the functions £ (0) (/u, /x 0 ) and T <0) (/x, /x 0 ) of order zero, we 
find that these functions must be expressible in the forms (cf. Chap. IV, 
eqs. [77] and [78]) 

\^o H 

“hi{^(^O^C/^o) C{f x )^(f J 'o)1 

and 

(77— ~) 7T(( V,^o) = i[x(M) i A(^o)“0(^)x(^o)] + 

vMo W 

+t[£W(F»)-*(/*)£<*,)]. < 78 ) 
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where <A(/ X ) = 3—/ x2 + ^> J (3—/a' 2 )& (0) (/a, /a') 


(/>(/x) = /a 2 + - 


1 

|r f r'W»(n, F) 

b J ^ 


XW = (3-^)6-^ + A f 


, , (IfjJ 


and 


i 

£M = ^e-^ + ^3 J 


(79) 


Further, we must also have 


3X(^)x(^o)H-§^(/ A )^(f t o) 


and 


I I 


[•5 { A(/ x )x(a x o)“I-§^(/ x )S(/ x o)J- 


BxWi«ft.)+5^WW- ( 8 °) 


do pj '&r x fj, 0 


64.1. The form of the solutions for /S rc<)) (/x, /x 0 ) and 7 7(0) (/x,/x 0 ) 

By substituting for aS' <(>) and T {i)) according to equations (78) in equa¬ 
tions (79) we shall obtain a simultaneous system of integral equations, 
of order four, for »//, <f>, y, and £. In solving systems of equations of this 
type, we shall be guided, as in the case of the solution of similar systems 
in the semi-infinite case, by the form of the solutions obtained in the 
direct solution of the equations of transfer, and the correspondence 
enunciated in Chapter VIII, §59, between the X- and F-f unctions 
occurring in these solutions and the exact functions defined in terms 
of integral equations. 

For the case on hand, it would appear that the solutions for $ (0 ) (/a, ju, 0 ) 
and f? T(0) (/x, /x 0 ) must be of the forms 

( - 1 —Wv,^) ~ ^ (/x) A. (/x 0 )[ 3 do) FddoJ 

\do /A/ 

f (/x.) 1 (do)['H r .i(d I do) 1 / x / x oJ C>(d~l' do)L-^ (d) ^ (doH ^ (d) - *^" (do) J 

and 

Vdo d/ 

A (/x)l (/X () )[ .J ^‘i(/X . /X 0 ) /X/X() ] I <%(/£/X () )| A (/x)A (/X 0 )-| I (/x)l (*,)] 5 

(81) 
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where c x and c 2 are certain constants unspecified for the present, and 
X([a) and Y(/a) are the standard solutions of the equations 

i 

X W = J ~fit-\X(p)X(p')~Y(p)Y{p’)-\ dp' 

0 

1 

and Y(p) = e-^+^p f tztl [Y(p)X(p')-X(p)Y(p')] dp’, (82) 

J V P 
o 

having the property 

i 

“tlr J —^ 2 ) ~ 1 

0 

x 

and / (3 -p*)Y(p) dp = (3j8 0 —^ 2 ) = 0. (83)f 

0 

64.2. Verification of the solution and a relation between the constants 
c x and c 2 

The verification that the solutions for jS (0) and have the forms (81) 
will consist in first evaluating ifj, <f> } y, and C, according to equations (79), 
then requiring that when the resulting expressions for fi, <f>, etc., are 
substituted back into equations (78) we shall recover the form of the 
solutions assumed. In general, such a procedure will lead to certain 
conditions which the constants introduced in the solution (such as 
and c 2 in the present instance) must satisfy. We shall see that, in the 
particular case under discussion, the conditions derived in the manner 
indicated do not suffice to determine c x and c 2 without an ambiguity 
and an arbitrariness. This is a further example of the non-uniqueness 
of the solution, in conservative cases, of the integral equations incor¬ 
porating the invariances of the problem. But, again, as in the case of 
conservative isotropic scattering, an appeal to the integrals of the 
problem resolves the ambiguity and the arbitrariness. 

Our first step, then, is to evaluate fi, <fi, y, and £ according to equations 
(79) for S<® and given by equations (81). The evaluation of the 

integrals defining etc., is fairly straightforward if appropriate use 
is made of the various integral properties of equations (82). It may be 
noted that, in addition to equations (83), use must also be made of the 
relations (cf. Th. 4, Chap. VIII, eqs. [40]-[42]) 

“6 = 

t Cf. S. Chandrasekhar, Astrophys. J. 106, 152, 1947 (eqs. [221] and [222]). 


(84) 



§ 64 
and 


DIFFUSE REFLECTION AND TRANSMISSION 


223 


I 


and 


X(fx) -I 

IFM 


+ (ui—H'a 0 )X(ix) — (pi—p(3 0 )Y (fx) 


( 3 -^) r_^[j- ( )X ( ,)_ X( ) F( ,)] 

J M—'M 

Y(/ul)— e“ T1 ^ 


foM 


(A+rtSoW-K+^yo*). (85) 


Evaluating «/r, <£, etc., in the manner indicated, we find that 

*A(m) = 


x(m) — (3 J rC 1 (x)Y(fx)-\~c 2 [xX(fx), 

<Mm) = /x[g 1 X(^,)-—< 7 2 F(^)] and £(m) = Mfe^M) —tfi ^Xm)]* (86) 

where 

<li =~~ i ? 6-( : K-~<hcx 2 —c 2 £ 2 ) and g 2 = - i V(3/3 1 -|-c 1 ^ 2 +c 2 o' 2 ). (87) 


Using the expressions (86) for ?//, etc., we next evaluate $ (0) and 7P (0) 
according to equations (78). We find 

h-Wft) 

Mo ixj 

= (m)- Y (Mo)[ 3 — c i(m HMo) + a { c i” c i+ 8(<7 i " tfDj'MMo] “ 

— y(/x)F(/* 0 )[3 +Ci(mH~ Mo) h a{cj—c|-h 8(^—r/i)}/z/x 0 ] — 

^b(m I Mo)L - ^ l (m)^ (MoH - ^ (m)^ (Mo)] 

and 

Mo M/ 

= h( m) ^(Mo)[ : * h c i(m~M o)“ -it‘i — c l + 8 ('7i r /l)jMMol~ 

X(fx)Y (/x 0 )[ 3 c i(m Mo) a{ r i c 5+ 8 (f/j #S)}MMoJ I" 
+c 2 ( / x-^ ) )[X( / x)X( / x 0 ) - 1-y^yy]. (88) 

A comparison of equations (81) and (88) now shows that among the 
constants c ± , o a , c/j, and </ a we must require that there exist the relation 
(cf. Chap. VT, eq. [24J) 

r i— c iH - s Oz i—<y i) - 3. (89) 

Substituting for q 1 and r/ 2 according to equations (87) in (89) we obtain 
32(cj c 2 ) -{- 9[ (c x ~|~ c a ) (« 2 -j- /3 2 ) 3 (oq j) ] X 

X[(fi l -o a )(« a ~j5 a )~3(a 1 +A)]-»6 = 0. (90) 
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After some minor rearranging of the terms, the foregoing equation can 
be reduced to the form 

[32+9( a |-p|)]( c 2_ c |)_ 27(ai+ ^ i)(a2+ ^ )(Ci+Ca) __ 

27(a x fi2.)(°c 2 A>)( c i— c 2> + 81 (cxf—/3f) — 96 = 0. (91) 

On the other hand, according to equations (83) and (84), 

32-|~9(a| /3|) = 32+(9a 0 —16) 2 —81/3§ 

= 288(l~ ao ) + 81(^- i 8 0 2 ) = 27(cf-/3f). (92) 

Equation (91) therefore becomes 

(otf £f)(cf—c|)— (a 1 +P 1 )(o: 2 -j-^ 2 )(c 1 -l-C 2 ) — 

( a l ft.)( a 2 ^f)( c l — C 2) _ f'( a l-^1) “ (^3) 

Hence 

[K+^i)(c 1 +c 2 )-K-^ 2 )][( Q:i _^J(c 1 - C2 )-(a :2 + i S 2 )] = 0. (94) 

It is apparent that one of the two factors in equation (94) must 
vanish. But within the framework of the equations satisfied by if, <f>, 
and l it is impossible to decide which of the two it must be; and in 
either case we shall have only one relation between the two constants 
c x and c 2 . The problem is therefore characterized by an ambiguity and 
an arbitrariness. We shall now show how this can be resolved. 


64.3. The resolution of the ambiguity and the arbitrariness in the 
solution 

. ^ nce scattering according to Rayleigh’s phase function is conserva¬ 
tive, the problem admits both the flux and the AT-integrals. The 

emergent values of F and K must therefore be given by equations 
of the form (cf. eqs. [31]-[34]) 

^(°) = ^o^(l-yi); F(t x ) = fjL 0 F{e-^Fo— Yl ), (95) 

and = i/h>^(— y 0 e-TiFo—y X 'T X +y 2 ), (96) 

where y x and y 2 are constants. 

It is evident that only the azimuth independent terms in the intensity 
w con ri ute to F and K. We have, accordingly, to evaluate F r ( 0), 
e c., for the emergent intensities (cf. eqs. [74], [75], and [81]) 


)[(<=x-m)^(^)+c 2 r (M)]-&r(f± 0 )[c 2 X(fj,)+ ( Cl +^)r (,«.)] | 
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and 

/<°>K, - F ) = wW-j! [r(^)X( M )-x( / x 0 )r( J a)]+ 

V 1 u P 0 h 1 

+ f<A>o)l> 3 -XNfO+(c 1 +iu)y( fi )]+ ■fey(A t0 )[(c 1 - /i )X( M )+c a !»]]. 

(97) 

With 7 (0) (0, /x) and / (0) (7- l3 —/x) given by equations (97) the integrals 
defining F(0), etc., can all be evaluated quite simply by using the 
various relations given in Chapter VIII, Theorem 8, and remembering 
that in the present ease 


x i = —a 3 ) and. y L = — fi 3 ). (98) 

We thus find 

Ji (0) y, 0 {1 ^V(/x 0 )(Ci oq T‘C 2 /3 j « 2 ) I (/x 0 )(Ci «iH-/3 2 )}, 

F (?i) = Mo * A^)^ ft+c* oq+/3 2 )- 

16 ^ (Mo)(^'1 ~b^2 fix ^2)J‘5 ( 99 ) 

/t ( 0 ) .] fj .() Jb { /X () -{(J- -X (/•i () )(c l CY 2 "T C- 2 /3 2 ,{ (Y J ) 

iV^ (Mo)( c i ^aH _<3 2 ^2+ dfi ))}, 

and 

Ii (t 1 ) — ;j/x 0 / y1 { /x () e ' -jfoX (y- 0 )(c 1 fit -f- C 2 cv 2 8/3 t ) -[- 

H- k HmoKCl « a + C 2 /3 2 — 3aq)}. (100) 

Comparing the reflected and the transmitted fluxes given by equa¬ 
tions (99) with t hose given by the flux integral (cf. eqs. | 95]), we find that 

7i = i(i X (Mo)(<h ^i-|-<*2^L~«a)' l 16“*'(/*<>)(** H-< ; a «i"I" fin )» (101) 

and also that 

7 1 io(Mo)( 6 i fix ~\~ c 2 nq-T^ 2 )“l 16 ^ (do) I*’*il I ~(‘%fix ^ 2 )• (102) 

We must therefore require that 

c x (y L~\- ( ‘nfix -~-™2 = <h /3, H - r 2 fYj -1- /3 2 , 

or • («i— fix )(<T — c 2 ) — (oc a | -fi. z ) (); (103) 

but this is one of the factors in equation (91). The appeal to the flux 
integral has therefore removed the ambiguity and decided which of the 
two factors in equation (94) must be set equal to zero. 

In view of equation (108), we can combine equations (101) and 
(102) to give 

7x ~~ z -Battel" \~ c a)( oi L~\-fii) -~ (« 2 —fia) H.-V(g 0 ) I -> r (/x 0 ) |. (104) 

Next from equations (90) and (100) we find that 

7 2 "i‘ 6 ^ (/ x o)( C l. tv 2 I" C 2/^2"^ lY l) 1(5 ^ (/ A o)( r i fiz I C 2 <X 'Z'\~ '^fi l) ’ ( 105 ) 

3595.64 
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and 

7l T l+r2 == a 2+^l)~l~ (^o)( C l 0i 2~^' C 2^2 ^ a l)* 

(106) 

Now, substituting for y x and y 2 according to equations (104) and 
(105) in equation (106), we obtain 

[( a i+^i)(c 1 +c 2 ) — (a 2 —£ a )] T i = —2[(a a +A)( c i+ c a) ^( a i A-fl* 
or, solving for (c^f-c^, we have 

„ i ,> _ K~^)q+ 6 ( a i- Pi) acm 

1+ 2 ^ K+AK+2K+®' 

Since we have already shown that (cf. eq. [103]) 

< 108 > 

a l — Pi 

the solution to the problem is completed. 

64.4. The law of diffuse reflection and transmission 
Combining the results of the preceding paragraphs, we have the 
following expressions for the reflected and the transmitted intensities: 

1(0, p 3 <p;/x 0 , cp 0 ) 

= 3~9(ypy) M^W/*o)-x(F)x(fh>)]4 

-4 W o(l-^)i(l- /i §)i[X«( fl )Xa)( Fo )-F(i)( Al )F<«( Fo )]oos( ?0 -9)+ 

+ (1 -/* 2 ) (1 V)F®V 0 )]cos 2(<p 0 -9)H X 

and 

I(ti, p>, 9 j^o^o) 

— Z2(fi—Ii. a ) i A(f i )x(f t o)]+![i(/ 1 )^(^o)—^(/ t )£(f t o)] + 

4-4 /i/i „(l- 1 a 2 )l(l- M 2 )1 [y(x) ((x ) X a ) ( illo )_ X o )(fi ) r (i ) ( iLio )] oos ( 9o _ 9 ) + 

+(l-/i 2 )(i-rf)[re)( fi )xe>( f x 0 )-xe)( / x)re)( f t 0 )]cos 2(< ¥o -9)} / r 0 X, 

where <«/*) = (3 -w&M-CtpYfa), 

X(, u ) = (3+c, /xjF (fi) + c 2 fiXI/j.), 

= lAsiXM-toYM], Uiu.) = Mtffsxw-ffjrw], 

Xe>, r (1 ) and X®), X-i are defined in terms of the characteristic 

functions „ „ 

f^ 2 (l— }j?) and &(1 —ja 2 ) 2 , 

respectively, and X and Y are the standard solutions for the charac¬ 
teristic function 

1 H 3 — y?)- 
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The constants c 1} c 2 , q l3 and q z are related to the moments of -ST and Y by 

C -l_ c ■_ (**2 ft 2) T 1 + 6 ( oc 1 — ft 1 ) < _ __ ^ 2+^2 

( a i+/3 1 )r 1 -|-2(o: 2 -j-^2)’ 1 “ aq— Pi* 

q x = f 6 -(3oq—e^g—c 2 /3 2 ) and g 2 = ■&(3£ 1 +c 1 j8 2 +c 2 a Q ). 

65. Diffuse reflection and transmission for scattering in accor¬ 
dance with the phase function ^(l-fa;cos©) 

For the case of scattering in accordance with the phase function 
^ 0 ( 1 +^ c °s©) 5 we can express the scattering and the transmission 
functions in the forms (cf. Chap. IV, eqs. [54l-[60] and Chap. VI, 
eqs. [43]-[48]) 

8( T l> p o>9o) = 'nro[S ( ‘ 0) (H’> P 0 )“f- 1 —/x 2 )*^( 1 —/a. 0 )cos(cp 0 ~<p)] 

and 

o»<Po) 

= /x 0 )cos(cp 0 —<p)], (109) 


where 


7~ + “)^ (0) (^/ / '°) = vKaO'AO^o) — xMxi^o) 

ro A 6 / 


J__ 1 
.H- 0 P 


(l f I 

q.L () [i 

' 1 I' 
Yo /f 


= x(p#(/q,)—^(/x)x(^ 0 )~f 

+#[£(^(^ 0 ) —<£(/*)£(**■<>)]» 

f"V>F.,) - A'<»( ft )X«>( ft ,)-y<»(^)I'a) ( , tll ), 

|2'° V. ^ 0 ) = PWW-X'IW^'W. 

1 

'/'(/*) = l + ->0 f M') —r. 

J p 


( 110 ) 


( 111 ) 


I 

<A (/-0 =~ j* —■&■»<, J* 1.1) dft , 

0 

1. 

x(/x) - «r^+} w , f 7 ’<*V,,x'ff 

J p 

0 

1 

£(/x) /xe~ T1 ^ 4 -[ J ti') dp' : 


(u a) 
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wS'-ir 1 ra)M are defined in terms ° f the ° haracteristic 

arJdiX-dui^ToT r 2f; r f r her T sideration as they 

accord-mo- £ ? , and functions. On the other hand, 

Ldertero ^T ^ (112 > the “ ons *> *> *’ and ^ of 

four We shall 18 ^ ataneous system of integral equations of order 
our. We shall now briefly indicate how these equations can be solved. 

1. The form of the solutions for S(°\/x, y 0 ) and T^f/x, fx 0 ) 
equation of ^° rm of the solutions obtained in the direct solution of the 

scattering anr^+IT + r m a PP 1X)xima fi°n, it appears that the 

g d the transmission functions must have the forms! 

L + J* ~ X(fx)X(fx 0 )[l— C 1 (fx-\-fx 0 )—x(l — ' U r 0 )fx/x 0 ] — 

~ YipWipo )[! —x( 1 — zu- 0 )/u/x 0 J~ 

and -Czi^-h^o )[X(^Y(,x 0 )-i-Y(/x)X(jx 0 )] 

Co v) T ~~ y (P')^(y'o)[ 1 +Ci( / x—/x 0 ) + a;(l — w 0 )yu,/x 0 ]—- 

-y(^)f r ( i U,o)[l cfjx ft 0 )-f-it’(l -ZD" 0 )yU,j(X 0 J — J— 

+ c 2(^~Mo)[X( A ,)X(^ 0 )d-r( At )r (At0 )] > (ns) 
(fx) and Y(/x) are defined in terms of the characteristic function 

^(ix) = ^[l+^i — ^)^ (114) 

and c x and c 2 are two constants. 

and^'i nt7mTo}7heVle^TlrX^^ yfff ti0n ° f tU ConstanU c - 

(113) proceeds S ° lutl ° ns for ' S< ° > and T “" have the f °i™s 

byTquadonstil^'^.according to equations (112) for £«» and 

ties of the X and V f }’ a ln ® P ro per use of the integral proper- 
We find ^-functaons for the characteristic function (114). 

= C-go 

xM = (l+qo^YM+p^XM, 

and fW = *> X M+a%)]. (115) 

Mdrasekhar. Astroph ys . 106> 153> lg4 , (eqg [2?g] ^ 
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and 


#0 - 'k' aT o[pl a Q~\~ C 2 -XD-q)^], 

V 0 = 2 -W 0 [Ci /3 0 + C 2 Oi 0 —x(l~'OT 0 )^ 1 ], 

( ll = ”2[' ttr o( C l a l + C 2^l) + ( 2 ~'^O a o)] : 
pi = I rcr 0 [c x f3 t + C 2 a x +/3 0 ] • 


(116) 


Using the expressions (115) for ifj, x , etc., in equation (110) for S<®, 
we obtain 


( 


~ + ~W (0> (Ab^°) 

Yo r! 


= X(^)X(fx Q ) [ 1—tf 0 (/H- /x 0 ) + {tfg—Po—* (<7i)}m>] — 

— 1 (p,) 1 (/x 0 )[ 1 -f-f 7 0 (/x-{-/x 0 )~[.{< 7 q— jpg— x (dl —JPiMwo]— 

—:Po(p +M 0 )[A (/x)l r (^<>) + Y(fi)X (/u, 0 ) ]. (117) 

The agreement of this expression for $< 0) with that assumed in (113) 
requires that 

tfo = c l5 ^ 0 = c 2 (118) 

and pf) —(f/g—pg) = *(1—nr 0 ). (119) 

A similar consideration of 7 m leads to these same conditions. 
According to equations (116) and (118) 

Cl = l XD-ofc.! cv 0 d-C 2 fi 0 -\-x( 1 — xrr,,)^] 
and c 2 — A>"i-6 2 %( 1. ' tT r o)Pil- 

Soiving these equations for c l and c 2 , we obtain 

( 2 — ‘ ar G «o)«l“ fill Pi 


( 120 ) 


!7o 


1 TO |j ^ 


(2 Tjr () o: 0 ) 2 wg £g 


and 




0 


i'o « ^ 0 (I-*r 0 ) 

(2 xtr () « rt )“ 


0 «o)& 


“ 7D "() Pa cx i 
™oPo 


( 121 ) 


Substituting these values for c L and c 2 in the equations for q v and jp x 
(eqs. 111 (>J), and making use of the relation 

a o == 1 llW. (V o — Po+v(.l — ^To)(Yjr-Pl) \, (122) 

derived from Chapter VIII, Theorem 4, for the characteristic function 
(114), we find that 


<h 


2(1—'nr 0 )(2 —TO- 0( y 0 ) 

(2 — to - () (x^—vrlpl 


and Pi 


2( I — xjr 0 )Txr 0 Pa 

(2—U3T 0 n£ 0 ) a —TO-g^g' 


(123) 


It can now be verified that with r/ () , p 0 , r/ x , and p x given by equations 
(121) and (123), equation (119) is satisfied, identically, in virtue of the 
relation (122). 
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65.3. The law of diffuse reflection and transmission 
Combining the results of the preceding paragraphs, we have the 
following expressions for the reflected and the transmitted intensities: 

I(0,^,cp;p,o,cpo) 


and 


( i A(/ x )*A(/ x o) x(/^)x(/ u, o) x [. < f > (f j ') c f > (i j 'o) £(^)£(/ x o)]H _ 


— M>9;^o>9o) 


'ITT 

-l-a:(l w. 2 )^!—/^o ) i [^ r(1 )(P')^(i)(P' 0 )—X (1) (/x)F (1) (/x 0 )]cos(<p 0 —<p)}p-o ^ 

MO = (l-c^lX^-c^F^), 

xiv) = (lH-c 1 /x)F(/x)+c 2 p.X(^) J 

<f>({T) = P'[g f 1 X(/x)+p 1 F( i a)] ) £(/x) = fj,[p 1 X(fx)-j-q 1 Y(fj,)'], 

and (X, Y) and (X (1) , F (1) ) are defined in terms of the characteristic 
functions 

^'nr 0 [l+a:(l —to- 0 )/x 2 ] and ixnr 0 {l — ft, 2 ), 

respectively. The constants c 1} c 2 , q 1} and p ± are related to the moments 
of X and F by 

c x = x-mJl-vr.) ( 2 -^o^o)ai-OT 0 ftft 

(2—er 0 O 2 -'<Pl ’ 

c 2 = XvrJl-ntrA ~( 2 —s>o<*o)fc+- ro - 0 ft,o tl 

(2~T3T 0 a o) 3 — 


where 




2(1 —to- 0 )to- 0 ^ 0 


66. Illustrations of the laws of diffuse reflection and transmission 

In Figs. 21 and 22 the laws of diffuse reflection and transmission 
under conditions of isotropic scattering and albedos nx 0 = 1 and 0*9 
are illustrated. The solutions in the form obtained in § 62 were used in 
the calculations, though lacking solutions of the exact X- and In¬ 
equations, the rational approximations of Chapter VIII, § 59 were used. 
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§ 66 

For comparison, the solutions for r x = 0-25 and 0-5 were also obtained 
from the development given in § 63. 

It appears that for t x 0-5 the corrected second approximations for 
the X- and .^-functions constructed in the manner explained in Chapter 
VIII, § 60.2 give an accuracy of about one part in a thousand: this 



Fra. 21. The law of diffuse reflection and trails mission by plane-parallel atmo¬ 
spheres of finite optical thickness and under conditions of conservative isotropic 
scattering. 

Tlio ordinates roprosont the intensity in the unit /x 0 F and tho abscissae the angle 
in degroos. 

An anglo of incidonco corresponding to fi () -- 0-0 is considorod and tlio angular 
distribution of the rofiectod light (the curves on the left side of the diagram) and 
the transmitted, light (the curves on tho right sido of tho diagram) are illustrator 1 
for various values of tho optical thickness r 1 . 

Tho full-lino curves have boon derived from tho rational approximations of tho 
X- and Y -functions; and tho dasliod curves have boon obtained from tlio solution 
developed for small values of r z . 

accuracy .should bo sufficient for most problems. However, exact 
solutions of the relevant X- and Y-equations for various values of 't 1 
are being obtained at the Watson Scientific Computing Laboratory 
(New York) by a process of numerical iteration (in the manner of the 
H -equations). When these tables of the X- and Y-fimctions become 
available, a variety of problems, including that of the formation of 
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absorption Hnes in the process of diffuse reflection, will receive their 
exact solutions. 



I 62. The analysis in this section is taken from 

S. CHANDRASEKHAR, Astrophys. J. 107 48 n948\ /w TT r +1 - 
For thp> in+AT-nT^+„+- „ a ( iy48 ) (Section II of this paper 

J?ui in® interpretation of the X- and V . L * 

2 H v 4w ™ TT - and ^-functions given in § 62.1 see 

±±. VAIT DE Huxst, ibid. 107, 220 (1948). 

§ 63. See van de Hulst, reference 2, and also 

S. Chandrasekhar, ibid. 108 , 92 (1948) 

§ 64. See ' 

8 ' CWBASBKH “- ibid - »07, 188 (1948) (Section III of this paper), 

§ 85 ibid - io6,152 <i948) (seotion m ° f th - 

• ee, Chandrasekhar, reference 4 (Section IV, and reference 5 (Section IV) 
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RAYLEIGH SCATTERING AND SCATTERING BY 
PLANETARY ATMOSPHERES 

67. Introduction 

In the preceding chapters we have seen how transfer problems in 
plane-parallel atmospheres can be solved in a general nth approxima¬ 
tion and how, further, exact solutions for the angular distributions of 
the emergent radiations can be found, most simply, by appealing to 
certain general principles of invariance. In the formulation of these 
latter principles (Chaps. IV and VII) we have indicated, in each case, 
how the state of polarization of the radiation field should be taken 
into account in a physically correct theory; but, so far, we have not 
given explicit solutions for any problem in which scattering has been 
considered as a linear transformation of the Stokes parameters charac¬ 
terizing the incident light. In this chapter we proceed to the considera¬ 
tion of these more difficult problems: more particularly we shall consider 
the basic problems in the theory of transfer in plane-parallel atmo¬ 
spheres, in the context of Rayleigh scattering. 

The plan of this chapter is as follows: 

In § OS the axially symmetric problem with a constant net flux is 
considered, first in a general wth approximation and then in the limit 
of infinite approximation as far as the angular distribution and the 
state of polarization of the emergent radiation are concerned. In § 69, 
as a preliminary to the discussion of the problems of diffuse reflection 
and transmission, the equation of transfer is reduced to certain basic 
equations and explicit solutions for the azimuth dependent terms in the 
scattering and the transmission matrices are obtained. § 70 is devoted 
to the problem of diffuse reflection by a semi-infinite atmosphere and 
§ 71 to the more general problem of diffuse reflection and transmission 
by atmospheres of finite optical thicknesses. In § 72 the planetary 
problem, when there is a diffusely reflecting surface at r — r 3 , is con¬ 
sidered and reduced to the standard problem when no such surface is 
present. In § 72 the solutions obtained in §§ 71 and 72 are illustrated; 
this section includes a brief discussion of the applications of the theory 
of diffuse reflection and transmission, developed in this chapter, to the 
long-standing problem of the illumination and polarization of the sunlit 
sky. And finally in §74 the generalizations necessary to allow for a 
‘depolarization effect’ (cf. Chap. I, § IB) arc indicated. 
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librium ofan^T * Constant net flux - The radiative equi- 
iiorium of an electron scattering atmosphere 

ChapterIc S tra3 ^ 8fer for tIlls P r °hlem has already been given in 

tively nernpnH;™-.! t, ln tlle directions parallel, respee- 

we have ^ ° 116 meridian P lane containing the direction y,, 

dlj _ _ t +1 +1 

^ dr Z ~" S "( 2 _J -5( t >A*')(1— p' 2 ) dp'+ / j,*J I^r, fjt,')(3/x' 2 — 2) dfx'-\- 

—i 

-i-i * 

+P- 2 f -Zr( T > p') dfX' r J 


and 




___ t 3 ( "t* 1 +1 s 

dr ~ M T »/*V 2 ^'-h J / r (r, i L0 4u/}. 

~ 1 -1 1 


(1) 

Chapter1, equations (22^ eqUatlons Wlth the boundary conditions, 

cafr^Tte f ** defined “ the manner, we 

write the equations of transfer (1) in the following forms: 


dl t _ 


and 


dZ 


# ‘3F = 


( 2 ) 

These equations admit the flmr aT1r i n,„ ra • . 

J i+-r r ; for, multiplying equations t 9 \ h jS j'“ ltegral for the total intensity 
over the range of we obtain ^ and ^ ^ and inte S ratin S 


ldK „ 
4 dr ~ 


Accordingly, 


1 dF, 

4 dr 


i J r-lK„ 


and 


_ 1 77T 

dr ~ ***’ 
dx ~~ 


(3) 


d 


^+4) = 0 and ±(K l+ K r ) = HPl+Fr) . 

Hence rrr i 7-y 

JVMV = constant = J ( say ) 

and 


(4) 


( 5 ) 
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68.1. The general solution of the equations of transfer in the nth 
approximation 

Following the general method of replacing integrals by the corre¬ 
sponding Gauss sums, we have the following system of 4 n linear 
equations in the nth approximation: 


Pi 


dr 


4 i-f[2 2 { 2 a^-2 )iy+ 2 OjlrM 

(i — £1,..., zL n ) 


and ^ 


dl 


T,% 


dr 


hi~ §( 2 a 3 hi + 2 a jpj hi) == ± 1 » —> ± n )> ( 6 ) 


where J z . z and I r>i denote / z (t, p,. z ) and I r (r, p,. z ) and the rest of the symbols 


have their usual meanings. 

In solving equations (6) we shall first find the different linearly 
independent solutions and later, by combining them, obtain the general 
solution. 


First, we seek solutions of equations (6) of the forms 


hi = 9i e ~ kT and hi 


hie- 1 ™ (i = ±1,—, ±n), 


(7) 


where the gfs, hf s, and k are constants. Substituting these forms for 
Iji and I ri in equations (6), we obtain 


<jh-VlH h ) 

and 


: -?[2 2 «,( l-rftii+nU 2 2)ff 3 -4 

htii+^k) = i[2« 3 ^ff/j + 2 a i h A- 


2<W] 


( 8 ) 


Equations (8) imply that g. t and h. t must be expressible in the forms 


<*Pi -\-p 
1 -~h 1c 


and 


h>i 


v 


1 -\-Pik 


(i = zb dz w )» 


(9) 


where a, j8, and y are certain constants, independent of i. Combining 
equations (8) and (9) we have 


<*/*M-j8 - •« [2{a( D a — 1\ ) d - /3( D 0 — -Z) 2 )} 4 - 

-| - Pi{&( 3 ./> t — 2 7) 2 ) -I ~ /3 (3 /) 2 —2 Z> 0 ) -1 - y A>}] 

and y -g(«/I 4 d')3/) a -|-y/.> 0 ), (19) 

where we have introduced the quantities £)„, 7> a , and Z> 4 according to 
the formula (cf. Chap. Ill , eq. [18 ]) 


/ ) Nd j l l i 


( 1 . 1 ) 
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Since (10) is valid for all i, we must require that 

S “ = “ (32) 4-2A)+A3A-2£> 0 )+yh,, (12) 

and f = A), (13) 

_ 37 ~ “A+£A+yA- (14) 

geneous linear’'eqXtions fX’^X^nd ™ Pr ®f ent , a system of hom °- 
system must, therefore, vanish. Hence 

3 A—2D 2 —| 3D 2 —2D 0 


-~ —^ ojougui tJJL JJ.UJLUU" 

The determinant of this 


A—A 

D. 


A—2>„ 


4 

“3 


A 

o 


Do 


D 


0. 


(15) 

fan tranXorm tXL° p tinS - SUi t abIe multi P les <* *«> r ' ™'« or columns we 
ansiorm the deternunant on the left-hand side, successively, into 

3D_2D _& o n . 17 


3 D 4 - 

A 

D„ 


2 A—I 3A-2A A 


D. 


0 " 


4 

"3 


z>, 


o” 


.8 

3 


8 

3 


A A 

A i>„ 


8 . 

3 


4 

3 


Hence 


T) _ 8 

Do 3 

Do 


.8 

3 " 


A 

o 

A+A-S 
A+A-S 


d. 


O' 


8 

' 8 

8 

3 


0 

2(A-2) 

D 2 +D 0 - 


8 

3 

A 

A- 


8 

3 


.(16) 


(A+A— I) 2 — 2(A— 2 )(z>.-i- n _s-i _ n 

andXqf 6 ^ SatiSfy the relations 3 (Chap' III, eqs. [21] 


and 

In particular, 

A = ~ (A- 


A,- = i 

25 k 2 


D 


2j-2 ' 


D 


%~1 


:) 


2j-l 


-7cD 


2j" 


-2) and D 


'» = p (A-1) = p (A- 

A relation which follows from these equations is 

u "- s - u. „,. u 

On simplifyingthis etatLn'furtW,XJ fi°7 

or -A-A+2A A-4A+4 A-f = o. 

Hence (A~A) 3 -4(A- A)+¥ = 0. 


■2) 


3k 2 


0. 


(A—A—f)(A— A—I) = o. 


(18) 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 

(23) 
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Iii other words, either 




2 


Oj( 1-^1) _ » 


"|-f6y /b 


3 


or, 


a,j(l —/x|) 4 


d 0 —d 2 = y a y—y 

X -■/ 1 —|— k 


3 


(case 1) 


(case 2). 


Equations (24) and (25) can be written alternatively in the forms 

4 
3 

and V = ? (case 2); 

1 —fJLj/C" O 


" = (casel) 


i-=l 

71 
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(24) 

(25) 

(26) 
(27) 


i-i 


and & 2 must be a root of either of these two equations. 

Equation (26) is of order 2 n in 7c and admits 2 n distinct non-vanishing 
roots which occur in pairs as, k ±a , and 

7e+ a = — 7c_ a (a == 1,...,»). (28) 

On the other hand, equation (27), though of order 2 n in 7c, admits only 
2 (n —1) distinct non-vanishing roots, since k 2 — 0 is a root.f However, 
the (2n —2) roots for k also occur in pairs, which we shall denote by 
and K p — — (p=l 1), (29) 

to distinguish them from the roots of equation (26). 

Case 1: k 2 a root of expiation (26). In this case T) 0 — 1\ = §; and from 
the relations (19) we readily find that 

<■> 4 , 7/2 _-) 9 9 _ /.2 

*> » . —I 'V'v W /V/ 


71, 


3 P— 1' ’ = 5 3(^—1) ’ />4 3/b 2 it 2 — 1 ■ 

With these values of />„, I) t , and ./t 4 , equations (IS) and (14) become 


(30) 


(X 


■ k*t3 and y = — (/c 2 — 1 )£. (31) 

Accordingly, equations (6) allow 2 n linearly independent integrals of 
the form 

(i" =~ dn 1 j — j ziz 71 
and 


I,, = 

constant(L — 7c a p ; )e. 

- h\xT 

- 

— constant 1 

(> A \ X T 

/ , r 

1 i (\ P 

i 

,2: k 2 

a root of ('(/nation 

(27). 


(32) 


<Y 


equations (19) now give 


IX 


2 2/< 2 — 3 

3 ~ ip ~— 1 : 


IX 


IX 


3(k 2 l) 


(33) 


f Note that jr <ij( 1—/i a ) ~ §. 
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With these values of D 0 , D 2 , and 1 9 4 it is seen that equation (13) is 

satisfied identically, while the consideration of equations (12) and (14) 
shows that 

ol — ~/3 and y = 0. (34) 

Accordingly, equations (6) admit (2n—2) further linearly independent 
integrals of the form 



and 


= constant 


T _ ,,2 



= 0 (£ = ±1,..., 


±n, P = ±1,...,±»=F 1), 

zb^)- (35) 


To complete the solution we verify that equations (6) also admit the 
solution 

li'i h,i Q) (i == -f~ 1..... -t~7i0, (36) 

where b and Q are constants. 

Combining the solutions (32), (35), and (36), we can write the general 
solution of equations (6) in the form 


r , ( n ~ 1 

hi = ^t+^-£+(1-ju|) ^ 


Lp e~ K /3 r 




and 


Z..- = b 




+» \ 

k (X tx i )e- k <* T \ (i = d=l,...,±w) 

&— ~n ' 

[t+^+Q- y (i = ±1,...,±»), (37) 

Oi = — yi ' 'Qt / 


vdiere L ± p (/3 1), M (o: = 1,..., n ), 6, and C are 4n constants 

of integration. 


68.2. The solution satisfying the necessary boundary conditions 

rlooif+r 0 ^ 6111 ° n ^ an< ^ ^e boundary conditions are (Chap. I, 
11* it fVT at n ° ne ° fthe J *’ s incr ease more rapidly than e* as r-> oo 
a e re is no radiation incident on r = 0. The first of these 

i°n p /Tz re ? m ^ S tkat in the § eneral solution (37) we omit all terms 
m exp(-h^ T ) and exp(-f-^ T ). Thus 


T r ( T « 

j 8 =i x 'f J "i ,c f3 ^ ) 


(i — -j-1,..., -f^ri) 




*{ T +ft+Q— 2 -*4 e-*d (» 

' 5=4 1 +ft^ c < / ' 


(38) 


and 
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Next, the absence of any radiation incident on t == 0 requires that 
-4* = = 9 r — 0 and for i = — 1,..., —n, ( 


(39) 


or, according to equations (38). 


(1— /A?) V - —£-f- S' d/ a ( 1 -1- h a /q) — + <> = 0 (i = 1,...,») 


2 J/ 


4(/4-i) 


■/*i+<2 = 0 (t =!,...,%)• 


( 40 ) 


™ / I t 1 v 5 * * • 9 ) 

Mu m um */ i. ZX„* /It/ 

a- 1 a 

These are the equations which determine the 2n constants Lp 
(/3 — 1 n — 1) and M a (a — 1,...,%), and Q. The constant b is left 
arbitrary and is related to the constant net flux in the atmosphere, as 
we shall presently see. 

'Defining the net fluxes F t and F r in terms of the corresponding Gauss 
sums we have, according to equations (38), 


F l = 2 b 


and 


M- 2 

/3 —1 a=l 


F r = 26 §- 

* a = l 


(41) 


On the other hand, from equations (18), (30), and (33) we have 


A(*«) - -KJMK) 


2 

3 /4—T 


(42) 


Hence* 


and 


(43) 


and /^(^/j)— —■ —Kp[Dz(Kp)-~F 4 i K p)] = °* ( 42 ) 

Hence F l — ^(l— M a fc a e“M 

A OL 1 

( Vb \ 

1+ V (43) 

From the two preceding equations we infer the constancy of the net 
flux. More particularly, 

F = F r \-F r == §6 = constant. (44) 

We can, therefore, rewrite the solution (38) in the form 

w.—1 - r * _ n \ 

Jjq(s , ' S sT N 71/T / *1 7* . . 


I IH i-o+o-rt) 2 2 

l f f~i 1 I Fi a «i 


— + > ^(1-^^i)^ 

- K a 't—* 


8-Wh -k+Q- 2 


1 i 


('6 = itlj-'-s zh^)‘ 


(45) 
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In terms of the foregoing solutions for J ( i and J r i we can readily estal 
lish the following formulae: 

i 2 a j Ki = f F(t + Q -\~§ 2 -^{3 (>r ~ K P T -\- 2 K, <r Ji " r )' 

v j8~i « x * 

n 


(tiij 


-^=4I«^!G = P’(t+<2+ 1 

J r =lF(r+Q-l f Xf a (4*»-3)e-M, 

v a = l / 

/ 1??/ 

and JT r =i^( T +g— 2 

x a = 1 / 

The source functions and 3,,(r,/x) for I f and /, are (of. eqs. [2jj 

= f[2M—^)+ ft a(3Ai-2^-|-^ ) ] 

and -X(^y) = f-(J r -f-iq). (4 7* 

Now, substituting for iT z , J r , and K r from equations (40), we have 

= IFlr+Q+il-^f Lfi e-«F+ f *-*» 

[3 — 1 ex 1 1 

and 2 U t >M) = t-ffr+e- f i!4(*2—])c-M. (4SS 

In terms of these source functions, the radiation field in the atm. .sphere 
can e etermmed in accordance with Chapter I, equations (<iS) and (lift), 
in particular, for the emergent radiations, we find 

?l— 1 


___ j 

jS=x pr ^ LX i 1 

n 


and 


4(0 ,/*) = fi? 


(m+«- 2 

0£«1 


y 

1-l-k^fM J 


( iU) 


thtdapproxi^tiZ^ 1 ^ rOOU ^ the COnStants <>f inf'VratUn, in tin 

“ 18 ° f interest to n " te *ho values of the 

app^L:^;! constants ° f in ^ rati ^ - «.i„, 

h = 3-458589; ^ = 1-327570; * 3 = H n liT(i( -,. 

*1 = 2-718381; * 2== 1-118216, 


-0-1402646; £, 


2 0-06791696; Q = 0-705927 


Tj r * - VVJ UlO^U, 

->4 = +0-00718392; K 2 = +0-01861255; Jf, 


0-052KB6 l. 

(50) 
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68.4. I 1 he elimination of the constants and the expression of If 0,g) and 
I r (0, g) in terms of H-functions 

According to equations (40) and (49), we can express the boundary 
conditions and the angular distributions of the emergent intensities in 
terms of the functions 



~~1 j n 

3(p) (1 g ) ^ pH ~Q 

ffci 1 P K P o/~l 

(51) 

and 

^oc 

(52) 

Thus, 

— Sr(pt) = 0 (* = !, — ,») 

(53) 

and 

4(0,/*) = SPBK-fO; 4(0, It) = pKU-rf- 

(54) 


.Equations (53) and (54) provide further examples of the reciprocity 
between the equations representing the boundary conditions and the 
equations governing the angular distributions of the emergent radia¬ 
tions, which we have referred to in Chapter VI, § 43. 

We shall now show how explicit expressions for /Sf/a) and S r (fi) can 
be obtained without solving for the constants of integration, 
first, we shall define the functions 


*(g) 

p(p) 


= XT ( l —fc«p); 

a—1 

i? a (g) 

= n(i- 

“*«P)» 

1 

= Jj (1 — Kp fa) and 

Pj5(p) 

= n (!- 

r . /-» 

-/r & g). 


fi 1 j8 


(55) 


Considering, now, the function SffI), we see that p(g)$/(g) is a poly¬ 
nomial of degree n in g which vanishes for /a — g/ (i = 1 ,...,n). We 
must accordingly have a relation of the form 


3(g) 


q/e l ...lc n (—l) n 


Pip) 

p(p) 


= (56)f 

whero q is a constant, JP(g) == XT (j u — Pi)> and ///(g) is defined in terms 
of the roots of the characteristic equation (27) (cf. Chap. V, eq. [3]). 

Considering next 3(g), we observe that we must have a propor¬ 
tionality of the form 

P(g)3(p) cc P(g)(g-c), 

where c is a constant, since the quantity on the left-hand side is a 
polynomial of degree (n- 1-1) in g and has the zeros g = g/ (i = 

-|- Wo havo introduced tlxo factor lc t ...k n in equation (50) for convenience in later 
reductions. 

3595.04 H 
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The constant of proportionality can be found by comparing the coeffi¬ 
cients of the highest power of y on either side. Thus we find that 

JrC(fz) 

— k x ...7c n [j, 1 ...fM n £[ r ( —/x)(/x—c), (57) 

where ff r (fx) is defined in terms of the roots of the characteristic 
equation (26). 

Using the relation = _L, (58)t 

V Jj 

between the loots of equation (26) we can rewrite equations (56) and (57) 
m the forms 


= and S r (/Ji) 




(59) 


To determine the constants q and c we proceed in the following 
manner: 

ec l^[59])^ ^ ~ ~^ 5 respectively, —1, in equation (51), we have (cf. 

71/ 

Sl{+1) = JA4(i+*y-i+<3 = 


and $(-1) = f^l-kJ + l + Q = V-HA+l). 

Next, putting fj. = 0 in equation (52), we have (cf. eq. [59]) 


S r (0) = Q _ fMJkl-1) 


V2* 


(60) 


(61) 


form (of. Chap rea< ^^ from the characteristic equation written in the 

n 

2 P2j Ay = 0, 

j = 0 

where the p zj s are the coefficients of ^ in the Legendre polynomial P 2}1 (p) and. 

n 

The A’s defined in this manner satisfy the recursion formula 

Ay = _(Ay_ 2 ____Z_). 

formula we therefore^onclu^n^ + = ^ anci A 2 = 2/37c 2 . Prom the recursion 

accordingly have the form & ^ 2?l starts 2/37c 2w . The equation for A; must 

3 7 J 0 ^ 2M +...-4-fi3 2} i = o. 

( — _ 1 
2 x>o 


Hence, 
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Combining equations (60) and (61) appropriately, we obtain the 


following relations: 


2 M a = ai-Q ; 2 MJc 0 

Y ““ 1 V-5 CY1 




and 


x “ 1 


where we have used the abbreviations 


a, = ][//,(-l)+//,(+l)] and 6, = £[/7,(-l)-.B;( + l)]. (63) 

Now from equations (52) and (57) we obtain the following expression 


for 


M a - fc- C - (04 


We may therefore write 


2 MJC =-- 

a—1 


where 


(— l)"7<q...7q 




(65) 


( 66 ) 


To carry out the summation on the right-hand side of equation (66) we 
introduce the function 


f (qq_ Np 2 ? (r) (m — _1 0 1 2) 

fm(x) ~ ZmjpH)^ <m ~ 3; ’- ) ' 

and express £ m in terms of it. Thus (cf. eq. [58]), 

f. i i \«.7, 7. /• /n\ (-l) w P (A\ 


(67) 


(—l) w /q.../qj; n (°) 


..u.„v2 


( 68 ) 




Now f m (x) defined as in equation (67) is a. polynomial of degree (n—1) 
in x, which takes the values 

P(l//r a )/C/(^~l) 

for x = I/Aq (« — 1 ,..., w). In other words 

(1— x2 )J m {‘t') — a: 2 ni P(x) 0 for x — Z:" 1 and ix I (69) 

The polynomial on the left-hand side of equation (69) must therefore 
divide M(x). We must, accordingly, have a relation of the form 

(1.— x' 2 ) f m (x) — x z, * m P(x) - R(x)i !>(;*), (70) 

where O (x) is a polynomial of degree 3, 2, 1, and 1, for m ~ —1, 0, 1, 
and 2, respectively. To determine <l>(a:) more explicitly, we must 
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consider each case separately. We shall illustrate the procedure for 
the case m = —I. 

For on = 1, equation (70) becomes 

(1 —x*)f_ x {x)—x*P(x) = R{x)(Ax*-{-BxZ+Cx+D), (71) 

where A, B, C, and D are certain constants to be determined. The 
constants A and JB follow from a comparison of the coefficients of a; 7l + 3 
and x n + 2 on either side of equation (71). Thus 

a - i k£ - -)■ 

1 1 05 — 1 a/ 

Next, putting a? = -j— 1 and —1 in equation (71), we have 

P(l) 


(72) 


A+BAC+D 


R{1) 


= — ( — — 1) 


and -A+B-C+D = +^-l>= (-l)"^. ..^#,(+1). (73) 

These equations -determine the remaining constants G and D. In 
particular 

D =/- 1 (°) = (- l )’ l + I ftL ... M „ 6 , + ( - 1) ” +1 ' “ 


/^i *.. Jc, 


n 


( 2 a- ™ 

V I=1 05= 1 a/ 


, ./ - «- LX- X 

W ere, m analogy with (63), we have introduced the abbreviations 

^ = iW(“l)+^(+l)] and b r = \\H r {~ i)—H r (+l)l ( 7G ) 
From equations (68) and (74) we now find 


l-i 


5 = 1 a = l a/ 


(76) 


n ** ’*** * jl 

e evaluations of £ 0 , | l3 and £ 2 proceed along similar lines. We find 


£<) 


a„ 


^i = 


and i. 


(1— a r ). 


V2 &2 ~~ V2 

With the substitutions (66), (76), and (77), equations (62) become 


(77) 


Q , . and ~b r Aca r = qaz . 

Solving equations (79) for q and c, we obtain 

al—bl 


(78) 

(79) 


T If 
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Also, from equations (78) and (79), we have 


Q = c+ j?M*~ 2 k, 


(81) 


With the determination of q and c, we have completed the elimination 
of the constants in the solution for the emergent radiations. We have 
(cf. eqs. [54] and [59]) 

/ z (0, j.i) = ~ fljifx) and I r (0, /a) = %F ^H r {ih)(^-\-c). (82) 

68.5. Relations between the constants q and c 
According to equations (63), (75), and (80), we have 

, , (af-bf,)(af-bf) _ jr,(+l)Hi( -l)^r( + l)flr(-l) 

1 ' (Otbr-Orb,)* 


and 


[//,(+1)A(-1)] 2 


anu 7 -—(atK-a.M 1 

On the other hand, from the identities (cf. Chap. V, eq. [4o]) 


r 

> 2 .,2 
, v a _ it- 




and 


1 „ i_;i f ,aVS'liZW 

—/a) “ 


we have the relations 


Hence, 


1 — € 


0 IJ r {—N r—W 

— 1) = —2 and / /,,( -|- 1)//,.(— 1) — 4 

8 f2 = 16 
(r/ 7 6 r —r/ r 6 / )“ s ^ («/ — r/ r^)“ 

tf a - 2(1 — c a ). 


(84) 


(85) 

( 86 ) 

(87) 


Since equation (87) is independent of the order of the approximation, 
we conclude that it represents an exact relation of the problem. 

A further relation between the constants q and c. which follows from 

the equation 

1 _! __ {(h~- f> i)( a r:\z b r) ///( l; l ) 1[ r (0 ? (88) 

1 a 1 b r —a r b l a l b,.—a r b l 


(,+.)/«+.) - - •>'«+> > 





246 RAYLEIGH SCATTERING AND Chap. X 

This last relation between q and c is a necessary one, since symmetry 
clearly demands that 

(90) 


m 1) = fF-|tf z (l) = 4(0,1) = %F~H r (l)(l+c). 

68.6. Passage to the limit of infinite approximation and the exact 
solutions for If 0, p) and 4(0, p) 

From the theory of the 17-functions (Chap. V) it is known that the 
77-function defined rationally in terms of the positive roots of the 
characteristic equation 

i - 2 y a > (9i) 
Zi-&V|’ 

must, in the limit of infinite approximation, be associated with the 
solution of the integral equation 


JL 

«) = 1 +l*H(n) f dfx.', 

J P' + A 


(92) 


which is bounded in the entire half-plane P(z) I> 0. 

We may therefore conclude from equations (82) that the exact 
solutions for If 0, p) and / r (0, p) must be expressible in the forms 

W.P) = and I r (0, ^ = %F (93) 

where Hf{I) and 77 r (p) are defined in terms of the characteristic functions 

= |(1— [P) and M*(p) — |(1 —p 2 ), (94) 

respectively, and q and c are two constants related in the manner 
(cf. eq. [87]) 

J q 2 = 2(1 —c 2 ). (95) 

A further relation between the constants q and c, which will make the 
solution determinate, can be obtained from the 11 ux integral 

x 

F = 2 J K(0, m)+I,.(0, /*)> dp. (»6) 

0 

Thus, with the solutions for IfO, p) and IfO, p) given by (93), we must 
have 

4V2 fi-cAf) = 1, (97) 

where a* and A n are the moments of order n of Hfgu) and i7 r (p), respec¬ 
tively. Alternately, we could also use the relation 


required by symmetry. 


qHfl) = (1+ C )i4(l) 3 


(98) 
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By using the various integral properties of the functions i7 z (/x) and 
it can be shown that (cf. § 70.2 below) 

a — 9 3(4 0 oq+ocp^• 1 ) 

1 " 3(^2 +2a f) 


and 


8(y4 x —ai) + 3(2o: 1 a 0 — A l A n ) 


3 ( 41 + 20 = 1 ) 
represent the unique solutions for q and c. 


(99) 



Fxc. 23. Tho law8 of darkening in the two states of polarization for an electron 
scattering atmosphere: l refers to tho component polarized with the electric, 
vector in the meridian piano and r refers to the component with tho electric 
vector at right angles to the meridian plane. 


68.7. The exact laws of darkening in the two states of polarization. The 
degree of qiolaHzation of the emergent radiation 

Tho functions Hfg) and JJ r {fx) have been evaluated numerically by 
Mrs. Frances H. Breen and the writer by the method described in 
Chapter V, § 41. The solutions are given in Table X X IT. The various 
related constants are listed in Table XXIII. The intensities 7 Z (0, /a) 
and I r (0,/x) and the degree of polarization, 


S = X r (Q, p )-— 7 Z (0 , /x) 

f r {0, /a)+/ z (0,p)’ 


( 100 ) 


of the emergent radiation derived from the tabulated functions and 
constants are given in Table XXIV. The different laws of darkening 
in the two states of polarization are further illustrated in Fig. 23. 




248 


RAYLEIGH SCATTERING AND 


Chap. X 


Table XXII 


The Functions Hfgi) and ) obtained as solutions 
of the Exact Integral Equations 



■Hi(u) 





6 

1-0000 

J -00000 

(7-55 

2-4319 

1-22532 

0-05 

1-1814 

1-05737 

0-60 

2-5486 

1-23320 

0-10 

1-3255 

1-09113 

0-65 

2-6649 

1-24042 

0-15 

1-4596 

1-11703 

0-70 

2-7807 

1-24705 

0-20 

1-5884 

1-13816 

0-75 

2-8962 

1-25318 

0-25 

1-7137 

1-15594 

0-80 

3-0113 

1-25886 

0-30 

1-8367 

1-17128 

0-85 

3-1262 

1-26414 

0-35 

1-9579 

1-18468 

0-90 

3-2408 

1-26906 

0-40 

2-0778 

1-19654 

0-95 

3-3552 

1-27366 

0-45 

0-50 

2-1966 

2-3146 

1-20713 

1-21668 

1-00 

3-4695 

1-27797 


Table XXIII 

The Constants derived from the Exact Functions, Hffx) and U r (fi) 

a o = 2-29767 A r = 0-61733 

A 0 = 1-19736 q = 0-68989 

= 1-34864 c = 0-87294 

Table XXIV 

The Exact Laws of darkening in the Two States of Polarization for an 
Electron-scattering Atmosphere ; Degree of Polarization of the Emergent 

Padiation 


1 

hP 

I r /F 

I/F 

Law of darkening in 
state of polarization 

Degree of 
polarization 

i 

r 

0 



0-18294 

0-23147 

0-41441 

0-28823 

0-36470 

0-11713 

0-05 



0-21613 

0-25877 

0-47490 

0-34053 

0-40771 

0-08979 

0*10 



0-24247 

0-28150 

0-52397 

0-38203 

0-44352 

0-07448 

0*15 



0-26702 

0-30299 

0-57001 

0-42070 

0-47739 

0-06311 

OzO 


• 

0-29057 

0-32381 

0-61439 

0-45782 

0-51019 

0-05410 

0*25 

r\ *4 r\ 



0-31350 

0-34420 

0-65770 

0-49394 

0-54231 

0-04667 

O'oO 

A Or 



0-33599 

0-36429 

0-70029 

0-52939 

0-57397 

0-04041 

O ■ o5 

A. A A 



0-35817 

0-38417 

0-74234 

0-56432 

0-60529 

0-03502 

U 41) 

/A. A 6f 



0-38010 

0-40388 

0-78398 

0-59888 

0-63634 

0-03033 

rr rv 



0-40184 

0-42346 

0-82530 

0-63313 

0-66719 

0-02619 

f\.F£K 



0-42343 

0-44294 

0-86637 

0-66714 

0-69788 

0-02252 

u*oo 



0-44489 

0-46233 

0-90722 

0-70095 

0-72844 

0-01923 

U‘DU 



0-46624 

0-48165 

0-94789 

0-73459 

0-75888 

0-01627 

VJ’uO 



0-48750 

0-50092 

0-98842 

0-76809 

0-78924 

0-01358 

\J I u 

0-7^ 



0-50869 

0-52013 

1-02882 

0-80147 

0-81950 

0-011123 

v / o 

O-RO 



0-52981 

0-53930 

1-06911 

0-83475 

0-84971 

0-008880 

V Ov 



0-55087 

0-55844 

1-10931 

0-86794 

0-87986 

0-006818 

V Otl 

O-QO 



0-57189 

0-57754 

1-14943 

0-90105 

0-90996 

0-004919 

OQK 



0-5928& 

A A 1 Pl 

0-59661 

1-18947 

0-93409 

0-94001 

0-003155 

\J kJ tj 

1 *00 



0*61379 

0-61566 

1-22945 

0-96707 

0-97002 

0-001522 

A V/ V' 



0-63469 

0-63469 

1-26938 

1-00000 

1-00000 

0 
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According to the results given in Table XXIV, the emergent inten¬ 
sities in the two states of polarization, while equal at the centre (/a = 1), 
differ by about 25 per cent, at the limb (/a — 0). Correspondingly, the 
degree of polarization varies from zero at the centre to 11-7 per cent, 
at the limb. In stellar atmospheres of early type (spectral type BO 
and earlier), in which scattering by free electrons is believed to play 
a predominant role in governing the transfer of radiation, we should 
expect to detect this polarization during the eclipse of such stars, at 
phases close to the primary minimum. Preliminary observations by 
W. A. Hiltnerf would appear to indicate that the effect, of the pre¬ 
dicted amount, is present. 


69. The reduction of the equation of transfer for the problem of 
diffuse reflection and transmission 

The equation of transfer appropriate to the problem of diffuse 
reflection and transmission, for Rayleigh scattering, has been given 
in Chapter I, § 17.4, equation (231). In this section we shall reduce 
this vector equation into a simpler set of equations. 

First, we observe that since the phase-matrix (cf. Chap. I, eqs. 
[220]-[224]) is reducible with respect to the last row and column, the 
Stokes parameter V will be scattered independently of the others and, 
indeed, according to the phase function feos©. Thus, the equation 
of transfer for V is 


(IV (r,/A,cp) 

* ar 


V(r,/x,rp)~ 


- 1-1 27 T 

— ~ J J (1 —P' 2 )“( 1 —P-' 2 )' cos(q/—cp)] V (t, /a', 9) dfx'dty' — 

— 8 n. —/Vh) + ( 1 — / x o)K1 — f*' 2 )~ coH(cp 0 — 9 )]«-“ T /F°, (101) 

or, writing V in the form 

V(T, /a, 9 ) - 3 F r [- W A 0 F«»(t, J U.) - 1 - (1 —g- a )H l - mJ) 4 V™{t, /A)cos( 9o - 9 )], 

( 102 ) 

we have the pair of equations 

^dl»»>(r, g) ^ a f p'symfan') tifi' — a 

(It 

— 1 

and ^ = F0)( t , /a) — -2 J (1 — /a' 2 )F< ] >(t,/a') dil' — c~rfno m (103) 

j' A&lrophytt. J. 106, 291 (1947). 
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sional U ^ ^ com P onents of a three-Uhnen- 

for 1 , we have the equation of transfer 

l TT 

*■ l T ,/*,?)- — J J dp'ek?'- 

-1 0 

where ~ — /<■<,, cpo)^-^", (104) 

andP . F=(X],F r ,U), (106) 

equations <P (r20H224)°but withth^ f efined exaotly as in Chapter I, 
p , M " 4} bUt TOih the l^t row and column deleted. Thus 

= 0[P®fc ^)+(l-^)i(i -sypmfo 9 ; 9 ')+P%., 9 ; #*'. 9')1 

( 106 ) 


where 


a 0 0 ^ 

0 x o|, 
10 0 2, 


(107) 




0 


1 0), 

0 0) 


pa) (^>9 ,>', 9 ') = 2 i 

4 ! 


3 

4 I 


3 / cos( 9 '— 9 ) 0 2^a sin(cp' —<p) 

0 0 0 

and. ^ sin(cp 9) 0 cos (9'—9) 

p( 2 ) (^9^',<p / ) 

W 2 eos2(9'—9) — i a 2 cos2(9'~9) „a„/ sin 9 /_, u 

^ 2 COS 2 ( 9 '— 9 ) C 0 S 9^' N jCt /r sm 2(9 9 )\ 

~^sin 2 ( 9 '- 9 ) At sin 2 ( 9 '—^) (1 ° 8) 

Now writing ^ ^ Ai/x cos 2(9 — 9 ) / 

wwSrirx ( T )+ 9 )+/^.^ „), (too) 

of periods 2 W and „ /<2> eontain terms in ( 9o -<p) 

^ ave tlle thre © equations 
AO + 1 

dr (r ’^_j P(( V> fx') fx^Fe-T/vo, 

( 110 ) 


d;iw r> 

=/Ci)_ V_ 
4tt 


~f 1 2-7T 


1 **. 6*4t 

—i QP {1 \fx, 9 ; ~/X 0 , cp 0 )Fe~^o 9 (HI) 
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-1-1 27T 

= I®) — — f f P (2) (ft,9;/x^')I (2 H^ 3 ^9') ^P^9 ,— 
dr 4xr J J 

10 — K>P (2) (/^ 9; —Po> 9o)-^ e ~ T// *°- (112) 

By writing equations ( 111 ) and ( 112 ) in full, we find that, among 
the various coefficients in the Fourier expansions of I z , I r , and U, there 
are certain simple relations of proportionality. Thus, if I^\ ^ 

and , Ir _3 4 are 4h© coefficients of cos( 9 0 — 9 ) and sin( 9 0 9 ), 

respectively, in the Fourier expansions in ( 9 0 9 ) ^i> ^4 ^4 then 

2 («(r,/x) = nUM(T,ri; J{- tt (T,/*) = f*)\ (n3) 

^(r,/x) = 0. 

Similarly, among the coefficients of cos 2 ( 9 ,— 9 ) and sin 2 ( 90 - 9 ), there 
are the relations 

I^\t, fl) = fj?( t, ix) = /x) 

and Ii~ 2) (r,iJi) ss —/x 2 I<- 2 >(r,/x) == —|/xt7(-2)(r,/x). (114) 

The origin of these relationships can be traced to the following, directly 
verifiable, properties of the matrices P (1) and P (2) : 


27T 


and 


— f /x 0 ,9 0 )^9' 

4-7T I 

0 = 9! — Mo. 9o)S ( 1 +V a ) 

2tt 

f <?P (2) (/x, 9 i ^90<?P (2 V>9'; Po»9o) 

™ 0 = QP^iw, -Po,9o)-&(HV a ) 2 * ( 11C > 

Consequently, equations (111) and (I 1 . 2 ) allow solutions o.t the lonn 
P»( Tj/ x, 9 ) -= lQPW(tx, 9 ; — /x 0 ,9o)^ f / )( 1 > ( T ’p) 
and J ( 2 ) (t, /x, 9 ) — ; 1 QP C 2 ) (/x, 9 ; —/x 0 »9oW a) ( T »p)> 

where <•/><') and </> (2) are scalars depending on r and /x only; tor, with the 

substitutions ( 110 ), 9 > —Po>9o )^ 1 anc ^ IQP^Hal 9> Po>9o)^ 

occur as factors in every term of equations ( 111 ) and ( 112 ), respectively, 
after the integration over 9 ' has been carried out, and will leave the 

scalar equations 

4- 1 

d ft 1] , «/#)—§ J (1— j u /a )(l+2^ ,a )^W(T,/A / ) dix'-e-T^o 




dir 


and 


= ,p>— & J (l+ju'WV,fO ^-e -T/ ' x ”= ( m ) 

-1 
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for determining <£ (1) and / (2 >. It can now be verified that equations (1X6) 
imply the relationships (113) and (114). 

Now equations (103) and (117) are of the general form 

= (118) 

where T^g,) is an even polynomial in /x. Equation (118) can be solved, 
quite readily, by the standard procedure of replacing integrals by sums. 
Indeed, it is evident that the analysis will parallel, exactly, the treat¬ 
ment of the equation 




dl{r, p) 
dr 


+ 1 

— J /(T,p/) dfj,' — 

— 1 


Fe~ rl ^\ 

4 


(119) 


given in Chapter III, § 26, and Chapter VIII, § 59, with the only non- 
essential difference that the characteristic equation appropriate for the 
solution of equation (118) is 


1 __ 2 V 


( 120 ) 


instead of Chapter III, equation (84). The angular dependence of / at 
the boundaries of the atmosphere can, therefore, be reduced to 17- 
functions (in the semi-infinite case) or X- and Y -functions (in the finite 
case). From the correspondences enunciated in Chapters V and VIII, 
between the H -functions and the X- and Y -functions, defined, rationally, 
in terms of characteristic roots and those defined in terms of integral 
equations, we conclude that the exact solutions for/at r — 0 and r = r % 
(in the finite case) will be given by 


/(<U) = [X(fji)X(^)~Y(fx)Y^ 0 )] 


M+M o’ 


and M ,-rt = [WW-W o)]-^ 2 -. ( 131 > 

P—Y o 

where X and Y are defined as solutions of integral equations of the 
form considered in Chapter VIII. 

Returning to equations (116) and (117), we now observe that this 
reduction of the solutions for I (1) and Y® means that if we express the 
scattering and the transmission matrices in the form 

= Q[| i S ,(0 >(r 1 ;/x,p, 0 ) + (l—/x 2 )4(l—/x§)**S< 1 >('3"i; fx,cp; ft 0 ,<p 0 ) + 

-f-S <2 ^(T x ; fj,, cp; p. 0 ,9o)] 
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and 

T(Ti;/i,cp;ft 0 ,9o) 

= 0[!r^T 1 ^^ 0 )+(l-^)Ml-M?,) s r(«(T 1 ;^,cp; P o.'Po) + 

+ T< 2 >( t 1 ;w, I l 0 ,<Po)], (122) 

then 

(i + 1) 5«> = P<»(p, 9 ; —p#, t p 0 )[A'i i V)A'< i Vo)-3 7( 'V)>’ w Vo)] 

Vh) N 

and 

f--V (,) = -p»>? ( ,)[I' (, V)A 7 < fl (p u )-A(«( / x)r»( Mo )] 

V*o W 

(i = 1, 2) (123) 

where J r(1) and X (2) , I r(2) are defined in terms of the characteristic 
functions 

^(/*) = f(l “/**)(!+ V) and T®(/x) = &(1+/* 2 ) 2 , (124) 

respectively. In the semi-infinite case, the corresponding expressions 
for S (l) and /S ,(2) are 

(I+IWo = jxe (ft .9; -Po.1 PoWpWpo) (i = 1,2), (125) 
Vh> N 

where lf (1) and 7f (2) arc defined with respect to the same characteristic 
functions (124). 

Similarly, according to equations (102) and (103), the law of diffuse 
reflection and transmission of the Stokes parameter V can also be 
reduced to X- and Y -functions, and expressed in terms of a scattering 
and a transmission function in the form 


and 


= 0{-^K,(p)X»(Mc)-LWi;(Po)]+ 

yh " -I- <1—/»*)*(! -i4) s iXMXM - r^^Hcos^o-?)} 


n i\ 
U) H 


| Ty = §Wo [YMXM-X V MYM]+ 

-|- (1 —y 2 ) * (l — Mo) -[i;(y) A r ,.(y 0 ) — x MKM} q ' { * (?()—?)} > (12(>) 

where X v , Y r and X r , Y r are defined in terms of the characteristic 
functions <K„ = aV ami - *( I-p*), (127) 

respectively. In the semi-infinite case the corresponding expression 
for S v is 

' 1 , + ~) 8y = I-m> flr .(p) fl, .(Po)+ 

-f(l-~p, 2 )i(l—/xg)^/ r (/x)// J .(p. 0 )cos(9 0 --~9)], ( 128 ) 


Wo 
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where H v and H r are defined in terms of the same characteristic func¬ 
tions (127). 

The explicit solutions we have found for all terms in the scattering 
and the transmission matrices, except those independent of the azimuth 
in I z and I r , can also be derived from the integral equations governing 
S and X; but a derivation along these lines will require rather more 
elaborate considerations than the one we have given, starting, directly, 
from the equation of transfer. 

It remains to consider the solution of equation ( 110 ); but this equation 
presents a problem of a different order of difficulty and will be taken 
up in the following sections. 


70. The law of diffuse reflection by a semi-infinite atmosphere 
for Rayleigh scattering 

Since the matrix P (0) (fx, ft/) (cf. eq. [108]) is reducible with respect 
to U, it is clear that equation ( 110 ) represents only a pair of equations 
for the azimuth independent terms ft) and /x) in the Fourier 

expansion of I z {r, fx, 9 ) and I T (r, /x , 9 ) in ( 9 > 0 — 9 ). It is therefore convenient 
to regard l£ 0) and as the components of a two-dimensional vector, 
I (0) , and rewrite equation ( 110 ) in the form 

M --- °|? |U> = 1 / 

— 1 


where, now, 

and X(fx,fx') 


( 


2(1-V)(1 -fx'2)+fxV 2 

P 2 



(129) 

(130) 

(131) 


In § 68 we have already considered the homogeneous equation asso¬ 
ciated with equation (129). The solution can now be completed by 
finding a particular integral. It is then found that the constants can 
be eliminated from the solutions for the emergent radiations obtained 
in this manner. However, the reductions are quite involved and the 
integral equations derived from the principles of invariance provide a 
more suitable starting-point for the present discussion. 

Expressing, then, the reflected intensities 7] 0) ( 0 ,/x) and /]. 0> (0, fx) in 
terms of a scattering matrix, *S ( 0 ) (fx, /x 0 ) (with two rows and columns) in 


the form 


x«)(0^) = (S'*! 


3 


V?K 0,fx)j 16/x 


<S (, V,yu „)d' 


(132) 


we can write the integral equation for S (0) in analogy with Chapter IV, 
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§30, equation (28), by replacing p(/x,cp; p , 9 ') and S(fx, 9 ; /x', 9 ') by 
f J(/x,/x') and f respectively. Since S (0) and J are azimuth 

independent, the integration over 9 can be effected. The resulting 
equation for S«» can be written most compactly by using the following 

notation: / 

Let the ‘product’ [A, of two matrices A([x, fx ) and B(fx, p. ) be 

defined by the formula 

1 




(133) 


where, under the integral sign, the ordinary matrix product is intended. 
With this product notation, the equation satisfied by 8 {()) is 

/±4_IW = jr+[jr, J]+[[^ J l < 134 ) 

\ho H 

On writing equation (134) in full for the different matrix elements, 
we find that S< 0) must be expressible in the form 


(l 


where 


, 1\ W , /W 2 MO x(fO \ (130) 

1 

tin) = /<"-+§ J f*')]. 

0 

X 

</>(/x) = 1—/X 2 + - J* ~“r(l —P )> 

0 

1 

x<ji) = 1+2 f % f*')+«»’(/*. >*')]. 

8 J /X 


and 


1 

CM = 2 f 

8 J /x 


)- 


(13B) 


70.1. The form of the. solution for S ( 0 ) (/e/O 

By substituting for etc., according to equation (135) inequations 
(136) we shall obtain a simultaneous system of integral equations of 
order four for f, <f>, y, and £. In solving this system of equations wc 
shall be guided, as in earlier instances, by the form of the.solutions 
obtained in the direct solution of the equations of transfer in the 
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general nth. approximation. In the present case the forms for etc., 
suggested are 

( -1-go) = 2/^(g)/^(go)[ 1 C(fX-~\-{JL o)4”gg<)], 

\Mo H 

/JL_j_iWo>(^,g ) = qHMHAf - 1 o)(M+Mo)» 

\Mo l x J 

(— + ~W? ) (M>Mo) = £^(g)^(Mo)(M + Mo)> 

\Mo H 

and /-L_p iWo)^ Mo) = ^.(/x)^-(Mo)L i +^(m4-Mo)“I“MMo l 0 37) 
\Mo H 

where q and c are constants and // z (g) and //,.(g) are //-functions defined 
in terms of the characteristic functions 

^(m) = I(1-M 2 ) and T£.(g) = -2(1-M a ). (13H) 

respectively, f 


70.2. Verification of the solution and the expression of the constants q 
and c in terms of the moments of Hfyd) and // r (g) 

The verification that the solution for S {i)) has the form given by 
equations (137) will consist in first evaluating ip, cp, etc., according to 
equations (136) and (137); then, requiring that when the resulting 
expressions for ip, <p, etc., are substituted back into equation (135), wo 
shall recover the form of the solution assumed; and finally showing that 
the various requirements can be met. 

The evaluation of ip, <p, y, and £ according to equations (130) and (137) 
is straightforward if proper use is made of the integral properties o f the 
/7-functions. For the functions, defined in terms of the characteristic 
functions (138), we have (Chap. V, Th. 1, eq. [71, and Tli. 3, eqs. 
P7]—[29]) , 

i J H i(v){ g 2 ) dfx = f(a 0 —a 2 ) = 1, (139) 

0 

1 

I J /7 r (g)(l—g 2 ) dp = 1- 1 (140) 

o V2 


Q! 0 — l-hf(o£j—of); 


l 


( 1 -M* 



0 


W) 


M~bg 


7 dp! 


A 0 = 

^)-l , , , 


( 141 ) 


(142) 


t Cf. S. Chandrasekhar, Aatrophys. J. 105, 101, 1947 (oq. [OBJ). 



SCATTERING BY PLANETARY ATMOSPHERES 


257 


and 


a-/* 3 ) 


-i + cA-Mo). 


where a, B and denote the moments of order n of H { \{fx) and 
respectively. 

Considering first we have 

1 


1 

1-^+l/xH^) f <V(1-V 3 )W)[/*- 


1—/X 2 


= l— c )H z (^)+(l~/x 2 )[£f / (/x)— 1], (144) 

where, in the reductions, we have made use of the integral equation 
satisfied by and the relation (139). Hence 

= /Ji(fx)(l-c/x). (U5) 

Considering next we have (cf. eqs. [136] and [137]) 

i 

= i+| f ^rav.^+^w')] 

b J n - 

0 

1 

= l + frHfa) f -^ 7 [2f/^0(l--o(^4^0+w'}+'/H r (f 1 ')(^+^')] 


1 + §7^(^M<>+ ;!/x///(/x) J fV W)| / x ~ r 4 


J 


i/,(jx') rl/x' 


/X/X 


(146) 


Jl 


Using equation (1.42) in the last step of the preceding reduction, we find 

= ^(^)-|-K^(/ x )[il^o+ -2 (o£i— a 0 c)J. (147) 

According to equations (145) and (147), we can now write 

■AM = «>/%*)> (148) 

where q' — —a 0 c)-f-c. (149) 


3595.64 
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(151) 


Turning next to £(p,) we have 

£(f) = I wHM / WKi-^' 2 ) V, (iso) 

0 

or, using equation (139), we obtain 

«/*) = (151) 

Finally, considering £0-0+x0u), we have 

S(a a )H _ x(a 1 ') 

i 

= i+l J 

0 

1 

= i+t,J3» J -^ 7 [eW)0*+M')+A(/‘'){i+c(^+M , )+w'}] 

0 

1 

= l+iff^Mcvo+l^^+cW^o+^tl-^W^^) J 

(152) 

Using equations (143) and (151), we find, after some minor reductions, 

that XM = -H-»(l + cV), (153) 

where c = — -hq. (154) 

Now substituting for <f>, ift, £, and y according to equations (145), (148), 
(151), and (153) in equation (135) and comparing the resulting expres¬ 
sions for S$\ etc., with those assumed (eqs. [137]), we find that we must 

haVe q = q', c = c', and q* = 2(1 — c 2 ). (155) 

According to equations (149), (154), and (155), we must have 

(3A 0 — 8 )^—2(3cc 0 — 4)c-f-6ac 1 = 0 

and (3a 0 —4)g+(3A 0 — 8 ) 0 + 3 ^! = 0 . (156) 

Solving these equations, we find 

q _ q °q(3A 0 —^)+^4i ( 3q:o—4 ) 

(3 A o — 8) 2 -}- 2 (3 a 0 — 4) ^ 


where 


and 


and 


, 3 2 ^i(3^q-4)-A i(3 A o- 8) 
(3A 0 —8) 2 -|-2(3a 0 —4 ) 2 ~* 


(157) 


It remains to prove that q and c as given by equations (157) are com¬ 
patible with the remaining condition 

<7 2 = 2(1—c 2 ). (158) 
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To prove that this is the case, we evaluate 2(L—c 2 ) <y 2 according to 

equations (157) and find 

„ a -S)'^ 2 , SUf-OK,,-!)■=! 

-(1-6 )-q -(;n„-8)“+2(:fa 0 -4)- ' ' 

On the other hand, using equation (141) we find 

(3d 0 — 8) 2 —!L4f = 9pig— Af) — 48.4 0 +54 


15 

and — (3oq, —4) 12 — 9(tx| — «o) + 24a 0 — 15 — 8. 

The right-hand side of equation (159) therefore vanishes and q and c 
are indeed related, as required. 

This completes the verification. 

It may be noted that, since we have incidentally shown that 
(3 j 4 0 — 8) a -f-2(3o£ 0 — 4) 2 = 9(-4i+2«f), 
we can rewrite the expressions for q and c in the forms 


V 


and 


c> z l(-d iH 2cq) 3(^4ooq | ft-o-di) 
". .3(.4“-f 2(Vj) 

8(yl 3 — cq) -|~ 3(2aq « 0 —A t y4 0 ) 

. *{Ai+*4) 


70.3. The law of diffuse, ref lection 

Combining the results of the preceding paragraphs with the solutions 
for the azimuth dependent terms given in § 59, we can write the law of 
diffuse reflection in the form 


l(0,p,rp) 



- C? (/G r P' go? r P<>) 1 ^r I ’ 
1 ' F v , 


*|* It will 1)0 observed that the expressions for <f and c wo have derived in this soot ion 
agree with those quoted in § f>8J> (oqs. | 99]). It can ho verified now that the conditions 
imported on <[ and c in § <>S.(5 (oqs. | 9f> |, | 07J, and | 98 |) are all satisfied: ^ ^ ^ 

Wo ha,vo already soon that the first of those conditions, namely that <( 2( L ), 

is satisfied. Considering the condition (97), wo find on evaluating <7 )V r I ^2 | c/I j accord¬ 
ing to equations (102) that 

(f(X i - | A o -1- cA j ■ f t I (-*‘12 ^ o) * 

which on using oejuation ( hlO) i)(M*.unu\s identical. with thci relation to ho established. 
Equation (98) can he similarly estahlished by using the relations 

T^T) “ 1 .-l 

which directly follow from equations (1+2) and (143) by Hotting fi I. 


1 
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W *‘*00 n 


*F r :)l s r *r 3 + 



- 4 Wo oos(cp 0 -<p) 0 2 /x sin(tp 0 9 ) 

0 0 0 



2/x 0 sin(<p 0 — 9 ) 

ju-Vo cos 2 (9o— 9) 
-juj cos 2 ( 90 — 9 ) 
sin 2 (cp 0 — 9 ) 


0 

0 


X 


X 


cos(9 0 —9) - 

-^ s cos2(cp 0 —9) sin 2(cp 0 9) 

cos2(cp 0 —9) m.sm^o-'P) 

,u.sin2(9 0 —9) — ^fi. 0 coB2(ip 0 —9); 

0 ). ( 164 ) 

= sj^SW; W = 

x (u) = ir»(i+c^); = *■ 

and M, and H<%) - defined in terms of the charae- 

teristic functions 2 . 2 n6 «\ 

i(l_a»), |(X-/r 2 ), l(l-^)(! + V) and -SrO+f*)- <■ / 

respectively; farther, the constants g and c are related to the moinen s 
<*„ and d„ of and 1?» by 

ft 4 (JL x + 2 a x ) — 3(J. 0 
_ 2 3 ( 2 Lf+ 2 a f) 

S//) 1 -a 1 )4-3(2ai cyq— # (107) 

3(j4i+2a|) 

In ease a partially elliptically polarized beam we nnrs ; 

consider in addition to I„ J r , and V the parameter . _ • ^ fl is 

scattered independently of the others and the law of its rcilectro, 

given by (of. eq. [128]) 


3 


and 


F 

17(0, ja, 9 ) = —Syi^r^ o»?o) 


3 


.{—^ 0 H V {^)H V {^ 0 ) + 


8 (/x 0 +P-) 

+ ( 1 -^)l(l- l a§)4fl,(p)^(ja„)cos(9o-9)Vo-f , |-> ( 108) 

where is the same fl-function as occurs in equations ( 100 ) and 

H v (ix) is defined in terms of the characteristic function ^ be<jn 

The fl-functions occurring m the solutions (lb4) an ( ) 

evaluated numerically by Mrs. Frances H. Breen and the 
method of Chapter V, § 41. The functions Bfr) and H r (p) have the ._ 
been tabulated in § 68 (Table XXII). The remaining functions, 
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// a) (g), and // ( ‘ 2) (/x), are given in Table XXV. This table also includes 
the functions 0(g), 0(g), x (g), £(g), (l-g 2 )*#^) and #< 2 >(g). 

Table XXV 

The Functions 0, 0, x , £, (1 IT 2 \ H v , and II (1) 


n 

4> 

<t> 

X 

t 

(1 — F)*h {1) 

IIW 

H v 

HO) 

0 

0 

1-00000 

1-00000 

0 

1-00000 

1-00000 

1-00000 

1-00000 

o-or> 

0-04075 

1-12988 

1-10352 

0-01824 

1-07167 

1-04967 

1-02031 

1-07301 

0-10 

0-09144 

1-20976 

1-18638 

0-03704 

1-11602 

1-08621 

1-03834 

1-12164 

0-15 

0-1 5105 

1-26850 

1-26329 

0-05780 

1-14837 

1-11762 

1-05458 

1-16151 

0-20 

0-21916 

1-31108 

1-33687 

0-07852 

1-17155 

1-14552 

1-06934 

1-19571 

0-25 

0-29557 

1-32973 

1-40821 

0-09969 

1-18685 

1-17075 

1-08284 

1-22577 

0-20 

0-28014 

1-35569 

1-47801 

0-12121 

1*19487 

1-19383 

1-09525 

1-25256 

0-25 

0-47276 

1-35971 

1-54664 

0-14303 

1-19599 

1-21508 

1-10671 

1-27674 

0-40 

0-57228 1 

1-35228 

1-61435 

0-16510 

1-19030 

1-23476 

1-11735 

1-29872 

(045 

0-08195 

1-33274 

1-68132 

0-18738 

1-17774 

1-25308 

1-12724 

1-31882 

0-50 

0-79842 

1-30437 

1-74772 

0-20984 

1-15816 

1-27019 

1-13647 

1-33733 

0-55 

0-92277 

1-26432 

1-81362 

0-23247 

1-13118 

1-28624 

1-14510 

1-35444 

0-60 

1-05497 

1-21375 

1-87911 

0-25523 

1-09624 

1-30132 

1-15320 

1-37030 

0-65 

1-19501 

1-15279 

1-94425 

0-27812 

1-05256 

1-31554 

1-16082 

1-38507 

0-7(1 

1-24286 

1-08152 

2-00907 

0-30112 

0-99899 

1-32895 

1-16799 

1-39886 

0-75 

1-49852 

1-00002 

2-07365 

0-32421 

0-93381 

1-34166 

1-17476 

1-41179 

0-80 

1-06198 

0-90836 

2-13799 

0-34739 

0-85435 

1-35371 

1-18116 

1-42392 

0-85 

1-82221 

0-80655 

2-20213 

0-37065 

0-75611 

1-36515 

1-18722 

1-43533 

0-00 

2-01222 

0-69468 

2-26609 

0-39398 

0-63033 

1-37601 

1-19297 

1-44608 

0-95 

2-19902 

0-57276 

2-32990 

0-41738 

0-45471 

1-38638 

1-19843 

1-45625 

I -00 

2-29257 

0-44083 

2-39356 

0-44083 

0 

1-39625 

1-20362 

1-46586 


70 A. The law oj diffuse, reflection of an incident beam of natural light 
I n practical applications, greatest interest is attached to the diffuse 
reflection of an. incident beam of natural light. In this case 

F t — F r — f F and F v = Fjj = 0. (169) 

From the general solution given in § 70.3 we now obtain 

/ ; (0,/x, <p) -- -: 0/'(/^)[ ! A(/h))~ix(/ x o)]+ 2 ^(/ x )[ <r / > (/ x o)+'^(/ x o)] — 

1 f&ti) 

— fgg 0 ( 1 — g 2 )K 1 — lA) W 1 ) (g)^ ( 1 ) (go)cos(cp 0 - 9 ) — 

—g 2 (l — g 5 )H< a >(g)ff®(jXo)cos 2(cp 0 —cp)}g 0 = 


A-(Vggp) 


and 

(/((.),/x,rp) 


-. (x(g)| 0(^oH~ x(f x o)J"l" 2 ^(/ 2 ')[^(H'o) + ^(/ x o)]+ 

32(g-i-/x () ) - 

H- (1—^)/J< 2) (g)/I (2) (g 0 )c°s2(9 0 —cp)}g 0 X, 

.. . {2(.l^ / x 2 )Hl“^o)Vo H(1) (^) H(1) (/ A o) sin (?o“9) + 

I()(/X-f/X 0 ) 

-I- /X (1 —fA )I-T l) (jx)JJ (2) (go )sin 2 (cp 0 — ■ (p )}g 0 ■ ( 17 0 ) 
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Fig. 24. The law of diffuse reflection by a semi-infinite atmosphere on Rayleicri 
scattering. 

The ordinates represent the intensities in the unit /t () b 1 and the abscissae tl> 
angle in degrees. 


An angle of incidence corresponding to g 0 — 0-8 is considered and the variation 
r0 tl ec ted intensities in the planes <p 0 — cp = 0° (the curves on the left side c»‘ 
the diagram) and <p 0 —9 = 90° (the curves on the right side of the diagram) ar* 
illustrated. The intensities Ii and I r (in directions parallel and perpendicular t< 
tne meridian plane containing the direction of the reflected light) the total intensity 
l-\rl r an d the difference of intensities I r — Ij are all shown; and in the plan* 
?o 9 - 90 the variation of U is also included. 

. ^ e ^tensities d] 1 *, -? < r 1) and U a) resulting from light which has suffered o nl y ,s 

single scattering process m the atmosphere are also shown (the thin daslio< I curves 
xne total mtensity Ii+l r predicted by the present exact theory of Rayleigh 
1S ?? m i : ' arec | with what would bo expected (sliown by the heavy dashed 
+Ki=, -raA • °f- a ft not take into account the state of polarisation at 

to fie i d bu ^ for nn anisotropy of the scattered radiation according 

to ttayleigh s phase function. 


. The corresponding expressions for the intensities which ropre: 
light which has suffered a single scattering process in the atmospJ 
can be obtained from equations (170) by letting 


'f'(p) y 2 , 


1 —y 2 , y(/x) -> I, 

-> 1 and Il^^x) -> 1. 


£(/*) 
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Ficj. 25. Illustrates the same phenomenon as Fig. 24 but. for an anglo of incidence 
corresponding to u 0 — 0-5. (Notice that in this diagram—unlike the other diagrams 
the scale of ordinates on the right side of the diagram is shifted relative to that on 

the left side.) 


Thus, 


3 


.{^(l+/^) + 2(l-fi , )(l-^)' 


4 U ( o,F.?) 

and 

r7'»(o, /x, <p) 


32 (/x+//.„) 

4/u./x 0 ( 1—/^(l—/u|)* cos(cp 0 —9)— /X 2 (l—^J) o°b2(<p 0 —<p)}^0 
3 


32(^-|-/x 0 ) 

3 


{l+/4+(l— /xJ)cos 2(<p 0 —cp)}^x 0 F, 


- -{2(1— ju 2 )^l-^W in (?<>“9)4- 

6(/A+/40) +ft(l-rf)8in2( 9o -<p)}/xo^ (172) 

In Figs. 24, 25, and 26 we have illustrated the law of diffuse reflection 
as expressed by equations (170) for angles of incidence corresponding 
to fx 0 = 0-8 (Fig. 24), /x 0 = 0-5 (Fig. 25), and ^ = 0-2 (Fig. 26). The 
variations of I b I r , and T r — T L in the principal plane ( 9 0 9 ^ and 

t r) containing the direction of incidence, and in the plane (9 0 —<P = ± 2 ^) 
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at right angles to the direction of incidence, are shown. In the principal 
plane U = 0 ; this is clearly required by symmetry, since in the plane 
containing the direction of incidence the plane of polarization must be 
along the direction i or r. However, in the plane <p 0 —9 = U ^ 0 

and the variation of U is also shown. The intensities of light which has 


Mo 



suffered only a single scattering in the atmosphere are shown in Tigs. 
24 and 25. 

Trom Tigs. 24, 25, and 26 it is seen that I r shows very much less 
dependence on angle than I v This is particularly true in the meridian 
plane, for moderate angles of incidence: for, while I L shows a strong 
variation, I r is nearly independent of angle. These results are physically 
understandable since light polarized at right angles to the plane of scat¬ 
tering is isotropically scattered, while light polarized parallel to the piano 
of scattering is scattered in accordance with the phase function 3 cos 2 0. 
It will also be noticed that in the principal plane, contrary to what 
would be expected on single scattering, there is a reversal of the sign, 
of polarization, the polarization vanishing at two points. This vanishing 
of the polarization at two points is related to the phenomenon, of tile 
‘neutral points’ exhibited in the polarization of the sky (cf. § 73). 

A further comparison of interest is that of the total intensities given 
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by the present exact treatment of Rayleigh scattering and that given 
on the assumption of scattering according to Rayleigh’s phase-function 
(Chap. VI, §§ 44 and 47). This comparison is made in Figs. 24, 25, 
and 26. It is seen that the differences between the two curves are quite 
large; this emphasizes the importance of treating scattering, correctly, 
as a linear transformation of the Stokes parameters of the incident light. 


71. The law of diffuse reflection and transmission for Rayleigh 
scattering 

We have already given in § 69 the solutions for the azimuth dependent 
terms in the scattering and the transmission matrices (eqs. [122] and 
[123]). It remains to specify the azimuth independent terms /j 0) (0,/x), 
4°>(0,/x), ~( x )> an( i J®)( Tl , —/x). Expressing these intensities in 

terms of two matrices and T (0) (with two rows and columns) in the 
forms 


; ffi 1 ’ d) = lirr<°Wo) 


\4 0) (0 ,im) IQfjL 




\4 0) ( t d — p)l 


l fJ’ 


(173) 

we have, in the product notation of § 70 (eq. [133]), the following 
analogues of Chapter VII, equations (29)-(32): 


+ £<o)_ f = j + [j 3 5(°>]+[5(°), T]+[[£«», J], £«»], 


(l_ . 1 


dS <°> 


dr 


- = exp | - + i-j j J+ e~^[ J, T< 0 >]+e-^»[T(°>, J]+- 

H-[[r(°),j],r(»)], 

1 8 T( ( » 

TWq-fi- = c^jr+e^M[J, 1 SW]+[T<« jr]+[[T»), J],5<»>] 




dr-. 


and 


1 8 T«» 

± + = e ~ Ti h i0 J-\~[J, T<°>]+e- J] + [[5^, J], r<°>]. (174) 

A discussion of these equations shows that and T (0) must be expres¬ 
sible in the forms 


(f+AW<w') 

W N 


N j {p) tp(n') x(f x ')\_ 

\xM *K(r)J\ 2W) m^)J 

\( \ 

J\2*r}(p') 2*0(/x')/ 


'£(/*) 2*7^)' 

_cr(/x) 2*0(/z) ( 
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and 




Wf) 2i6>(;t)h2^(/x') 


x(fO \ 
2 l £GO/ 


where 


_/VK^) ^^(/xb/ KaO o^aO \ 

Ufa) 2 ^( / x)^2^(^) 2~d(fx r )J 

1 

■A(^) = ^+f J ^[^S?W')+SS?W'>], 

0 

1 

= i-m 2 +| 

0 

1 

xM = 1+| J ^Du' 2 S‘?W0+s£V,7O], 

0 

1 

= | J ^(i-^ 2 )S<§W'), 


(175) 


1 

f(^) = a- t ++| J ^[^^v./o+^v.tO]. 

0 

1 

’jm = (i-^e-^+l J ^u-^nv.TO, 

0 

1 

= «- Ti,f, +| J ^[M' 2 n?wo+n?w')], 

o 

i 

and 0( M ) = | J ^(l-^Tg)^,^'). (170) 

0 

Substituting for /S^, etc., according to equations (175) in equations 
(176), we shall obtain a simultaneous system of integral equations of 
order eight. In solving this system of integral equations we shall bo 
guided, as in past instances, by the form of the solutions obtained in 
the direct solution of the equations of transfer in the general ^tii 
approximation. In this mannerf we are led to assume the following 

t Cf. S. Chandrasekhar, Astrophys. J. 106, 152, 1947 (oqs. [539]-[546]). 
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(/I 7 jj) ~ = )[ 1+v 4 (fiH-/x')+— 

—■ i z(/ x ) i z(^ / )L 1 — -h ^') -4 ]— 

(I + ij.sgW') = 

11 ^ -v a [X I (n)X r ( f t') + Iz(F)W)] + 

(~+i) «<»»( M ,= (^+^o{v 1 [A',( ft )w)+y>)-w)]- 

^ ^ -K 2 [A' r (,x)X^')-|-^.( 1 a)y ! (^')] + 

+ 0K-v 1 HA>)-r i .( ( a)][A,(/L t ')-|-15(^')]}. 

(~+i)s™ ( ^,^) = x>W)[i-i(,o>+ |1 'H-%w']- 

—y,(/x)i;(,u,')[ 1 --l-w.^/x-f /i')+% 

+« 3 (^+^')[x r (^TOF0+i;(^Y>')]- 

— (^'« 5 ^i/x'(/i-J-fi')[A' r (;j,) —T",(/i)|[A' r (/.i')—r r (fi')] + 

+Q K-*,){4x r w -%o][. a,<^' )+ YrifL 1 )]+ 

-l- F '=[x,(^)+3;( fi )][x,.( / ,')-J;(^')]}; (177) 

f—7 j-i ) ----- )| I ^(/ X /X ) ^ j 

+v 3 (,x- / x')[x,( / x)X,(^)+i;(,x):^(^')]}, 

(f? ~ /i) >l ' ) 1 “ (^ — I 1 ’ )WAl(/ i )lr(f 1 ') -1" J ((m) )J — 

— Q(v a -v t )^iXM+ i)( /t )][x,(,x') - y>')]}. 

— ^i[A" r (/x)X / (^') -hi;.(/x)>4/x')] — 

— Q (^a “ Vi)/x[X r (/^) — Y r (p)~\[X t (p') -|- Y^fx ')]}, 
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and 

/i-ij TSVfO = y»^>')[l+«4(i“-^')-« 5 w']- 

—u 3 (p,—/x')[X ? .(p,)X r (/++^r(/ x )^-(P' , )] + 

+q%p+(/x—+)[ x,.(^)—r r (pO][x,.(+)— t;.(aO]— 

-^^x r (^)+r r (/x)][x r (^)--W)]}. ( m ) 

where v l5 v 2 , v 3 , v 4 , ^ 3 , w 4 , and Q are constants; 

u 5 = 1 + 2 Q{u 4 —u 3 ); ( 179 ) 

X r (p) and Y r (p) are defined in terms of the characteristic function 

XM = SC-V); ( 18 °) 

and X 2 {p) and Y 2 (p) are the standard solutions of the X- and Inequations 
for the conservative case 

XW = i(i-^ a ), ( 181 > 

having the property 


1 

I J ( 1 — /x 2 )X+x) dp = f(o£ 0 — a 2 ) = 1 , 

0 

1 

and J (1 —p*)Y z {p) dp = /3 0 — /3 3 = 0. (182) 

0 

The verification that the solutions for 5 (0) and T (()) have the forms 
given in equations (177) and (178) will proceed as in the other cases 
we have considered. 

First, we must evaluate ifj, cf>, etc., according to equations (176) for 
and T (0) given by equations (177) and (178); then require that when, 
the resulting expressions for ip, <f>, etc., are substituted back into equa¬ 
tions (175), we shall recover the form of the solution assumed. This 
procedure will lead to several conditions']* among the constants v l9 v 2 , v 3 , 
v 4 , u%, u 4 , and Q introduced in the solution. It is found that all these 
conditions can be met and that six of the constants (jq, v 2 , v 3 , iq, 
and u 4 ) can be expressed, uniquely in terms of Q and the various 
moments oc n , /3 n , A n , and B n of X z , Y h X r , and Y r . The constant Q itself 
is found to be left arbitrary. This is a further example of the one- 
parameter nature of the solutions of the integral equations incorporat¬ 
ing the invariances of the problem, in conservative cases. However, as. 

t Actually twelve are found. 
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in the other oases of conservative scattering we have considered (Chap. 
IX, §§ 62.2 and 64), the arbitrariness can be removed by appealing to 
the X-integral which the problem admits. In this manner we find thatf 

= (1+v 4 /a)X 2 (^)— v z pY l (p.)\ r)(p) = (I—r 4 p,)F z (^)+v 3 ^X z (/x), 

y(/x) (1 [x)A j.(jLt) -j— W 3 p<I j.(jU-) '1 C( ^'4 ^ 3 )/^ [X. j,(p) 5^.(p)J, 

c(^t) = (1 -[-%4 ^3 pX 7 .(p-) Uq)[A, [-^r(/^) 3^,(p)J, 

£(|a) = — v aXC r (/^)]+4-<2(v a —•r 1 )^t 2 [X r (p,)— I^.(/x)], 

0(/x) = (183) 

where the constants v 4 , v 2 , v 3 , v 4 , %, w 4 , and C are to be determined by 
the following formulae: 


^2+^1 

== 2A 1 (/< 1 S 4 k% So) j 

v 2 v 4 — 2 A 2 (/c 4 S 4 k 2 S 2 ), 


^4+^3 

— ^ 2 ) j 

v 4 = A^c-lS^ Cq^2 'ZQid’Q 

-diS 2 )], 

w 4 +% 

— c 0 § 2 ); u 4 

—u z — A 2 (d 4 K x —d 0 k 2 ); u 5 = A a (c 0 /c a - 

^1 ^- 2)5 


— = d 0 3 x d 1 S 2 ; 

1 

—- = Cq K x 2 Q(d 1 K x d 0 Kz), 

^2 

(184) 


O _ 

C 0 C 2 

(185) 



(do d^)r^-\-2{dy d 3 ) 


Cq — Aq-\~Bq §; (Iq — A 0 B q I, 

G/j, -d ■/(, H~ 5 ' d- n H fin> fin 

(n = 1,2,3,...); (186) 


a n , fi n , A n , and i? /( are the moments of order n of X l} Y p X r , and Y r , 
respectively. 

The foregoing solutions for S (<)) and T (0) , combined with the solutions 
for 56), T6), 5< a >, T (2 ), 5 r , and T v given in § 69 (eqs. [123] and [126]) in 
accordance with equations (122), provides the complete law of diffuse 
reflection and transmission on Rayleigh scattering. 

72. The fundamental problem in the theory of scattering by 
planetary atmospheres and its solution in terms of the standard 
problem of diffuse reflection and transmission 

In our discussion of the problem of diffuse reflection and transmission 
we have, so far, restricted ourselves to the standard problem, i.e. one in 
which a parallel beam is incident on a plane-parallel atmosphere, at 
r — 0, and no radiation is incident on the surface ^r = t 4 from below. 

t The details of tho analysis are, unfortunately, too long to be given hero (see S. 
Chandrasekhar, Astrophys. J . 107, 188, 1948, Section V), 


L 
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The boundary condition J(r l3 9 ) 0 (0 /x 9 C 1 ) which we have 

used in the solution of the equation of transfer is, of course, equivalent 
to this assumption of the non-existence of any radiation incident on tin* 
atmosphere from below. However, in the important context of the 
illumination of planetary atmospheres by the sun, this last assumption 
is not realized: the atmosphere rests on solid ground, ocean, or cloud 
bank. The presence of the ground at r — r ± will modify the law of 
diffuse reflection; also, the intensity as measured on the ground will 
differ from the law of diffuse transmission in the standard problem. 
The solution of this more general problem when there is a plane surface* 
with known reflecting properties, at the bottom of the atmosphere, car t 
be reduced to that of the standard problem. While there is no formal 
difficulty in carrying out this reduction for any given law of reflection 
of the ground, in view of practical difficulties of specifying, in given 
cases, the reflecting properties of the ground accurately, it should 
suffice, for most purposes, to idealize the ‘ground’ as a surface which 
reflects according to Lambert’s law (cf. Chap. VI, § 47, p. 147) with 
some albedo A 0 ; i.e. we shall suppose that the light reflected by tIn- 
ground is unpolarized and uniform in the outward hemisphere, inde¬ 
pendently of the state of polarization and the angular distribution of 
the incident light, and that, further, the outward normal flux of tin* 
reflected light is always a certain fraction A () of the inward normal flux 
of the radiation incident on the surface. The fundamental problem in 
the theory of planetary illumination and of the illumination of the sky 
can therefore be formulated as follows: 

A parallel beam of light of net flux 7 tF (or rcF when polarization i - 
taken into account) per unit area normal to itself is incident on n 
plane-parallel atmosphere in some specified direction (— g () ,q> 0 ). Tin* 
atmosphere is of optical thickness Tl . At there is a, ‘ground’ whieh 
reflects according to Lambert’s law with an albedo A 0 . It is require* I 
to find the state of polarization and the angular distribution of flu* 
radiation diffusely reflected from the surface r = 0 and also to specify 
the illumination and polarization of the ‘sky’ as seen by an observer 
at r = T-p 

We shall refer to the foregoing as the planetary problem .. 

72.1. The reduction to the standard problem, in, case of sea lieri tt *■/ 
according to a phase function 

To illustrate the manner of the reduction of the planetary problem 
to the standard problem, we shall consider, first, the case of scattering* 




§ 72 SCATTERING BY PLANETARY ATMOSPHERES 271 

according to a phase function. The case of scattering according to a 
phase-matrix will be considered in § 72.3. 

Let the laws of diffuse reflection and transmission for the standard 
problem be given, as usual, in terms of a scattering and a transmission 
function in the form 


7(0,/x,cp) 


F 

4ju, 


$(/x,9;fi 0 ,9o) an< l /(tj, —-/A,cp) 


F 

4/x 


2 7 (p,9;/xo,9 0 ). 

(187)t 


Let S (0) (im, jjl 0 ) and y 0 ) denote the azimuth independent terms in 


S and T: 

4 

„) = I 

ATT J 
0 

( 

ITT 

r 

/x 0 ,9o) ^cp 0 , 

27T 

/» 


and 

Fo ) = ± 
Zir j 

0 

1 T(fA,<p;iA 0 ,<p 0 ) d<p Q . 

(1.88) 

Further, let 

1 1 

s(n) = l J = i J s < 0 W) &W, 

6 0 

1 1 



tiix.) = J J dn’ = 4 [ 2 ’<'W) <V. 

0 b 

1 1 

(189) 


3 — 2 j s{fi) dfji ; 

n 

t = 2 | /(/x) dp,, 

0 

(190) 

and 

y,0d == . 

(191) 


H- 


The alternative forms for <s(/x) and t(fx) in equations (189) arise from the 
principle of reciprocity. 

To distinguish the solution of the planetary problem from that of the 
standard problem we shall put an asterisk to all quantities referring to 
the planetary problem. 

Since the ground is supposed to reflect according to Lambert’s law, 
it is clear that at r == r x the intensity will be the same in ail outward 
directions. Let J g denote this constant intensity in the outward hemi¬ 
sphere. The precise value of I g will, of course, depend on circumstances, 
and has to be determined from the conditions of the problem; but once 
I g has been found, the determination of I*( 0,/x,<p) and ./*(t 1 , — y, <p) is 
immediate: For, considering the emergent intensity i*( 0 , ft, 9 ), we 


t For the sake of convenience, wo have omitted indicating the variable t x in >S' and T. 
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observe that it must equal the intensity 7(0,/x, q?) diffusely reflected in 
the direction (y,<p), in the absence of the ground together with the 
intensity transmitted by the atmosphere (also, under conditions of the 
standard problem) of the radiation J g (0 ^ fx ^ 1 , 0 ^ <p' ^ 27r) 
incident on the surface t — r x . Thus 

1 27 T 

7*(0,/x,<p) = 7(0 s /x,<p) + —L- J J T(fz,cp;[A',<p')I g dfx'dcp' J r I g e-' r ^, 

° 0 (192) 

where the last term on the right-hand side represents the transmission, 
without scattering, of the intensity I g , already, in the direction (jtx, cp). 
According to equations (187)—(189), we can rewrite equation (192) in 
the form 

I*( 0 ,p,,<p) = ^^(/x, 9 ;y 0 , 9 j + 7 y |^4-e- T 1 ^J, 
or (cf. eq. [191]) 

7*(0, /x, cp) = ^^(y,cp;/x 0 ,cp 0 )-f Igy^)- (!93) 

Now the isotropic radiation field, I g , incident on r = q, will also be 
reflected by the atmosphere; this will contribute to the intensity of the 
‘sky’ in the direction (—/x, <p), the additional amount 

1 2 IT 

p) = J J S(^L,(p;fx',cp')I g circle?', 

o a 

or (cf. eq. [189]) 4 ref) (-i“) = l„ — ; (194) 

combining this with the intensity 7 (r l3 —/x,cp) diffusely transmitted in 
the direction (—/x,<p) from the incident beam ttF, we have 

-fr,9) = (105) 

[JL 

It remains to determine I g . Tor this purpose we shall make use of t.hn 
condition 

Trig = outward normal flux = A 0 x inward normal flux. (19(») 

The flux of radiation, directed inward at r = r ± , consists of three 
parts: first, the reduced incident flux 

7r/x 0 F e~ T1 F °; 
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second, the flux 

! 277 1 

/ J 4 ^^ rT ^ ,cp; ^'°’ cp0 ^ ,a = 77 F £ J ?-Wo) dp 

oo o 

= rrFt([x 0 ), . ( 197 ) 

of the diffusely transmitted intensity I{r x , —/x, 9 ); and finally, the flux 
of the radiation If ot \ —/x) which conies from the reflection of I g by the 
atmosphere; this last provides the additional flux (cf. eqs. [ 190] and [194]) 

1 2rr 1 

J J 4 rof) (™/x)p. d/xdcp = 271-4 J a(fjL) d[M = 7r4,s- (198) 

0 0 0 

Hence the total normal inward flux at r 1 is 

^(y 0 ) 


7T 


VoWe^+^lH-V| - 

l f^o ) 


(199) 


and A 0 times this must equal nl g . Therefore 


or 


O' 

l,j = Ao[fto + /„*], 

A, 


4 - 


^ri(Mo)- ( 200 ) 

1 ' ~ Aq o 

Substituting this value of I g in equations (193) and (195), we have 

F_ 

4fx 

I r F( it. cd : u,w cod -I-TX 1 — v. (ad — — -). ( 202 ) 


and 


/*( 0 , ft, 9 ) = jtf(/x, cp; /x 0 , <p 0 ) + |^-W) yi(f t o)yi(/ A )|» ( 20] ) 

F v . 4A„ , ,s(/x)l 


7*04, —ft, 9 ) = —1 ?V> 9 ; /x 0 , 9 „) -f yiXfto) : 


ft 


It will be noticed that /*( 0 , ft, 9 ) given by equation ( 201 ) has the 
symmetry required by the principle of reciprocity; but l*(r x , —ft, 9 ) 
does not have this symmetry and this is not required, either. 

In conservative cases y 3 (ft) has another meaning which is of some- 
importance : 

In conservative cases the (standard) problem of diffuse reflection and 
transmission admits the flux integral (cf. (-hap. IX, eqs. [29] and [95]) 

7 tF(t) = 77/x 0 F\ v. r! t u ' —y 1 (ft ( ))|- (203) 

The constant y x in this integral (which is a function of /x 0 ) is the same 
as the function y l (/x) we have introduced; for, according to equation 
(203), the outward normal flux in the diffuse radiation, at r = r 1 , is 

ttF{t x ) = tthq j^[e” Tl/ ^°—yi.(fto) I- (204) 

T 


3595.64 
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Comparing this with equation (197) and remembering that this equation 
(contrary to eq. [204]) refers the flux to the inward normal, we have 

—t(f* o) = yiW]» ( 205 ) 

and this agrees with our earlier definition of y x (cf. eq. [191]). 

Since the flux of the diffusely reflected light is given by 


1 2 IT 


J J )pdfukp = ttFs{ix o), 

0 0 


(206) 


it follows from equation (203), for t — 0, that 

s(/x) = /x[l — yi(^)]. 
From this last equation we have 


JL 

■2 J 


(207) 


(208) 


72.2. Illustrations of the formulae of § 72.1 

As illustrations of the formulae of § 72.1, we shall consider the various 
cases of scattering for which the standard problem has been solved. 

(i) Isotropic scattering with an albedo tct 0 < 1. In this case the 
scattering and the transmission functions are (Chap. IX, eqs. [4] and [5j) 


^ + ^0 


and (209) 

M —^ 0 

where X and Y are defined in terms of the characteristic function 4 'OT'o- 
ITrom Chapter VIII, equations (9) and (10), we now find that 

i 

= i / SW) v = 

0 

1 

and %) = l J 

0 

= rf-e-^+y 0 X(^) + (l-^ 0 )y( i u)], (210) 

where it may be recalled that (cf. Chap. VIII, eqs. [7]) 

x Q = |tu- 0 oq and y 0 = -|-vr 0 /? 0 , 

a 0 and /3 0 denoting the moments of order zero of X({x) and X(/x). 


(211) 
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From equations ( 210 ) and ( 211 ) we have 

= /x[l-i{(2—ar 0 a 0 )J(/z)4-flr c ft 7(^)}] s 
Yiitt) = ^QpoX(p)-\-%(2—-'ur 0 a. 0 )Y(p), 

S= 1 —{(2 —tEr 0 at 0 )a 1 +'ar 0 ^ 0 ^ 1 }. (212) 

(ii) Scattering according to the phase function t<t 0 (1 -j-a; cos 0 ). Accord¬ 
ing to Chapter IX, equations (109), ( 112 ), and (115), we have 

s(p) = p—f{p) = p[ i — {q 1 X(p)-\-p 1 Y(p)}], 

yM = 

and .v = 1—2(<y t a i+l ; i/3i ) 5 (213) 

where the constants q x and p L are given by Chapter IX, equations (123). 

(iii) The conservative case of isotropic scattering. In this case the 
identification of y 1 with the constant in the flux integral enables us to 
write (Chap. IX, eqs. [39] and [43]) 

y» - -WK+Al )[X(p)-\~Y(p)l (214) 

Therefore, s(p) — p[l + |^(a' 1 +^ 1 ){X( J u,)-f F(p-)}], 
and * = l + (3(a 1 H-/3 1 ) 2 . (215) 

(iv) Scattering according to Rayleigh’s phase function. Again, as we 
can identify y r with the constant in the flux integral, we have (cf. 
Chap. IX, eq. [104]) 

YiM = ■;! i [(c 1 +c a )(aH- i 8 1 )-(« 2 -fe)][X(^)H-F( At )] J (216) 

where c x and c 2 arc constants given by Chapter IX, equations (107) 
and (108). 

We further have 

s{p) = g[l— 7 i(/x)]; « = 1 — iiV[( c x+ c 2 )( 0 £ i-f.A)"-"( a 2 *“^ 2 )]( a i+A)* 

(217) 

72.3. 77ie reduction to the standard problem in case of scattering accord¬ 
ing to a phase-matrix 

As in § 72.1, the problem again consists of two parts: the determina¬ 
tion of the intensity 7 f/ at the ground which is unpolarized and uniform 
in the outward hemisphere, and the evaluation of the effect of this 
ground radiation on the intensities 1(0, p, 9 ) and /(r l 3 —/a,<p) at r — 0 
and at r ~ r x which will prevail in the absence of the ground. 

Since the radiation incident on r = r l5 from below, is unpolarized 
and isotropic, it is clearly sufficient to consider the azimuth independent 
part of the scattering and the transmission matrices, referring to I I and 
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I,. In terms of these sub-matrices and fT (,)) of order 2, the azimuth 
independent terms /J 0) (0,/x), /^ 0) (0, /a), /{ 0) ( Tl , — ft), and /.J. 0) (' r i 5 — i^) ifl 
the reflected and transmitted intensities, in the standard problem, will. 
be given by (cf. eqs. [173]) 

, __ //S 0) (0, /A\ _ Ji_ Ah>) * SW/*, *>)\ PA 

i(»fc \>(ft, /x 0 ) ^(ft^^jU-r 

and 

m , _ .ffh-cL i/n°Wo> n*w»)\p;\ 

(Ti ’ ^ _ bevi.- ao/ " n?v^.,)/w' 

(ji- 

For later use we shall define the following quantities: 


and 



where the alternative forms for .s>(/t), ote., arise from t he principle 
reciprocity (Chap. VIT, § 52). 

Considering, first, the effect of the ground radiation on the intensil it- 
1(0, f,,cp) and I(r l5 —ft, 9 ) in the absence of the ground, we observe f ii; 
we may replace the unpolarized intensify / f/ by t wo independent plaj 
polarized components of intensities, each i I (r in the states of pola rizat i 
signified by l and r. The transmission of this field (h f (r l 4 , 0,0), in 
outward directions at r l3 will contribute to the emergent intensity, „ 
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the direction /x and in the state of polarization l, an amount (of. eqs. 
[219]) i 2 tt /ijr \ 

¥u e_Tl//J, + 4~ J J 

1 

= i/,e—**+A| J [rjfWO+nV.lOW 


XT 

•>. 1 n 


r^ + lM\ = !4 y <«( F ). 

h 1 _ 


( 220 ) 


Similarly, the contribution to the emergent intensity, in the direction /x 
and in the state of polarization r, is 

( 221 ) 

In view of the isotropy and the natural character of the ground radia¬ 
tion, it is clear that the presence of the ground will not affect the 
Stokes parameters U and V. We can thus write 

/o 9) = /*( 0 , /x 3 9)4- 11 , y[ x) (^), 

/*(0,/x,cp) = I r (0, /x, 9 ) -[- I l g y { t P([x), 

£/*((), fx, 9 ) — (7(0,/x, 9 ) and F ;I: ( 0 ,/x, 9 ) = F( 0 ,/x, 9 ). ( 222 ) 

Again, the radiation I { , (0 -<7 /x' <7 1 and 0 <7 < f>' oC 2 tt) incident on r 1 
will be reflected by the atmosphere according to the standard law of 
diffuse reflection, and contribute to the intensity in the direction —/x 
and in the state of polarization l the additional amount 

1 27r 


XT 

2 0 / ’ 


= A- f f 

n \ 0 ft 


0 0 
1 


yj- f - i 4 ~--- (223) 

S/x J - [X 


Similarly, the contribution to the intensity in the direction (— /x) and 
in the state of polarization r, by the reflection of the ground radiation, is 

(224) 

[X 

Hence, combining the results of equations (223) and (224), we have 


40 


JL> 


~/X, 9 ) “ i» - 

[A 

— /h?) =* 4(^1 > " 

-h,9 )+y„ aM 


/X 


(225) 
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and the other Stokes parameters will be unaffected by the presence 
of the ground. 

Turning now to the determination of I (/ , we shall a,gain make use oi 
the flux condition (196) which, of course, continues to be valid. 

The outward normal flux is ml g as before. However, the inward normal 
flux now consists of several parts: Considering, first, that part of the 
inward normal flux prevailing at which is proportional to the incident 
flux ttF 1 we have the reduced incident flux (per unit area of the ground] 

the flux 


1 2 tt 


J J ^ T n(d> 9; yo> <Po) F id d d d 9 = 77 F i -y J T< iPid>do) df.i 
0 0 0 

1 

in the state l, the flux ttF 1 f J y 0 ) dfz 

o 

in the state r, giving a total 


f 1 

^Jjhr^ + JL J ^ 0 ) +?'(?>(,*,, t(1 )J dp 

0 

1 do ) 


(225) 


Similarly, the inward normal flux prevailing at t x which is proportional 
to the incident flux ttF„ is 


(: 




77 do F r Yr ^(do)- 

And, finally, we have the contribution to the inward normal flux at r t 
by the reflection of the ground radiation by the atmosphere above* 
This last gives (cf. eqs. [223] and [224]) 

i 


irr 


/ H d)Fd)]d d d — "Ig | |. ,S V(/ 4 ) 1 ,S V(/ 4 ) 1 dji. (228 

0 x 


l 

J = J [Sjj(/r)-f-s r (^t,)] d/z, 


Defining 
we have 

The total inward flux at r = Tl is therefore 

7 A.do F iY { i' ) {do)~\-do F r Y^ido) “h d j; 


rrl g s. 


( 221 ) 

(230 

(231 
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A o [i“0 K y«Vo)+VI 


or. 


X 


; = r^r-^y^o )+F r y^(f, 0 )i 

1 — An 6 


(232) 


Inserting this last expression for I (; in equations ( 222 ) and (225), we 
observe that the effect of the ground can be described by the matrices 

M 1> (A t )yi 1) (f t o) ri 1) (^)7r 1) (/^o) 


r (g>fh>) 


and 


Thus, 


P o) 


yj. 1) (g)yp ) (/x 0 ) 7r 1) (^)yr 1) (/ A o) 0 

0 0 0 , 

fM fX 

sM -y^o) ^r^Vo) o 


(233) 






0 


I*( 0 ,/x, 9 ) 




*sV>9;/h»9o) 


o 

2A 0 


(234) 


1 —A a « 


0 


go) 




and 


J*(h) —g>9) 


1 

4/x 


2 A„ 


(235) 


(236) 


go> 9 o) + Y~X~^ / x o)j ^ 

In conservative cases, the y’s are the same as the constants (which 
are functions of g 0 ) which appear in the flux integral. In the present 
instance, there are (formally) two flux integrals corresponding to the 
fact that F t and F r can be specified independently of each other. Indeed, 
starting from the equation of transfer (129), for example, we can show 
that the problem admits the integrals*]' 

FA- r) = 2 f |7 )!’W + (237) 


and 


-i 

~b 1 


JP(r) = 2 J [7g>(T./x) + l , <»>(= ^o-^[«' T, ' i *-r? > (7‘o)]. (238) 

where ( 7 ^-f- X/) and (/ /; .-|-Z / . r ) are the lotal intensities in the diffuse 
radiation field which are proportional, respectively, to X] and F r . 
Comparing equations (237) and (238) with the expressions (226) and 

f Tho problem also admits tbo additional /v-integrals 

K t (r) = .] mo P}( - Mo yP) 

Ngr) — I Mo K( — / x 0 C" r/Mo — y'r 1 >T + y ( 7- 2) )- 


and 
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(227), and remembering that ©equations (237) and (23S) (contiary to 
[226] and [227]) refer to fluxes measured in the direction of the outward 
normal and do not include the reduced incident fluxes, we identify the 
y’s which occur in the flux integrals with the y s as oiiginally defined 
(eq. [219]). 

In conservative cases we have the further relations (which also 
follow from the flux integrals): 

sfp) = y[l — yz (1) Ga)]> = ^[1— y^ip)'} 

1 

and 5 = 1 — J \_y[ 1) {p)~ i ry^ip)\l x ^7°- (239) 

o 

72.4. Expressions for yi^ip), y^Hp)) s i(p)> s r(p)> and s in the case of 
Rayleigh scattering 

In terms of the solutions for *S' <0) and X (0) given in § 71 (eqs. [177] and 
[178]), the various integrals defining sfp), s r (p), etc., can be evaluated. 
We findf y j» (ju) = |(240) 
and 

Yr l, (/-i) = §Q(d„—d 2 )[(u 4 —u 3 ){X r (/J')+J r r M}—u 0 /j.{X r (fj.)—Y r (/j.)}], 

(241) 

where the various constants have the same meanings as in § 71. 

Since this is a case of conservative scattering 

s i(p) = pli—y^Hp)] and # r (p) = ft[l—y?V)]- (242) 

From equations (240)-(242) we now obtain 

s = 1 —f Q(d 0 —d 2 )[{v 2 —v 1 )K 1 +(u 4: ~-i.i 3 )c 1 ~-u 5 d 2 ]. (243) 

TVith this we have completed the exact solution of a problem which 
will serve as a basis for interpreting the illumination and the polariza¬ 
tion of the sky. 

73. The intensity and polarization of the sky radiation 

The most important application of the theory developed in the two 
preceding sections is to the illumination and polarization of the sunlit 
sky. "VTe shall accordingly illustrate the theory in this context. 

As is well known, Lord Rayleigh accounted for the principal features 
of the brightness and polarization of the sky radiation in terms of the 
law s of molecular scattering now associated with his name. On Ray¬ 
leigh s theory, the deep blue colour of the sky at the zenith is related 
to the A - 4 dependence of the scattering coefficient on wave-length (cf. 

t S. Chandrasekhar, Astrophys. J. 107, 188, 1948 (oqs. [467] and [475]). 
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Chap. I, eq. [205]) and to the fact that for small optical thicknesses, 
r l5 the intensity of the transmitted light is proportional to t x . Similarly, 
the strongly varying polarization of the sky radiation is related to the 
fact that, on Rayleigh’s law, the light scattered at right angles to the 
direction of incidence is completely polarized, while the light scattered 
in the forward or the backward directions has the same polarization as 
the incident light. 

However, not all features of the sky radiation can be accounted for, so 
simply, in terms of the laws of single scattering. Thns, it is known that at 
right angles to the sun the polarization is not complete (8 ~ 87 per cent.). 
Similarly, the polarization in the direction of the sun is not zero: instead, 
it is weakly, negatively , polarized; and for general angles of incidence 
there are, in the meridian plane, two points where the light is unpolarized. 
These points of zero polarization, called the neutral points, occur in the 
following positions: For angles of incidence not exceeding 70° the 
neutral points occur about 10—20° above and below the sun; these are 
the Babinet and the Brewster points, respectively. And when the sun 
is low, then near the horizon, opposite the sun, and about 20° above 
the anti-solar point a neutral point occurs: this is the Arago point.]' 

It is evident (and as was, indeed, emphasized by Lord Rayleigh in 
his earliest publications) that to account for these further facts con¬ 
cerning the sky radiation we must allow for the effects of scattering of 
orders higher than the first. 

Several attempts to include the effects of higher-order scattering have 
been made, notably by L. V. King, J. J. Tichanowsky, and S. Chapman 
and A. Ham mad. However, in almost all of these investigations, ‘Ray¬ 
leigh scattering’ is taken to mean scattering according to Rayleigh’s 
phase function; and, as we have seen, this is incorrect. Moreover, in 
these investigations, the correct, equations of transfer in terms of a 
phase-matrix are not formulated and, consequently, the effects of 
scattering of orders higher than the second are not included; also, the 
effects of the reflection of the ground are not included. 

We shall now show how the theory developed in §§ 71 and 72 provides 
an exact and a satisfactory basis for interpreting the features of the sky 
radiation in a detailed manner. 

Considering r L — 0-2 as typical, we have illustrated in Figs. 27 and 28 
the angular distribution and the state of polarization of the transmitted 

f Sometimes all thoso neutral points occur simultaneously and continue to persist 
even after the sun has sot. It is clear that those latter effects must be due to the 
curvature of the earth’s atmosphere and are, therefore, boyond tho scope of the theory 
based on piano-parallel atmospheres. 
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light for various angles of incidence according to the formulae of 
§§71 and 72. In Fig. 27 the laws of diffuse transmission for the case 
when there is no ground (i.e. for the standard problem) are illustrated. 
Fig. 27 clearly exhibits the sharp rise in intensity as we approach the 
horizon; this rise and the subsequent fall are steeper the lower the sun. 
Also, it will be observed that the theory predicts neutral points in the 
positions known for the Babinet, Brewster, and Arago points. Thus, for 
an angle of incidence of 60° (p 0 = 0*5) the neutral points occu r at angular 
distances 15° and 20° above and below the sun, respectively; i.e. exactly 
in the positions appropriate for the Babinet and the Brewster points. 
Again it is seen that when the angle of incidence slightly exceeds 60° 
(go < 0*4) the Brewster point sets and the Arago point rises in the 
opposite sky. For larger angles of incidence we have only the Babinet 
and the Arago points. 

The effects of ground reflection are illustrated in Fig. 28. Angles of 
incidence 78-5° (p 0 = 0-2) and 60° (p 0 = 0-5) are considered. The most 
interesting feature disclosed by this figure is the fact that the rising of 
the Arago point can be hastened by a large albedo of the ground. Thus, 
for an albedo A 0 — 0*2, the Brewster point has set already for p 0 == 0*5 
and the Arago point has risen. However, it is seen that the position 
of the Babinet point is relatively stable to ground corrections.*j' 


74. Resonance line scattering and scattering by anisotropic 
particles 

The law of scattering by anisotropic particles given by the classical 
theory (Chap. I, § 17) is of the same general type as the law of resonance 
line scattering given by the quantum theory (Chap. 1, § IS). On these 
laws (as on Rayleigh s law) the Stokes parameter V is scattered inde¬ 
pendently of the others and according to a phase function ik/ 3 oosB. 
The constant q 3 has the value 1 — 3 y (0 < y -< ?*) on the classical theory 
(Chap. I, eqs. [250] and [251]); on the quantum theory of line scattering 
it has a value E z depending on the initial state (j) and the A j involved 
in the transition (Chap. I, § 18, Table II). The solutions for*,, and T v 
have, therefore, the same forms as on Rayleigh scattering; but the 
right-hand sides of equations (126)-(128) (giving the solutions for 
Rayleigh scattering) must now be multiplied by </.*. 

Considering, next, the part of the phase-matrix referring to I ( , / r . 


to test ^ ro ^ nc ^ * s known to havo a high albedo, it will bo interesting 

supposed circumstances the Arago point does rise earlier than is generally 
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and U , we observe that it can be expressed as the sum of the phase- 


matrix for Rayleigh scattering and the matrix 


(244) 


with certain weights q t and r/ 2 (cf. Chap. I, eqs. [257] and [259]). On 
the classical theory g 1 and <y 2 have the values (1 — y)/(l +2y) and 
3y/(l-j-2y) (Chap. I, eq. [257]); for resonance line scattering they have 
the values E x (j; Aj) and E 2 (j;Aj) given in Table’ll (p. 52). Conse¬ 
quently, the solutions for the azimuth dependent terms S (1 \ S (2 \ T (1 \ 
and T®> in the scattering and the transmission matrices (eq. [122]) have 
the same forms as on Rayleigh scattering; but the right-hand sides of 
equations (123)—(1.25) (giving the solutions for Rayleigh scattering) 
must now be multiplied by q x . 

The solution for the azimuth independent terms /£ 0) ( Tj p) and I^\r, p) 
cannot be disposed of so easily. The equation of transfer we have to 
consider is (cf. eqs. [1.29]—[131]) 

dft \t, p) _ r , \ . ,i r 


| r,v')d/ 

— 1 

V 


~l< h E ) m(T,p')dp'~\^J(p,Po) + f E Fe~^o. (245) 

-i ' ' 

The solution of this equation in the general nth approximation (along 
the lines of § 68) presents no difficulty. However, an essential feature 
which simplifies the treatment of Rayleigh scattering is absent from 
this case: The characteristic equation does not factorize; instead, we 
have (cf. eq. [23]) 

)-A“S) - -$<h(V 0-2), 

or, alternatively, 

/ /..2 mm2 ^ ^ 7a n ^ a / oh n n 


(/c 2 —1) 2 Z>|- 


b <h 


(246) 


On account of this, it does not seem possible to carry out the elimination 
of the constants and express the angular distributions of the emergent 
radiations in closed forms. Related difficulties arise in the reduction of 
the integral equations for aS ( 0) and T (0 \ Thus, while it is not difficult to 
solve the equations of transfer for the case of scattering by anisotropic 
particles (or, of resonance line scattering) in any finite approximation, 
the determination of the exact solutions for the azimuth independent 
terms is likely to present some difficulty. 
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It is of interest to recall that the importance of correctly formulating tho equation 
of transfer for Rayleigh scattering was recognized, already, by King. Thus in the 
paper quoted (ref. 9) he writes: ‘The complete solution of the problem from this 
aspect would require us to split up the incident radiation into two components, 
one of which is polarized in the principal plane, the other at right angles to it: 
the effect of self-illumination would lead to two simultaneous integral equations 
in three variables, the solution of which would be much too complicated to be 
useful.’ However, it should be noted that for a complete description of a partially 
plane polarized radiation field it is not sufficient to consider only tho intensities 
Ii and I r in two directions at right angles to each other; a third parameter U is 
necessary to allow for the variation in the plane of polarization. Even so, wo have 
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found that it is not too difficult a matter to formulate the correct equations and 
solve them exactly for the basic problems. 

General accounts of the subject will be found in: 

14. Chb. Jensen, Handbuch der PhysiJc (Berlin, Springer, 1928), xix, Kap. iv, 
pp. 70-171. 

15. M. Minnaert, Light and Colour in the Open Air (G. Bell, London, 1940). 

16. H. C. van de Hulst, The Atmospheres of the Earth and, the Planets (editor 
G. P. Kuiper, University of Chicago Press, 1949), chap, iii, pp. 49-112. 

The application of the theory of diffuse reflection and transmission, developed in 
this chapter, to the problem of sky radiation, is presented here for the first time. 
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THE RADIATIVE EQUILIBRIUM OF A 
STELLAR ATMOSPHERE 

75. The concept of local thermodynamic equilibrium 

Aisr atmosphere is said to be in. local thermodynamic equilibrium when 
it is possible to define at each point in the atmosphere a temperature T 
such that the coefficients of absorption ( k v ) and emission (j v ) are related 
according to the Kirchhoff—Planck equation 

iv = K v B v (T) and B v (T) = ~ -^-_ (1) 

The usefulness of the concept of local thermodynamic equilibrium, 
in astrophysics, arises from the fact that it provides a convenient 
abstraction for situations in which a multiplicity of processes participate 
in the absorption and emission of radiation of any given wave-length 
and no unique correlation exists between particular acts of absorption 
and emission. Such situations are encountered when one considers the 
origin of the continuous spectrum of the stars. Thus in the solar 
atmosphere the principal source of continuous absorption is the negative 
hydrogen ion. Since the electron affinity of hydrogen is 0*75 e.v., the 
photo-ionization of the ion by radiation of wave-length, say, 5,000 A, 
will result in the ejection of an electron with a kinetic energy of about 
3*6 e.v.; and as the mean kinetic energy of the electrons in the solar 
atmosphere is of the order of 1 e.v., the ejected electron will rapidly 
lose its energy by elastic and inelastic collisions. Moreover, the elec¬ 
trons in the solar atmosphere are, largely, supplied by the ionization of 
elements like Ca, Na, Mg, Fe, Si, etc., by radiation beyond their respec¬ 
tive series limits. Consequently a strict evaluation of the coefficients 
of continuous absorption and emission in the solar atmosphere must 
include the consideration of the ionization-recombination equilibria of 
H and of all the elements which contribute to the concentration of the 
free electrons; of the elastic and inelastic collisions of the electrons with 
neutral hydrogen atoms; and generally of such other processes as arc 
relevant to the establishing of a velocity distribution among the elec¬ 
trons. It is evident that a microscopic analysis of all these and other 
contributory effects will be excessively complicated. Moreover, a theory 
which starts out on such detailed premises will, by its very nature, 
obscure the essential factors which are operative. Indeed, a theory 
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along such, lines ten years ago would not have included what has since 
been established as the most important source of continuous absorption 
in the solar atmosphere, namely, H~. The importance of H~ as a major 
factor in the analysis of stellar atmospheres actually became clear by 
the application of methods derived from a less specific theory concerning 
the mode of origin of the continuous spectrum of stars. These remarks 
underline the importance, for astrophysical theory, of developing 
methods of analysis on a basis broad enough for disentangling the 
various factors which are operative towards particular ends. Once the 
principal factors have been identified by such methods of analysis, they 
can later be incorporated in a less idealized, more specific, picture. 
The concept of local thermodynamic equilibrium is one which has been 
exceedingly useful in the development of such general methods for 
understanding and interpreting the continuous spectrum of stars. In 
this chapter we shall describe the nature of some of these methods. 


76. The radiative equilibrium of a stellar atmosphere in local 
thermodynamic equilibrium 

According to equation (1), the source function for radiation of fre¬ 
quency V is X^B V (T), (2) 

where T is the temperature prevailing at the point considered. For 
a plane-parallel atmosphere, in local thermodynamic equilibrium, the 
equation of transfer is, therefore, 

(3) 


/X 




(i 


The formal simplification which the concept of local thermodynamic 
equilibrium introduces in the theory is apparent: it enables us to specify 
the entire radiation field in terms of the march of a single parameter, 
namely, T; for, once the temperature distribution in the atmosphere has 
been determined, the source function becomes known, and the radia¬ 
tion field follows from the equation (cf. Chap. I, eq. [90]) 


I v (r v , fx) 


‘ f B.{t v 

7V 

T 

-J 


// f 

(fp-T,0//* ,h > 


(0 <C /x 5^ 1) 


where 


(1 f 

«. v -T„)//x < ZlK ' (_ ] ;; 

S y. < 0). 

(4) 

CO 

I K v p dz, 


(5) 


is the normal optical thickness for radiation of frequency v. 

3595.64 u 
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We shall now introduce the further assumption that the stellar 
atmosphere is in radiative equilibrium, i.e. there are no mechanisms, 
other than radiation, for transporting heat in the atmosphere. We 
shall also suppose that there are no sources of heat in the atmosphere. 
Under these circumstances, the net flux of radiation, in all wave-lengths, 
must be constant: 


-1 L 

ttF — 7. r J F v (z ) dv — 2tt J | I v (z,ju.)p dyudv -■= constant. (f») 
0 0 —1 

This constant net integrated flux must be derived from the energy 
generated in the ‘deep interior’ of the star; but this is a fact not 
specially relevant to the study of stellar atmospheres. 

The emergent flux will have the same value ttF. In astrophysics, it 
is customary to introduce an effective, temperature T ( , related to the 
constant net flux ttF by 

= 7 tF, ( 7 ) 

where a (=5-75xl0~ fi erg/sec. cm. 2 degree 4 ) is Stefan’s radiation 
constant. A similar relation holds between the integrated Planck 
intensity, B, and the local temperature, r P: 


co 

B(T) = J B,(T) dv 


Z rp .x 
77 


(«) 


The meaning of the flux condition ((>) can be seen by integrating 1 he 
equation of transfer (3), first over g and then over v. Thus, 


1 dF. 


and 


4 p dz 
1 dF 


= K„ J, 


v "(/ / c i • 


co 


4 p dz 


J Kv( J v~~ B v ) dv 


<«) 


The constancy of the net integrated flux therefore requires that 

CO 00 

J K vJ v = [ k v B v dv. (I O) 

o o 

The left-hand side of this equation is proportional to the absorption of 
radiation in all wave-lengths by an element of mass exposed to t he 
radiation /», and the right-hand side is proportional to the total 
emission by the same element. Equation (10) therefore implies that 
every element of mass in the atmosphere emits exactly as much mtlia- 
tmn as it absorbs. The equivalence of this last .statement with t he 
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constancy of the net integrated flux is, of course, obvious on physical 
grounds. 

We shall now formulate a fundamental problem in the theory of 
stellar atmospheres: 

To solve the equation of transfer (3) in a semi-infinite atmosphere, 
under conditions of radiative equilibrium, for assigned variations of k v 
with frequency and depth and with the boundary conditions 

Iv(. T v> —P) == 0 f° r T v — 0 
and I v (r v , fx) -< e Tv as r v -> oo. 

For arbitrary variations of k v with frequency it would seem that this 
problem can be solved only by numerical methods of iteration. How¬ 
ever, when the variations of k v with frequency are not large, it is possible 
to obtain approximate solutions which seem adequate for many stellar 
applications. It is with such cases that we shall be principally concerned 
in this chapter. 

The case when k v is independent of frequency, i.e. when the atmo¬ 
sphere is grey, is of particular interest as it provides a physically signifi¬ 
cant standard of comparison for interpreting the continuous spectra of 
stars; for the departures of the observed intensity distribution in the 
continuous spectrum of a star from that predicted for the radiation from 
a grey atmosphere must be directly traceable to the variation of the 
stellar absorption coefficient with frequency. The determination of this 
variation of k v with frequency from observations is, clearly, important 
for identifying and accounting for the source of continuous absorption 
in stellar atmospheres. 



77. The method of solution 

As we have already stated, we shall be principally concerned only 
with those cases in which the effects of the departures from greyness 
of the stellar material can be treated as small. We shall therefore write 


/<„ - «(l+8„), (12) 

where R is a certain mean absorption coefficient. We shall leave ic 
undefined for the present, so that we may later have the choice of 
defining it in a manner which is most advantageous. Further, we shall 
let 


J 


Up d': 


(13) 


denote the optical thickness in R. 
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With the foregoing definitions, the equation of transfer (3) can be 
written in the form 

I v -B v +8 V (I V -B„). (14) 

dr 

We shall suppose that this equation can be sol ved, in successively higher 
approximations, by the following procedure: 

First, we neglect the term in B v altogether and write 

dJ (D 

«. (15) 


We solve this equation appropriate to the problem on hand and use 
this solution in the term which occurs as the factor of 8 V in equation (14). 
Thus the next approximation will be given by the solution of 




dip 

dr 




dr 


(16) 


The higher approximations can be found by extending this method of 
iteration. Thus in the nth approximation we consider: 

d T(n) 

iLC-f- = + (17) 


This method of iteration can be expected to converge if S v is sufficiently 
small. However, it appears that the practical utility of the method is 
not impaired even when S„ takes moderately large values of the order 
of 2 or 3. 

Integrating equations (15) and (16) over all frequencies, we have 


dl^ 




dr 


/(i) — jftd) 


(18) 


and 



( 10 ) 


Equations (18) and (19) have to be solved under the condition of a 
constant net integrated flux. In the first two approximations this 
condition requires that 

BP> = jm ( 20 ) 


00+1 

m = jm +1 f f v ^-dvd^, 

0 -1 


and 


( 21 ) 
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respectively. Equation (21) can be written alternatively in the form 

CO 

= ,/<» + 1 [ S„ dv. (22) 

0 

In the second approximation, the integrated Planck intensity, B, 
therefore differs from the mean intensity, J, by an amount which 
depends on the non-constancy of the monochromatic fluxes F ( v x) in a 
grey atmosphere. 

78. The temperature distribution in a grey atmosphere 

According to equations (18) and (20), the equation of transfer for the 
integrated intensity in a grey atmosphere is 

d/0)( T , /A ) rix y 

f* J /«(r,/<.') <V- ( 23 ) 


It is seen that this equation is the same as the equation of transfer for 
the case of conservative isotropic scattering considered in Chapters III 
(§ 25), IV (§ 211.2), and V (§ 42). Accordingly, the exact solution for the 
angular distribution of the emergent radiation is given by (Chap. IV, 
eq. [52]) , 

fU’(0, y^F/Jin), (24) 

where /I(/z) is deli nod in terms of the characteristic function T( /A ) — 4. 
The law of darkening given by equation (24) has already been tabulated 
in a different context (('hap. VI, Table XV, p. 185). 

From the property (Chap. V, eq. [25J) 

l 

( //(/x) d[i - 2, (25) 

6 

of the H -function which occurs in equation (21), we conclude that 

•/"’(<>) C (2«) 

Expressing J (1) (0) and F in terms of the htmmlury tcmperalure, and 
the effective temperature 7[, in aecordance with equations (7) and (8), 
we have tlie relation 


( 7 V > )' 1 F}, or T{" O-SI 12 7;,. 

4’ 


( 27 ) 
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Turning next to the solution of equation (23) in the ntla approxima¬ 
tion, we have (cf. Chap. Ill, § 25, eq. [40]) 

f TjX)o—koLT \ 

rp = iv 2rT^u +<3 ' 1>+T+ ' U£ ) (i==±1 --± ,l >> (28) 

where the n constants (a = 1,..., n — 1) and $ (1) are to be determined 
from the equations (Chap. Ill, eq. [17]) 

£(« 

2 jzr L jr+® 1) -i J -i = 0 (»== 1 ( 20 ) 

a = l ^ a 

and the & a 5 s (a = —1) are the positive (non-zero) characteristic 

roots of Chapter III, equation (7). On this approximation, the solution 
for t/ (1) is (Chap. Ill, eqs. [44]—[46]) 

J(1) = | F{r+q(r)} = f f{t+QM+^L^ er^A . (30) 

The corresponding law of temperature distribution is (cf. eq. [20]) 

(TV)* = mtr+q(r)}. (SI) 

The function q{r), in the second, third, and fourth approximations, has 
been tabulated in Chapter III (Table X, p. 80). 

In terms of the temperature distribution (31), the radiation field in 
the atmosphere can be determined according to 

oo 

4 x) (t ft) = f B v (T^)e~^~ T ^~ (0 < p, < 1) 

J /x 

T 

. T 

= - f (-1 < 0), (32) 

J /X ' 

0 

where B V {T^) is the Planck function for the temperature at optical 
depth t as given by equation (31). 

Prom the solution (32) for the radiation field, we derive (cf. Chap. I. 
eqs. [91] and [96]) 

+i 

4 1} (t, g)/x 5 ' dp = 

+ (-l Y j B v {T\V)E j+1 {T~~t) dt. (33) 
In particular, we have ° 

00 T 

^(r) = 2 / B v (T\V)E 2 {t~ t) 2 f jS v (2 r7 } 1 ))^ 2 (r—C cZ*. (34) 

T n 


J 5 v (y<«)^. +1 («_ x ) *+ 
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Fra. 29. The frequency distribution of the net (lux of radiation at various depths 
in a grey atmosphere. The abscissa, measures the frequency (in units of kT e /h) 
and the ordinate measures the flux (in units of the constant not integrated flux). 
The curves rotor to the depths r ~ 0, 0*4, 1*0, and 2*0. 

Taijlh XXVI 


The Monochroinatic Fluxes F\p(r) in Units of If 






(X 




T 

J 

o 

3 

4 

ft 

S 

10 

22 

0 . 

0*08(54 

0-1 837 

0-2074 

0-1772 

0-085(5 

0-0314 

0-01013 

0-00305 

0-1. 

0-0784 

0-1732 

0-2027 

0-1791 

0-0911 

0-034(5 

0-01135 

0-00345 

0-2. 

0-0719 

0-1 (540 

0-1981 

0-1801 

0-09(51 

0-037(5 

0-012f.il 

0-00388 

0*3. 

0*06(58 

0-155(5 

0-1933 

0-1804 

0-1005 

0-040(5 

0*01990 

0-00434 

0-4. 

0-0(515 

0-1480 

0-188(5 

0-1802 

0-1044 

0-0435 

0-01521 

0-00482 

0-5. 

0-0571 

0-1407 

0-1835 

0-1793 

0-1078 

0-04(52 

0*01(552 

0-00532 

0-6. 

0-0532 

0-1342 

0-1789 

0-1783 

01 1 10 

0-0489 

0-01785 

0-00584 

0-7. 

0-0498 

0-1282 

0-1745 

0-1772 

0*1 138 

0-0515 

0-0.1918 

0-00(538 

0-8. 

0-04(5(5 

0-1225 

0-1(599 

0-1755 

0*1 1(53 

0-0539 

(1-02050 

0-00(593 

0-9. 

0-0439 

0-1174 

0* 1 (55(5 

0-1740 

0-1 18(5 

0-05(53 

0-02182 

0-00749 

1-0. 

0-0413 

0-1128 

0-1(51(5 

0-1724 

0-1 207 

0*058(5 

0-02314 

0-00807 

1-2. 

0-0370 

0-1042 

0-1540 

0-1(588 

0-1240 

0-0(528 

0-02572 

0-00925 

1-4. 

0-0335 

0-09(58 

0-1 470 

0*1(551 

0-12(58 

0-0(5(57 

0-02824 

0-0104(5 

1-6. 

0-0305 

0-090(5 

0-140(5 

0-1(514 

0-1289 

0-0702 

0-030(59 

0-011(59 

1-8. 

0-0280 

0-0850 

0-1349 

0-1578 

0-130(5 

0-0735 

0-0330(5 

0*01293 

2-0. 

0-0259 

0-0803 

0-1295 

0* 1543 

0-1319 

0-07(54 

0-03534 

0-01417 


The monochromatic fluxes F\f(r) computed according to this formula 
for various values of r« = hvjh7], and r are given in Table XXVI; they 
are further illustrated in Fig. 29. It is of particular interest to observe 
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the redistribution in the frequencies which takes place as we descend 
into the atmosphere. 

The derivatives of the monochromatic fluxes, dF^fdr, which are also 
useful (cf. eq. [22]), are given in Table XXVII. 

Table XXVII 

The Derivatives of the Monochromatic Fluxes : 
dF^jdr in Units of F 


OL 


T ' 

1 

2 

3 

4 

6 

S 

10 

12 

0 

-0-086 

— 0-11 

-0-044 

•+0-024 

+ 0-0585 

+ 0-0323 

+ 0-0120 

+ 0-0039 

0-1 

-0-072 

-0-098 

-0-046 

-1-0-015 

+ 0-0523 

+ 0-0311 

+ 0-0124 

+ 0-0044 

0-2 

-0-060 

-0-088 

-0-047 

+ 0-007 

+ 0-0467 

+ 0-0302 

+ 0-01.28 

+ 0-0048 

0-3 

-0-052 

— 0-080 

-0-048 

+ 0-001 

+ 0-0417 

+ 0-0293 

+ 0-0130 

+ 0-00465 

0-4 

-0-046 

— 0-074 

-0-0485 

— 0-005 

+ 0-0367 

+ 0-0281 

+ 0-0131 

+ 0-00490 

0-5 

— 0-041 

— 0-068 

-0-048 

— 0-008 

+ 0-0327 

+ 0-0270 

+ 0-0132 

+ 0-00510 

0-6 

-0-036 

-0-063 

-0-046 

-0-010 

+ 0-0295 

+ 0-0260 

+ 0-0133 

1 +0-00530 

0-7 

-0-033 

-0-058 

-0-045 

-0-013 

+ 0-0264 

+ 0-0250 

1 +0-0133 

t +0-00544 

0-8 

-0-030 

-0-054 

-0-043 

-0-015 

+ 0-0240 

+ 0-0242 

+ 0-0132 

+ 0-00558 

0-9 

— 0-027 

— 0-050 

-0-041 

-0-016 

+ 0-0215 

+ 0-0233 

+ 0-0132 

+ 0*00573 

1-0 

-0-024 

— 0-046 

-0-040 

— 0-017 

+ 0-0193 

+ 0-0222 

+ 0-0131 

+ 0-00583 

1-2 

-0-020 

— 0-040 

-0-036 

-0-018 

+ 0-0152 

+ 0-0202 

+ 0*0128 

+ 0-00598 

1-4 

— 0-016 

-0-034 

-0-033 

-0-0185 

+ 0-0121 

+ 0-0186 

+ 0-0124 

+ 0-00610 

1*6 

-0-014 

-0-029 

-0-030 

-0-0185 

+ 0-0095 

+ 0-0170 

-1-0-0120 

+ 0-00617 

1-8 

-0-011 

— 0-026 

-0-028 

-0-018 

+ 0-0075 

+ 0-0156 

+ 0-0116 

+ 0-0062 

2-0 

-0-010 

— 0-022 

-0-025 

— 0-017 

+ 0-0060 

+ 0-0142 

+ 0-0112 

+ 0-0062 


79. The temperature distribution in a slightly non-grey atmo¬ 
sphere 

For an atmosphere which departs only slightly from greyness the 
approximate form of the equation of transfer is (cf. eqs. [19]-[22]) 




dF*> 

dr 


+ 1 oo 

J IVdlM + H f S 

“1 0 


oo oo 

dip , 1 


U 

0—1 


s <11^ , 

S ^-cb 


>v. 


(35) 


In solving this equation, in turn, in the nth approximation, we replace 
it by the system of 2n linear equations 






dip 

dr 


CO 


*>-*2**J»+*J 8IJ 


OO 


dip 

dr 


dv 


o o 

{i — dz!»•••» dz n )> (3h) 

where the various symbols have their usual meanings. 

The system of equations represented by (36) is most conveniently 
solved by the method of the variation of the parameters. Thus, since 
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the homogeneous part of the system (36) is the same « ^ 
in Chapter III, § 25, we seek a solution of tlie form (of. Chap. I , q. L ■ J) 


n —1 


7 ( 2 ) 
x % 


3 


q 2 

'a-- n 4-1 


L<Pc- k * T 


JSLJL _- 4- Q (2) (r)+ T +iLt-i\ O' — i-t^)’ 

1+R&« 1 


(37) 


. r (a) ,_ ,1 x t! Tl] and Q (2) are all to be considered as fune- 

tions of r It will be noticed that in writing the solution m the form (37) 
we have treated as variable only 2»-1 of the 2n constants of integration 
which the general solution of the homogeneous system associated wi 
7 3 6) hivolvts. This is, however, permissible in view of the fact that (36) 

admits the flux integral 

2 2 a i Li l T = constant, ( 38 ) 

and this must have the assigned value F. 

ana rms v nan corresponding to the solution 

The mean intensity (= •» Z a J J > co lCb P 43 

(37) for the 7^’s, is (cf. Chap. Ill, eqs. [26] and [43]) 

(39) 


n—1 


J(2) = iFfr-h^ (2) (T)+ 2 L^(T)e- m 

Now substituting for /?> according to equation (37) in (36) wo obtain 
the variational equations 


f e -ur (IXj[ a) <7Q (2) \ 

-pVt k T-|-y'[A' a (It dr) 

’.a— -n-ll 1 “ 


Li 


S'tjSldv-- [ {i “ i 1 . ±m)- (40) 

0 ' <> 

Of the 2n equations represented by equation (40), only ** ie 

linearly independent, since the equation derived from (40) by multip y- 
i[g by a, and summing over all i is identically sat,shed in virtue ol 

Chapter Ill, equation (27). , . t> 9 i w 

The order of the system (40) can be, further, reduced to -r - -■ y 

proper choice of the mean absorption eoefhcent k. I hua. mi 
equation (40) by and summing over all », we obtam (of. C,hap. U, 
cq. and CIuvp* ill, cq. |^7J) 


oo 

FT 


<U<1 ^ dv. 
(It 


(41) 
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Accordingly, if we arrange that 


CO 


J 2 


*•*-&*’ 


\y d T 


dv 0, 


Chap. XI 


(42) 


0 o 

we shall have the integral 

Q( 2 ) = constant = QW~\-AQ (say), (43) 

where <Q {1) is the value of the constant in the solution for the grey 
atmosphere (eq. [28]). 

Since (of. eq. [15]) 

aJS.,, _ A 777( A ) 

- 4^ T> ? 


d/r 


(4*0 


we can rewrite the condition (42) as 

CO 

f dv — 0. (4f>) 

• 6 

To satisfy this condition on 8„, we must define the mean absorption 
coefficient k (which we have so far left undefined) by 


co 


* I FW dv= j Ky F \,K dv. 


00 


or 


K 


is 


K,F™dv, 


(4ti) 


foi with this choice of k, S v = ( Kv —k)/k (of. eq. [12]), when similarly 
averaged, will he zero, as required. 

With k chosen in this manner, $ (2) is a constant, and the variational 
equations become 

f n~ 1 


e~ kaT <m*y 


oo 


1 dr / 

. 00 

= Mi j SvZajp./Aldv (* = -±1.±«r (47) 

0 0 

In view of the fact that the rank of the system (47) is less than the* 
num er o equations, it appears that the most symmetrical wav of 
treating the equations is the following: 

Multiplying equation (47) bv a. u™- 1 (<m — i *> m \ n * 
all i, we obtain J ( ~~ 1 ’"*’ 2n) and summing over 


3 

4* 


n—l 

-F 1 V JJf (Jq \o—k a T ^ _ k 1 _ 

a= ~J + 1 m a dr TO ^ e »i..odd^l ( w — I2//.), (4H ) 
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where 


CO 

S,„ = J 


(49) 


and D m and e HI>odd have the same meanings as in Chapter III, equations 
(18) and (20). 

Since Z> 15 X> 2 , and <> 2 are all zero, of the 2 n equations represented by 
(48) those for m — 1 and 2 are identically satisfied. The remaining 
2 n —2 equations will suffice to determine the .L^ 2), s apart from (2n —2) 
constants of integration. These constants of integration must be 
determined from the boundary conditions (11). 

The boundary conditions at infinity require that 

—> 0 as r —> oo for <x — I,..., n —1, (50) 

since occurs with e. +kaT as a factor in the solution (37). The con¬ 
ditions (50) will determine the constants of integration in the solutions 
for L^ a (r) (a — 1,..., n —1). However, the solutions for L^(r) (a = 1,..., 
n —1) will have undetermined constants in them. Therefore, writing 
I4 2 ) (t) = X^+AX^r) (a = (51) 

where is the value of the constant in the solution for a grey atmo¬ 
sphere (eq. [28]), we determine AL a (0) from the conditions at r — 0. 
Thus, we must have (of. eq. [37]) 

”'~ 1 rm ’ * 7 "" V* U1U 0) 

IX~~1 ^ 

(* = 1.«■)- (52) 

On the other hand, L (k) (a = 1 ,..., n — l) and Q (1) , being the constants in 
the solution for a grey atmosphere, satisfy equation (20). Equation (52), 
therefore, reduces to 

y 1 ■—-“-^l+ac =.-= (* = i(63) 

These equations make the solution determinate. 

With the Z4 2) ’s expressed in the manner (51), the expression (39) for 
the mean intensity becomes 

J<2) « -I -iA4(T)fi ( 54 ) 

' ix 1 ex 1 ' 

79.1. The solution in the (2, I) approximation 

When the equation of transfer (35) is solved in the first approximation 
there are no L ’s to determine and (cf. eq. [53]) 

A Q = 0. 


"y L l«+ + yo, + 


LX l 


(55) 
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Hence in this approximation (cf. eqs. [30] and [54]) 

= JTL)^ Z F{t+QW) 

dFP 


and 


OO 

= f^( T +«<!>) +1 J 8„ 


di- 


dv. 


u 

With the boundary conditions we have adopted, Q (l) = l/\; 
Chap. Ill, Table VIII); however, in the first approximation it is 
satisfactory to take Q {V) = -§, so thatf 

oo 

BV\r) = ^(r+D+I J 3^ 

Now if is independent of r 

rr-\ 

dFP 


dv. 


co 

/ 


dr 


dv 


= ± f 

dr J 


S„ FP dv = 0 , 


and the temperature distributions for the grey and the non-grey a.? T , 
spheres agree on this approximation. This agreement is direct } v 
result of the manner in which we have defined /<; its particular adi 
tage is therefore apparent. 

79 . 2 . The solution in the (2, 2) approximation 

When the equation of transfer (35) is solved in the second approx :, 
tion, there is only one characteristic root, 

h = V35/3 = 1-97203, 

and the solution for JO) is (cf. Chap. Ill, Table VIM) 

jd) __ |iP( T _|_0-6940—0-11 67e~ h ' 1 T ). 

The variational equations for Up and LSDy follow from eqnation 
by setting m — 3 and 4, and, further, using the relations (cf. Chap, 
eqs. [28] and [29]) 

A(^i) = — A(~*i) = — ^iA(^i) = — k x l> A { — h x ) 


Thus 

F L-^ dL V 


Tk-y y dr 

and 

JL( e -*T<UP + 


2ky \ dr 


?+klT dL<l\' 

dr i 


3 


Solving these equations, we obtain 

,dLp 


dr 


AS, 


^-1 • 


F 




it is nevefLw V ^ g( 1 o = , 2/ + 3 d ° 6S n0t predict the ^rrect boundary tempest 

aCCOUnt ° f th ° fact that * P^dicfcsa 1* 

This is Milne’s origin «1 ’ ^ i (^ + S)] which satisfios tho flux condition at t 
xms is Milne s original argument for this choice of QU). 



A STELLAR ATMOSPHERE 


301 


§ 79 
and 


F dm\ 

dr 


■e /lIT (§3 


(64) 


Integrating these equations, we have (cf. eq. [51]) 

J’[/,<» + A£ 1 <0)]+ J e+'“ T (S 3 —JS, —S 4 ) <Z( A,t) 

0 

co 

and = f e-*‘ T (S 3 —jS l +fc 1 S 4 ) d^r). 


(65) 


where, in integrating the equation for IM\, we have made use of the 
boundary condition (50). 

The remaining constants AL 1 (0) and A Q now follow from equation 
(53). We find 

A£,(o) = (o) 


and 


A Q 


(1+^x ^’i )(l*f-(U 2 le 1 ) 


U±\( 0). 


( 66 ) 


( 1 + gl ^l)( 1 + H'2 ^l) 

With Z^ 2) and Z/ 2 ^ given by equations (65), the solution (54) for J {2) 
becomes 

j( 2 ) = j(i)+^[Ai 1 (0)r fc > T +A<|] + 


+ f e+»-n8a-lSi-*i8«) d(*ir) + 


GO 


4^ 1 /llT J e 11 T (^a — l c i ^ 4 ) d‘{k\ T )- (67) 


Now substituting for J (I) , A7v,(0), and A4) according to equations (6.1) 
and (66) and inserting the numerical values for the various constants, 
we finally obtain 

= £ F(t -\~()• 6040—0* 11 (Me ~ klT )-|~pj— 


GO 


0• 1664(2-j-0-2301 a ~ ,Cl T ) J* e-* 1 T (S 3 — p 4 ~f-&P 4 ) d(Aqr)- 

0 


0 

co 


3 fi -| / C , T r «-^.T(g 3 _ i « 1 + i 1 g 4 )(i( fc lT ). 

J 


( 68 ) 


The practical use of the foregoing solution in the (2, 2) approxima¬ 
tion requires, in addition to the monochromatic fluxes F < x) and their 
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derivatives which have been tabulated (Tables XXVI and XXVII), a 
knowledge also of the quantities 


W 

Y 


« .dm 


j ^ = 3 5 


(69) 


which are needed in the evaluation of and S 4 . These ‘weight functions’ 
have been evaluated by numerical methods by Mrs. Frances H. Breen 
and the writer, and are given in Table XXVIII. 


Table XXVIII 


The Weight Functions r) and W^{r) 



a — 

1 

a = 2 

a — 3 

(X = 4 


T 

W 3 (r) 

W A {r) 


>h(r) 

TF 3 (t) 

W,(r) 

W 3 (r) 

Wd r) 

0 

— 0-0127 

0-0224 

— 0-0126 

0-0487 

+ 0-00244 

0-0561 

+ 0-0153 

0-0490 

0-1 

-0-0127 

0-0212 

— 0-0152 

0-0473 

— 0-00259 

0-0561 

+ 0-0102 

0-0503 

0-2 

— 0-0121 

0-0199 

— 0-0162 

0-0457 

— 0-00573 

0-0557 

+ 0-00657 

0-0511 

0-3 

— 0-0114 

0-0187 

-0-0165 

0-0441 

— 0-00771 

0-0550 

+ 0-00387 

0-0516 

0-4 

— 0-0107 

0-0176 

-0-0162 

0-0425 

— 0-00892 

0-0542 

+ 0-00186 

0-0510 

0-5 

-0-00986 

0-0166 

-0-0157 

0-0409 

— 0-00962 

0-0532 

+ 0-000351 

0-0520 

0-6 

— 0-00910 

0-0157 

— 0-0150 

0-0393 

— 0-00998 

0-0522 

— 0-00080 

0-0520 

0-7 ! 

— 0-00838 

0-0148 

-0-0143 1 

0-0379 

— 0-01015 

0-0512 

— 0-00172 

0*0510 

0-8 

-0-00771 

0-0140 

— 0-0135 

0-0365 

— 0-01016 

0-0502 | 

— 0-00243 

0-0516 

0-9 

— 0-00709 

0-0133 

-0-0128 

0-0351 

— 0-01008 

0-0492 

— 0-00301 

0-051*4 

10 

— 0-00653 

0-0126 

-0-0121 

0-0339 

— 0-00991 

0-04.82 

— 0-00346 

0-051 l 

1-2 

-0-00554 

0-0114 

— 0-0107 

0-0316 

— 0-00948 

0-0463 

— 0-00412 

0-0503 

1-4 

— 0-00470 

0-0103 

-0-00945 

0-0296 

— 0-00889 

0-0444 

— 0-00446 

0-049-4 

1-6 

— 0-00400 

0-00960 

-0-00837 

0-0278 

— 0-00831 

0-0427 

— 0-00407 

0-048.1 

1-8 

— 0-00343 

0-00897 

-0-00742 

0-0263 

— 0-00774 

0-0411 

— 0-00476 

0-0476 

2-0 

— 0-00294 

0-00833 

— 0-00657 

0-0249 

— 0-00716 

0-0396 

— 0-00474 

0-04(50 


Table XXVIII (< continued) 



a = 

= 6 

OL = 

= S 

(X. =s 

10 

C X =s 

- io 

T 

W 3 ( r) 

m t) 

W a ( T) 

W,(r) 

WA r) 

r) 

Wii(r) 

lK(r) 

0 

0-0177 

0-0247 

0-00906 

0-00947 

0-00344 

0-00317 

0-00113 

0-000535 

0-1 

0-0158 

0-0264 

0-00889 

0-0104 

0-00357 

0*00352 

0-00122 

0-000652 

0-2 

0-0141 

0-0279 

0-00866 

0-0112 

0-00367 

0-00389 

0-00130 

0-000778 

0-3 

0-0127 

0-0292 

0-00841 

0-0121 

0-00374 

0-00426 

0-00137 

0-000911 

0-4 

0-0114 

0-0304 

0-00815 

0-0129 

0*00379 

0-00463 

0-00143 j 

0-00105 

0-5 

0-0103 

0-0315 

0-00789 

0-0137 

0-00383 

0-00501 

0-00149 

0-00120 

0*6 1 

0-00932 

0-0325 

0-00764 

0-0145 

0-00385 

0-00540 

0-00154 

0-00135 

0-7 

0-00843 

0-0334 

0-00737 

0-0153 

0-00386 

0-00578 

0-00159 

0-00151 

0-8 

0-00763 

0-0342 

0-00711 

0-0160 

0-00386 

0-00617 

0-00164 

0-00167 

0-9 

0-00690 

0-0349 

0-00685 

0-0167 

0-00385 

0-00656 

0-00167 

0-00183 

1-0 

0-00623 

0-0356 

0-00659 

0-0174 

0-00382 

0-00694 

0-00171 

0-00200 

1-2 

0-00503 

0-0367 

0-00607 

0-0186 

0-00375 

0-00770 

0-00176 

0-00235 

1-4 

0-00406 

0-0376 

0-00559 

0-0198 

0-00367 

0-00844 

0-00180 

0-00270 

1-6 

0-00321 

0-0383 

0-00511 

0-0209 

0-00356 

0-00916 

0-00182 

0-00307 

1-8 

0-00248 

0-0389 

0-00466 

0-0218 

0-00343 

0-00986 

0-00182 

0-00343 

2-0 

0-00187 

0-0393 

0-00424 

0-0227 

0-00330 

0-01054 

0-00182 

0-00380 
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80. The nature and the origin of the stellar continuous absorption 
coefficient as inferred from the theory of radiative equilibrium 

The intensity distribution in the continuous spectrum of the sun at 
the centre of the solar disk and the law of darkening in the different 
wave-lengths have been the subject of careful measurements. As a 



Fia. 30. The comparison of tho intensity distribution in tlio continuous spectrum 
of the sun with that in a grey atmosphere with tho same not integrated flux. The 
abscissae denote the wave-lengths in angstroms and tho ordinates tho intensities 
in the unit 10 1 * 1 org/cm. 2 see. 

The crosses, solid circles, and squares represent tho observations made at tho 
centre of tho solar disk: the crosses denote the measures of D. Ohulongo (Annate# 

(VAstrophysitfuc y 9, 143, 194(>), the dots tho measures of 0. (I. Abbott as reduced 
to tho absolute scale by M. Minnuort ( Bull. A sir on. Netherlands, 2, 75, 1924) and 
tho squares tho measures of .IT. ’II. Plankett as reduced by 0. Mulders {Disserta¬ 
tion, Utrecht, I 9IM). Tho open circles and squares represent the observations in the 
emergent flux, the circles again representing the measures of Abbott as reduced 
by Minnuort and the squares the measures of Plaskott as reduced by Mulders. 

The full-lino curve is tho intensity distribution at tho centre of the solar disk 
that would lie expected wore the solar atmosphere grey; tho dashed curve, 
similarly, represents the distribution to be expected in tho emergent flux. 

result, our knowledge of the continuous spectrum of the sun is excep¬ 
tionally complete: in no other case do we know, in as much, detail, the 
character of the emergent radiation in its dependence on the two 
variables, angle of emergence and wave-length. It is therefore natural 
that all discussions relating to the continuous spectrum of the stars 
should begin with the sun. 

In Tig. ,‘10 the measures on the frequency distribution in the con¬ 
tinuous spectrum of the sun at the centre of the disk and in the emergent 
flux are plotted and compared with the distributions to be expected 
from a grey atmosphere having the same effective temperature 
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( T c — 5,740° KL.) as the sun. The departures of the observed distribu¬ 
tions from those predicted for a grey atmosphere must clearly be 
attributed to the variation of the solar absorption coefficient with 
wave-length. The question now arises as to what can be inferred con¬ 
cerning this variation of k v with v from the observations. It is evident 
that there is some ambiguity in formulating the question in this way, 
for the dependence of k v on frequency is not the only factor which is 
involved: its dependence on the depth must also have an influence on 
the emergent radiation. Nevertheless, in a first exploratory attempt it 
may not be misleading to make the assumption that k v /k is independent 
of depth, in which case the departures of the observed distributions 
from those predicted for a grey atmosphere must be attributed, entirely, 
to the dependence of the absorption coefficient on wave-length. And 
if it be also assumed that the departures from greyness of the stellar 
material are not large, the solution of the transfer problem in the (2,1) 
approximation (§ 79.1) would seem to provide the most convenient 
starting-point for such discussions. 

80.1. The method of analysis and inference 

When K v /ic is independent of depth, the temperature distribution in 
the (2, 1) approximation of § 79.1 is given by (eqs. [58] and [59]) 

T* = iTf(l + -|r), (70) 

where t is measured in the mean absorption coefficient 

oo 

a = i f F™ dv. (71) 

0 

On these assumptions, the intensity of the radiation emergent in the 
direction y and in the frequency v is given by (cf. eq. [4]) 

OO 

Z„(0, ju) = f -B„(Z> X p( _ ^ d . (72) 

J l « H \ic M 

0 

Similarly, the distribution in frequency of the emergent flux will be 
given by (cf. eq. [34]) 



o 


Equations (72) and (73) suffice to predict the entire character of the 
emergent radiation in its dependence on the two variables y and v in 
terms of a function of one variable only, namely, k v (k. Consequently, 
while we have K v jic at our disposal to bring about an agreement between 
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the observed intensities and those predicted by (72) for a particular 
value of /x (or between the observed fluxes and those predicted by [73]), 
a comparison of the predictions of (72) with all the observations relating 
to the darkening in the different wave-lengths and the absolute intensi¬ 
ties at the centre will already provide a valuable guide as to the 
adequacy or otherwise of a theory based on the concept of radiative 
equilibrium under conditions of local thermodynamic equilibrium. 

For carrying out the comparisons between the predictions of (72) and 
(73) and observations, it is convenient to rewrite equations (72) and (73) 
in the forms ^ 

4(°>A0 = B v {T q ) f &„(T)exp( — ~ -Wfe -V 

J \ K H \ K N 

o 


and 



(74) 


where 


M t ) 


B v (T t ) 

B V (T 0 ) 


(jhvjkTa _ 1 


(75) 


(JivjkT-r _ l 5 

and B V {T 0 ) is the Planck function for the boundary temperature T {) . 

Since the dependence of the emergent intensity and flux, on the 
effective temperature, is determined only by the value of hvjlcT e , we 

sha11 write (76) 


a 


and express T v { 0, p) and F v ( 0) in terms of the two integrals 


./(«, jS) ~ J e-frbjr) dtfr) 
6 


r/j 


and 

.^(cn,/3) — 

2 f ^(/3r)6„( 

o 

r) <7(/3 t). 

(77) 

Thus 

== 


. 



\ kl e 

K H 


and 

FM = 

B > [TaW {m 

K v\ 

’ r)' 

(78) 

From the 

expressions for 

J„(0, j.t) and 

F v { 0) in 

terms of the two 


integrals y(tx,j3) and SF («, /3), it is clear that both for deriving the 
theoretical consequences of a known source of continuous absorption 
and for inferring the variation of the continuous absorption coefficient 
with wave-length required by the results of spectrophotometry, we 
must have adequate tables of the basic integrals. 

Integrals equivalent to //{a, /3) and «^(a, j8) have been evaluated for 
certain ranges of a. and j3 by E. A. Milne, B. Lindblad, and G. Burkhardt; 

3595.64 v 
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but the most complete tabulations are those of H. (Chandrasekhar a: 
Frances H. Breen. The computations of these last authors are given 
Tables XXIX and XXX. f 


Table XXIX 


logJPfafi) 

(0 < a < 12 ; 0-2 < /3 < 2 ) 


]8 

oc = 0 

OC = 1 

oc — 2 

oc — 3 

oc — } 

IV () 

iv , 1 ’ ,V 

tx 10 

t \ — 

0*2 . 


0*2223 

0*3480 

0*5085 

0*6984 

0*9108 

1*3815 

1*8917 

2-4273 

2-98 

0*3 . 


0*1880 

0*2988 

0*4416 

0*6114 

0*8021 

1*2270 

1*6905 

2*1796 

2 * 68 ' 

0*4 . 


0*1653 

0*2655 

0*3954 

0*5504 

0*7250 

1-11 56 

I *5435 

1 - 997 * 1 * 

2*47 

0*5 . 


0*1487 

0*2408 

0*3606 

0*5040 

0-6659 

1*0289 

1 *4283 

1-8537 

2*29 

0*6 . 


0*1359 

0*2214 

0*3330 

0*4669 

0-6182 

0*9583 

1 *3337 

1-7352 

2*15 

0*7 . 


0*1256 

0*2056 

0*3104 

0*4361 

0-5785 

0*8991 

1*2540 

1*6347 

2*03 

0*8 . 


0*1170 

0*1924 

0*2912 

0*4101 

0*5447 

0*8483 

1 • 1 853 

1-5478 

1*93 

0*9 . 


0*1097 

0*1811 

0*2749 

0*3877 

0-5156 

0*8042 

1 • 1 252 

1 *4712 

1*83 

1*0 . 


0-1035 

0*1713 

0*2606 

0*3681 

0*4899 

0*7652 

1*0719 

1 *4035 

1*75 

1*1 . 


0*0981 

0*1628 

0*2480 

0*3507 

0-4672 

0*7305 

1*0243 

1*3420 

I *68 

1*2 . 


0*0933 

0*1552 

0*2368 

0*3352 

0-4469 

0*6993 

0*9813 

1 * 2.370 

t *61 

1*3 . 


0*0890 

0*1484 

0*2268 

0*3213 

0-4285 

0*6710 

0*9423 

1 * 2,373 

1 *55 

1*4 . 


0*0852 

0*1423 

0*2177 

0*3086 

0*4118 

0*0453 

0*9067 

1*1914 

1 *49 

1-5 . 


0*0817 

0*1368 

0*2095 

0*2971 

0*3966 

0*6218 

0*8740 

1*1492 

: I • 44 

1*6 . 


0*0785 

0*1317 

0-2019 

0*2860 

0*3827 

0*6001 

0-8439 

1*1101 

! 1*39 

1*7 . 


0*0757 

0*1270 

0*1950 

0*2769 

0-3698 

0*5800 

0*8159 

1*0737 - 

| 1*35 

1*8 . 


0*0730 . 

0*1228 

0*1885 

0*2679 

0*3579 

0*5615 

0*7899 

1*0400 

I 1*30 

1*9 . 


0*0706 

0*1188 

0*1826 

0*2595 

0-3468 

0*5442 

0*7657 

0*0086 

i 1*27 

2*0 . 

* 

0-0683 

01152 

0*1771 

0*2518 

0*3365 

0*5280 

0*7432 

0*9788 1 

| 1-23 


Table XXIX {continued) 

log.y(a,/3) 

(0 < a < 12; 0 j3 1 < 0-5) 


IIP 

oc = 0 

oc =1 

a = 2 

OC = 3 

0 . 

0*0000 

0-0000 

0*0000 

0*0000 

0*05 

0*0118 

0*0204 

0*0317 

0*0449 

0-10 

0*0212 

0*0366 

0*0569 

0*0809 

0*15 

0*0293 

0*0503 

0*0781 

0*1113 

0*20 

0*0364 

0*0623 

0*0966 

0*1377 

0*25 

0*0428 

0*0731 

0*1131 

0*1612 

0*30 

0*0487 

0*0828 

0*1281 

0*1824 

0-40 

0*0591 

0*1001 

0*1543 

0*2197 

0*50 

0*0683 

0*1152 

0*1771 

0*2518 


a 


4 


0-0000 
0*0605 
0* 1070 
0-1483 
0*1838 
0*2154 
0*2430 
0*2037 
0*33(55 


a; 


(> 


0*0000 

0*0008 

0*1(5(52 

0*230(5 

0*2870 

0*3371 

0*3821 

0*4(500 

0*5280 


(X 


S 


0*0000 

0*1242 

0*2302 

0*3217 

0*4018 

0*4731 

0*5372 

(>•(548(5 

0*7432 


iV 


10 


0*0000 
O* 1505 
0*2004 
0*421 1 
0*5270 
0*0228 
0*7078 
0*8548 
0*0788 


0*00 

0*10 

0*37 

0*52 

0*0(5 

0*78 

0*80 

1*07 

1*23 


^ sho "J d be pointed out in this connexion that in evaluating the integrals and , 
Chandrasekhar and Breen used the temporaturo distribution given by the i\m 
approximation of Chapter III (Table X). While it is not, strictly justifiable to use 
solution m this high approximation 5 in the framework of the (2, 1) approximation wli 
\ S , he . b ! jS1S of equations (78), the use of the higher approximation, for the to mix* rut 
• 1 ® ribu ^ lon ^ a grey atmosphere corrects, semi-empirical ly, f< > r certain of the i mu *<*u m< 
involved mthe (2, 1) approximation (cf. § 81 below). 








307 


§80 A STELLAR ATMOSPHERE 

Table XXX 
log /3) 

(0 < a < 12; 0-2 < /3 < 2) 


0 

a = 0 

OL = 1 

a = 2 

<x = 3 

c x ~ 4 

a ~ 6 

O' = 8 

a — 10 

a —12 

0-2 . 

0-183 

0-294 

0-438 

0-607 

0-798 

1-224 

1-693 

2-193 

2-716 

03 . 

0-151 

0-247 

0-373 

0-522 

0-690 

1-069 

1-489 

1-940 

2-415 

0-4 . 

0-130 

0-216 

0-328 

0-463 

0-615 

0-958 

1-341 

1-756 

2-195 

05 . 

0-115 

0-194 

0-296 

0-419 

0-558 

0-873 

1-227 

1-612 

2-021 

0-6 . 

0-104 

0-176 

0-270 

0-384 

0-512 

0-805 

1-135 

1-495 

1*879 

0-7 . 

0-095 

0-162 

0-249 

0-355 

0-475 

0-749 

1-057 

1-395 

1-759 

0-8 . 

0-087 

0-150 

0-232 

0-331 

0-444 

0-701 

0-991 

1-311 

1-655 

09 . 

0-081 

0-140 

0-217 

0-311 

0-417 

0-659 

0-934 

1-237 

1-564 

1-0 . 

0-075 

0-131 

0-204 

0-293 

0-393 

0-623 

0-883 

1-171 

1*484 

1-1 . 

0-071 

0-124 

0-193 

0-277 

| 0*373 

0-591 

0-839 

1-113 

1*412 

1-2 . 

0-067 

0-117 

0-183 

0-263 

0-354 

0-562 

0-799 

1-061 

1*347 

1-3 . 

0-063 

0-111 

0-174 

0-251 

0-338 

0-537 

0-763 

1-014 

1*289 

1-4 . 

0-060 

0-106 

0-166 

0-240 

! 0-323 

0-513 

0-730 

0-971 

1*235 

1-5 . 

0-057 

0-101 

0-159 

0-230 

[ 0-310 

0-492 

0-700 

0-932 

1-186 

1-6 . 

0-054 

0-097 

0-153 

0-220 

1 0-297 

0*473 

0-673 

0-896 

1-141 

1-7 . 

0-052 

0-093 

0-147 

0-212 

0-286 

0-455 

0-647 

0-862 

1-099 

1-8 . 

0-050 

0-089 

0-141 

0-204 

0-276 

0*439 

0-624 

0-831 

1-060 

1-9 . 

0-047 

0-086 

0-136 

0-197 

0-266 

0-423 

0-603 

0-803 

1-024 

2-0 . 

0-046 

0-082 

0-131 

0-190 

0-257 

0-409 

0-582 

0-776 

i 

0-990 


Table XXX {continued) 
log '^{a, /3) 

(0 < a < 12; 0 < /3" 1 < 0-5) 


UjS 

os = 0 

a 1 

a —2 

R 

li 

OL = 4 

0L — 6 

30 

II 

8 

oc ~ 10 

a — 12 

0 . 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0-05 

0-001 

0-007 

0-015 

0-025 

0-035 

0-057 

0-080 

0-104 

0-130 

0-10 

0-008 

0-019 

0-034 

0-051 

0-071 

0-113 

0-159 

0-208 

0-261 

0-15 

0-014 

0-030 

0-050 

0-075 

0-102 

0-162 

0-229 

0-302 

0-382 

0-20 

0-020 

0-039 

0-065 

0-096 

0-130 

0-207 

0-293 

0-388 

0-493 

0-25 

0-025 

0-048 

0-078 

0-114 

0*155 

0-247 

0-351 

0-466 

0-594 

0-30 

0-030 

0-056 

0-090 

0-132 

0 * 1.79 

0-285 

0-404 

0-538 

0-687 

0-40 

0-038 

0-070 

0-112 

0-163 

0-221 

0-351 

0-500 

0-666 

0-849 

0-50 

0-046 

! 

0-082 

0-131 

0-190 

1 

0*257 

0-409 

0-582 

0-776 

0-990 


80.2. The continuous absorption coefficient of the solar atmosphere 
Using the method of analysis described in §80.1, G. Munch has 
analysed the observations relating to the continuous spectrum of the 
sun. In particular, he has derived the values of ic v /k from the solar 
observations on the frequency distribution of the intensities at the 
centre of the disk (p — 1) and of the emergent flux. The values of kJk 
derived by Munch are shown in Fig. 31. It is seen that the two sets 
of values agree very satisfactorily over the entire spectrum, within the 
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limits of the observational errors. This agreement clearly implies that 
the same variation of k v with wave-length is adequate (within limits) 
to account for both the laws of darkening and the intensity distribution 
in the spectrum. (A more detailed comparison by Munch between the 
theory and the observations confirms this view.) 



at the centre (crosses and solid circles and squares). The observations used are 
the same as those shown in Fig. 30: the crosses, circles, and squares in the two 
figures correspond. 

The full line curve is the theoretical curve for H at the solar effective tempera¬ 
ture (T e = 5,740° K.). 

It will also be noticed that the departure of k v from constancy is not 
so large as to invalidate the use of the solution of the transfer problem 
in the approximations of § 79. 

80.3. The negative hydrogen ion as the source of continuous absorption 
in the atmospheres of the sun and the stars 

The analysis of the continuous spectrum of the sun described in § 80.2 
shows that the coefficient of continuous absorption in the solar atmo¬ 
sphere increases by a factor of the order of 2 as the wave-length 
increases from 4,000 A to 9,000 A; beyond A 9,000 A the absorption 
coefficient decreases until at about A 10,000 A it has a pronounced 
minimum; and beyond A 16,000 A the absorption coefficient increases 
again. This behaviour of the solar continuous absorption coefficient 
has been known for many years; indeed, it was disclosed already in 





Milne’s classic discussion of this problem in 1922. Further, the analysis 
of the results of spectrophotometry and of the data on the colour and 
effective temperatures of stars have all given evidence that in stellar 
atmospheres with effective temperatures less than 10,000° K. the con¬ 
tinuous absorption coefficient has a dependence on wave-length similar 
to that in the solar atmosphere. To identify the source of continuous 
absorption in stellar atmospheres which will account for these results 
was one of the principal problems of astrophysics. 

For many years (1928-38) it was believed that the principal contribu¬ 
tions to the continuous opacity in stellar atmospheres must arise from 
the absorption beyond the various series limits of hydrogen and the 
commoner elements like Na, Mg, Oa, Fe, and Si. However, this assump¬ 
tion concerning the source of continuous absorption leads to a depen¬ 
dence on wave-length which is contrary to all astrophysical evidence; 
moreover, it leads to other serious discrepancies, the nature of which 
we cannot go into here (cf. the references in the Bibliographical Notes 
at the end of the chapter). The key to the solution of these difficulties 
was provided by R. Wildt, who pointed out that we should perhaps 
look for the source of continuous absorption in the solar atmosphere, 
in the presence of the negative ions of hydrogen. The ground for this 
expectation was simply that in the solar atmosphere there is an abun¬ 
dance of neutral hydrogen atoms and there is also a supply of free 
electrons from the easily ionized atoms such as sodium, calcium, 
magnesium, iron, silicon, and the rest; and in view of the positive 
electron affinity of hydrogen, a certain determinable proportion of the 
electrons must attach themselves to the neutral hydrogen atoms. 
Since the electron affinity of hydrogen is 0-75 e.v., the photo-ionization 
of the negative ions will provide a source of continuous absorption for 
wave-lengths less than 1 0,500 A. To this absorption arising from the 
‘bound-free’ transitions we must add the contribution from the free- 
free transitions which begins to be important beyond A 12,000 A. 
However, before definite conclusions could be drawn, the continuous 
absorption coefficient of H had to be derived from physical theory. 
The first determinations of this by 'Massey and Bates and others were 
disappointing and were at variance with the astrophysical demands; 
but it was soon realized that a reliable determination of the absorption 


coefficient of H from physical 
of its relatively huge size and 


theory is a difficult matter on accoxmt 
weak binding. These difficulties have 


been overcome, and the last determinations bv Chandrasekhar and 

1 * * 


Breen (which are illustrated in Fig. 32) are 


found to be entirely in 
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accord with the requirements of astrophysics. Thus, using the deter¬ 
mination of the absorption coefficient of H~ by the last-mentioned 
authors, the formulae of § 80.1 have been used to predict the emergent 
flux on the assumption that H - provides the absorption in all wave¬ 
lengths to the red of A 4,000 A and that the total mean absorption 



coefficient is 1-4 times the mean absorption coefficient due to H - alone 
at T — T e .-\ The corresponding values of /c j/ (H~)/1*4k(H~) are shown, 
by the curve in Fig. 31. It is seen that the agreement is very satis¬ 
factory; and it may be added that equally satisfactory agreements have 

t The value of k was found at r = 0-7, where T ^ T e ; the factor 1-4 is to allow for the 
absorption in wave-lengths less than 4,000 A. 
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been found between the predictions and observations relating to the 
colour temperatures and "gradients’ of stars. 


81. Model stellar atmospheres 

If the conclusion drawn in § 80 that the negative hydrogen ion is 
the main source of continuous absorption in the solar atmosphere be 
accepted, then the determination of the entire structure of the atmo¬ 
sphere is a relatively straightforward matter. The principal require¬ 
ments for the construction of such model stellar atmospheres are (i) a law 
governing the distribution of the temperature in the atmosphere, 

(ii) a physical theory giving the continuous absorption coefficient k v 
as a function of the local temperature and electron pressure, and 

(iii) a knowledge of the relative abundances of the different elements, 
particularly the so-called k hydrogen-metal’ ratio, A, which is essentially 
the ratio of the numbers of atoms of those elements (like H, He, C, N, 


O, FI, and Ne) which are practically un-ionized and those (like Fe, Si, 
Mg, Ca, Al, and Na) which are nearly once ionized. In addition, we 
require to know also the effective temperature T r and the surface 
gravity g. 

As regards the hydrogen-metal ratio, it may be observed that in the 
solar atmosphere the separation of the common elements into those 
which are mostly once ionized and those which are practically not 
ionized at all is so sharp that the structure of the derived atmosphere 
is hardly sensitive to the distribution of the abundances among the 
elements of the two groups. Indeed, in a first approximation, A may 
be equated to the ratio of the total pressure, p, to the electron pressure, p e : 

A ~ P / P< , (79) 

The departure of A from the ratio p/p,. depends only very insensitively 
on the particular choice we may make concerning the relative abun¬ 
dances of the k metals’, in practice the distribution which is assumed 
is Mg:Si:Fe:Oa: Al: Na = 30: US: 30 : 2: 3 : 2; these are the relative 
abundances with which the elements occur in the meteorites, and there 
is evidence that they occur with approximately the same relative 
abundances in the solar (and, generally, also in stellar) atmospheres. 

The construction of model stellar atmospheres proceeds, then, on 
first assuming a set of values for the three basic parameters 1.],, g, and A ; 
then deriving the march of the variables p, p ( „ T, k, etc., from a physical 
theory of the continuous absorption coefficient, the tem perature distri¬ 
bution in the atmosphere, and the equation of hydrostatic equilibrium. 
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The theory of model stellar atmospheres along these lines has been 
developed extensively in recent years, particularly by B. Stromgren. 
However, in our brief discussion of this topic we shall restrict ourselves 
to certain examples of model atmospheres worked out by G. Munch, as 
these are more directly related to the theory as outlined in the earlier 
sections of this chapter. 


81.1. A model solar atmosphere in the (2,1) approximation 
When kJk is independent of depth, the temperature distribution on 
the (2,1) approximation is given by equation (70); this equation relating 
T and r must be combined with the equation of hydrostatic equilibrium 

dp — —gp dz. (80) 

Since dr = — i<p dz, (81) 

we have the differential equation 

dp = g 

dT 


(82) 


K 


To integrate this equation, we require to know k as a function of p 
and t. This latter function can be derived in the following manner: 

Assuming that the source of continuous absorption is provided by 
H~ and H, we write 




1 —% 
% 


J {^ c ^(H-)-|-/< l/ (H)}(] 



dv. 


(83) 


0 

where m H is the mass of the hydrogen atom ; :r H is the degree of ioniza¬ 
tion of hydrogen at the temperature prevailing at r and for an electron 
pressure p c \ and /c„(H~) and k„(H) are the continuous absorption 
coefficients, per neutral hydrogen atom, of H~ per unit electron pressure 
and of hydrogen, respectively. The factor (I — e -f»v/kT ) lin der the integral 
sign in (83) is to allow for stimulated emission. The coefficients k v ( H~) 
have been evaluated by Chandrasekhar and Breen | and the coefficients 
Kj,(H) have been tabulated in a convenient manner by Stromgren.;jl 
After k has been determined according to equation (83), as a function 
of r and p e , we must next eliminate the electron pressure from ) 

by expressing p e in terms of the total pressure p and the temperature at v. 

As we have already remarked, in a first approximation, we may set 
p e — PfA (eq* [79]). However, in an accurate calculation, the elimina¬ 
tion of p e can be carried out by considering the ionization equilibria of 


t Astrophys. J. 104, 430, 1946. 

j Pub. mind. Med. Kobenhavns Obs., No. 138, 1944. 
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hydrogen and the metals. Thus, if x M denotes the mean degree of 
ionization of the metals at the temperature at r and for an electron 
pressure p c , then 

3 = > L . ( 84 ) 

P 1 + A 1 -\~Xy L 

(It is seen that eq. [84] reduces to (79) in the approximation a- h == 0 
and x M = 1.) 

Tables giving cr M and rr H as functions of p ( , and T have been provided 
by Stromgren (loc. cit.). Using these tables we can eliminate p e from 
equation (83) and obtain k as a function of p and r. Once /c has been 
determined, in this fashion, as a function of p and r, equation (82) can 
be integrated numerically. In this manner Munch has constructed a 
series of model atmospheres appropriate for the sun (i.e. for T e — 5,740° K.. 
and g = 2-740X 10 4 cm./sec. 2 ) and for various values of A. We repro¬ 
duce in Table XXXI his results for the case log A — 3-8. 


Tablk X XXI 
A Model Solar Atmosphere 


(7; 5,740° K.; g -A : 2-74 X 10 1 cm./sec. 8 ; logH = 3-8) 


T 


log Pc 

l°S * 

T 

\oprp 

log 7 ^ 

I.< >g 1C 

0-01 

3-74 

{>•85 

8459 

0-28 

4-<58 

0-82 

9 - 4(5 

0-02 

401 

()•(><> 

8-02 

<>•32 

4-71 

0-87 

9-49 

0-04 

4 - 1.0 

0-27 

00(5 

0 - 3(5 

4-74 

0-92 

9-51 

0-00 

4-30 

0 - 3(5 

015 

(>•40 

4-77 

0 - 9(5 

9-54 

0-08 

4-38 

0-44 

0-21 

0-50 

4-82 

1 - 0(5 

9 -(JO 

OI 0 

4-43 

(>•50 

0-25 

(>•(50 

4 - 8(5 

1 - 1.5 

9-£55 

(>•12 

4 - 4(5 

(>- 5 (i 

0-20 

0-70 

4-89 

1-24 

9 - 70 

<>•14 

4 - r>i 

0(51 

0-32 

(>•80 

4-01 

1-32 

9-75 

<>• 1(5 

4 - r >4 

0(54 

0-35 

(>•90 

4-03 

1-40 

9-81 

(>•18 

4-57 

0458 

0-38 

1-0 

4-04 

1-48 

9 - 8(5 

0-20 

4450 

0-71 

0-40 

1-2 

4-07 

1 454 

9 - 9(5 

0-24 

4-(>4 

0-77 

0-43 

1-4 

4-90 

1-78 

04 X 5 


81.2. A model solar atmosphere, in the (2, 2) approximation 
When a model atmosphere has been constructed in the (2, 1) approxi¬ 
mation and on the assumption that k v /k is independent of depth, it can 
be improved by allowing for the variation of 8„ with depth and by using 
the solution, in a higher approximation, of the basic transfer problem. 
Thus, in the (2, 2) approximation, the temperature distribution can be 
corrected in accordance with equation (68) by evaluating S 1? etc., for 
the pressures and temperatures derived on the lower approximation. 
Munch has carried out this revision for the model atmosphere given in 
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Table XXXI. The results of his calculations, including the revised 
temperature distribution, are given in Table XXXII. 

From Table XXXII it is seen that, of the two corrections which have 
to be made to the temperature distribution J" (1) derived on the grey 
atmosphere approximation, that due to the difference between B (2) 
and J®> is much the larger: the difference between the solutions 
and J r(1) (denoted by A J in Table XXXII) is much smaller than 
which represents the difference between and J (2 \ It is this last 
circumstance which justifies the use of the solution, for the temperature 
distribution in a grey atmosphere, in a higher approximation when the 
term -|S l5 arising from the non-constancy of k v \k with depth, is ignored 
(cf. §80.1). 

Table XXXII 


The Temperature Distribution J 7(2) (t) in a Non-grey 
Model Solar Atmosphere 


T 

Si 

s 3 

S.i 

A J 

J3<0 *= 
JO) 

,7< 3 > 


7’<0 

r m 

0 

-0-0357 

-0-0156 

+ 0-0011 

-0-0025 

0-4330 

0-4305 

0-4127 

4,634° K. 

4,579° K. 

0-05 

-0-0397 

. . 

. . 

— 0-0030 

0-4787 

0-4757 

0-4559 

4,752 

4,694 

0-1 

-0-0416 

-0-0191 

+ 0-0005 

-0-0035 

0-5236 

0-5201 

0-4993 

4,860 

4,802 

0-2 

— 0-0440 

— 0-0216 

+ 0-0000 

— 0-0045 

0-6116 

0-6071 

0-5851 

5,052 

4,996 

0-3 

— 0-0461 

. . 

. . 

— 0-0054 

0-6971 

0-6917 

0-6687 

5,220 

5,166 

0-4 

-0-0477 

-0-0242 

-0-0002 

-0-0060 

0-7808 

0-7748 

0-7510 

5,370 

5,318 

0-5 

— 0-0482 

. . 

. . 

-0-0065 

0-8629 

0-8564 

0-8323 

5,506 

5,457 

0-6 

-0-0482 


. . 

-0-0068 

0-9437 

0-9369 

0-9128 

5,631 

5,584 

0-7 

-0-0481 

-0-0262 

+ 0-0007 

-0-0069 

1-0235 

1-0166 

0-9926 

5,746 

5,702 

0-8 

— 0-0479 


. . 

-0-0069 

1-1024 

1 -0955 

1-0716 j 

5,854 

5,813 

1-0 

— 0-0471 

-0-0261 

+ 0-0021 

-0-0065 

1-2584 

1-2519 

1-2283 

6,051 

6,014 

1-2 

-0-0457 

. . 

. , 

-0-0058 

1-4123 

1-4065 

1-3837 

6,228 

6,106 

1-4 

-0-0441 

-0-0258 

+ 0-0031 

— 0-0048 

1-5650 

1-5602 

1-5381 

6,390 

6,362 

2-0 

— 0-0388 



— 0-0018 

2-0188 

2-0170 

1-9976 

6,810 

6,792 


81.3. Model atmospheres in higher approximations 
If we wish to obtain solutions in approximations higher than those 
considered in §§ 81.1 and 81.2, it would appear that numerical methods 
of iteration are to be preferred to extending the analytical methods of 
solution to higher approximations. Thus we can try to correct, by trial 
and error, the temperature distribution derived on the (2, 2) approxima¬ 
tion, for example, by arranging that the flux condition (6) is strictly 
satisfied at each level. Tor this purpose we can determine the mono¬ 
chromatic fluxes, at each level, with the aid of the formula 




A STELLAR ATMOSPHERE 


315 


§ 81 


and then evaluate F by integrating F v over v. The condition is that F 
determined in this fashion should be a constant. Using Reiz’s quadrature 
formula of Chapter II, § 23 (Tables VI and VII), Stromgren has used 
this method successfully for correcting the temperature distributions 
in model atmospheres, derived on the basis of solutions of the transfer 
problem in lower approximations. 
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FURTHER ASTROPHYSICAL PROBLEMS 

82. Introduction 

In Chapter XI we have considered a transfer problem which is funda¬ 
mental in the interpretation of the continuous spectra of stars. In this 
chapter we shall consider certain other problems which occur in the 
study of the formation of absorption lines in stellar atmospheres. These 
problems provide interesting examples of the application of the methods 
of the preceding chapters to different problems. 

83. Schuster’s problem in the theory of line formation 

In his pioneering paper on the interpretation of absorption lines in 
stellar spectra Schuster introduced an idealization of a stellar atmo¬ 
sphere which has proved extremely useful in the preliminary investiga¬ 
tions of many astrophysical problems. 

On Schuster’s idealization, we distinguish between the reversing layers 
in which the lines are formed and the deeper photospheric layers in which 
the continuous spectrum is formed. More particularly, we suppose that 
there is a definite photospheric surface which radiates in the outward 
directions in a known manner: this is the emergent continuous radiation 
of the star. Overlying this photospheric surface is a scattering atmo¬ 
sphere with a scattering coefficient, cr,„ which is different from zero only 
in the immediate neighbourhood of certain frequencies v 0 where o v has 
pronounced maxima. The emergent radiation in the vicinities of the 
frequencies v 0 will, therefore, be less than in the continuous spectrum 
which forms the background. On Schuster’s picture, this is the inter¬ 
pretation of the formation of absorption lines in stellar atmospheres. 

We shall now formulate Schuster’s problem in the following manner: 

An infinite plane surface radiates in the outward directions with a 
known angular distribution. Above this radiating surface is a plane- 
parallel, perfectly scattering, atmosphere. The optical thickness of the 
atmosphere is r L and the phase function is that for isotropic scattering. 
It is required to find the angular distribution, of the emergent radiation. 

In terms of the laws of diffuse reflection and transmission for an 
isotropically scattering atmosphere (Chap. IX, § 62), the solution of 
Schuster’s problem can be readily written down: For, if / < - s) ( r 1 > +/-0 
(0 ^ ju,' ^ 1) is the intensity of the light emitted by the radiating 
surface at r l5 then the emergent light can be regarded as arising from the 
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transmission of the radiation /^(r l5 g/), by the overlying atmosphere in 

accordance with the standard laws of diffuse reflection and transmission. 

We can, therefore, write i 

1(0,fx) = + f T{fj. i n')I M (T 1 ,n')dn'. (1) 

- /X J 
0 

The first term on the right-hand side of (1) represents the contribution 
to the emergent intensity from the direct transmission of the light 
emitted by the radiating surface in the direction /x and the second term 
represents the contribution from the diffuse transmission of the radia¬ 
tion incident on the atmosphere from below. 

For the case under discussion the transmission function is given by 
(cf. Chap. IX, eqs. [27] and [43]) 




r 


= r(riX(/)-A»r(F')- 

— Q(/x —/x / )[X(ft)--|-1 (g)][A (g )~\~J (fx )J, (2) 

where X(/x) and Y(/x) are the standard solutions for the conservative 


case x ¥{fx) — i and 

q ^ . _“i izh. _. (3) 

In equation (3) <x n and are the moments of order n of X(fx) and F(/x), 
respectively. 

Substituting for T according to equation (2) in equation (1), we have 

1 ( 0 , g) = /«(r„ +fOe“ T,/ 'H- 


+ « 


1 •*. 

2 J /x— /X 

* 1 1 

U/.VlV) >'(/< ! f (4) 

0 

Equation (4) represents the complete solution of Schuster’s problem. 


83.1. The caw / (K) (r,,-|-/x) = 7 (0) -1 / (,) g 

In astrophysical contexts, greatest interest is attached to the case 
when the photospheric surface radiates in the outward directions with 
an angular distribution which is linear in /x. 


Let 


/(•"')( Tl , -f /x f ) /«»+/< V (0 < g' < !•)< 


( r >) 


where I (0) and / (1) are certain constants. 

When T*\t x , -f-g') has the form (5), the integrals over g' in equation 
(4) can be evaluated and expressed in terms of the moments of A. and Y. 
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Thus by using the relations of Chapter VIII, Theorem 8, equations (70) 
and (72), we find 

1(0, f.) = 

hy8 1 )+/ (1) (« 2 +^)]. (6) 

ISTow substituting for Q according to equation (3) and making use of the 
relation (Chap. IX, eq. [46]) 

“i—0i = t, (7) 

we have 

1(0,/a) = 


X( i a) + T(/x) 


[*iw» + ji<i)( aa+i 8 a )( 0£l - i 8i)]+ 


( a iH~0i) T i+2(a 2 -|-^2) 

+§IV[/3 1 X(iJi,)-ct 1 Y(ri]. (8) 

A quantity of particular interest in the application of Schuster’s 
model to the interpretation of the contours of absorption lines in stellar 
spectra is the ratio of the emergent flux in the lines to the outward flux 
of / (s) (r l5 -\-y) which represents the background continuum. This ratio 
defines the residual intensity in the line. 

l 

Evaluating F( 0) = 2 j l(0,y)ydy (9) 


according to equation (8) and making use of equation (7), we obtain 

IFfO) = - -7 (0) (eg~h 0i)+1 (1) (<^2~1~02) no) 

3 (a i+0i)'7’iH _ 2(a 2 4"02) 

or, alternatively, 

F(0) = _ 


f T i + 7 


3 a 2 -j-^ 2 


7(0) i 7(1) 1 H2 

. ^ ■ “1+01. 


( 11 ) 


2 oq-f-01 

For obtaining the residual intensity we must compare (11) with 


Thus, 


J. 

JT'(cont) = 2 J J(«)( Tl , y)y dy = /(0) + |/(T). 
0 

-^(Q) _ I (0) + ^ <1) (“ a + 02)/( Qt l + 0 1 ) 


( 12 ) 


(13) 


^ (cont) (F0 ) +t/a ) )[fr 1 +|(c 2 + i 8 2 )/( ai +^)] 

For t x -> oo, (a 2 -f-/3 2 )/( Q: i+0i) will tend to the ratio of the second and 
the first moments of the corresponding 77-function (i.e. the entry under 
— 1 in Chap. V, Table XI). Hence (cf. Table XXXIII) 

1 

J H(y)y 2 dy 

0-710447. (14) 


'a, 


~f~0a \ 

i+0i/ '7*1'—->CXD 


0-820352 


' H( h i)y dy 


1-154701 
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On the other hand, for r 1 ->• 0 (cf. Chap. VIII, § 60) 

X(/x)-\-Y(fx) ~> (15) 

and (« 2 +A)/(«i+Al) t(l + £n) (r x -> 0). (16) 


84. The theory of line formation, including the effects of scatter¬ 
ing and absorption 

In the preceding section we have described the theory of line forma¬ 
tion in stellar atmospheres under the conditions of Schuster’s problem. 
Now Schuster’s idealization of a stellar atmosphere as consisting of a 
scattering atmosphere overlying a photospheric surface, while it is 
suitable for a first analysis of a novel situation, is inadequate as a basis 
for a satisfactory theory. Thus in a stellar atmosphere we cannot, 
strictly, distinguish between the ‘reversing layers’ and the ‘photo- 
spheric layers’ except in so far as the layers in which the lines may be 
said to be formed are higher than those in which the continuum is 
principally formed. Moreover, the continuous absorption coefficient, k v , 
is never really negligible compared to the line-scattering coefficient cr v . 
A correct theory of stellar absorption lines must therefore include both 
the effects of line scattering and continuous absorption. A theory along 
these more general lines was initiated by Eddington and Milne, who 
included the effects of scattering and absorption by writing the equation 
of transfer in the form 




dl v 
p dz 


-i-i 

= {K v + cr v )I v ~\cr v [' I v d\x — k v B p , 

— 1 


(17) 


where B v is the Planck intensity for the prevailing temperature. 

In writing the equation of transfer in the form (.17), the assumption 
is made that the emission consists of two parts: a part arising from the 
conservative isotropic scattering with a scattering coefficient cr„, and a 
part arising from thermal radiation, according to Ivirchhoff’s law, for 


an absorption coefficient k v . 

Sometimes it is convenient to generalize equation (17) to allow for the 
possibility that a certain amount of thermal (Kirchhoff) emission may 


also be associated with the coefficient cr v .\ We then write 
dl. 11 


-/*- 


dz 


{‘< v -\-(T v )I v —lcT v {l—G v ) | I v dfJ,'~{K v -\-€ v (T v )B v (e v < 1). (18) 


■|* The origin of this may lio either in coUisions of the second kind (Milne, .Eddington, 
Pannekoek) or Mhiorosconeo ’ resulting from ionization and recombination (Woolley, 
Stromgren), 

3595*64 V 
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In terms of the optical thickness 

CO 

t v = J (K v ~{-cr v )p dz 


(19) 


of the combined line-scattering and continuous absorption coefficients, 
the equation of transfer becomes 

dl. ...... . ... 

( 20 ) 


^~dt ~~ j I v (K>p) dp.' —X v B v (t v ), 


—l 


where 


K v J r e v a v _ 1 + e v tj v 
K v~\~ cr v I ~f— 


Vv 


K, 


( 21 ) 


An assumption which appears not unreasonable in the context of the 
theory of line formation is that B v increases linearly with the optical 
thickness t v in the continuum. In other words, we may assume that 

B v = BH»+Bpr v , ' (22) 

where and Bp are certain appropriately chosen constants. It may 
be remarked here that in Bp and Bp we may replace v by the frequency, 
v 0 , at the centre of the line without introducing any sensible error. 
(This cannot, of course, be done for I v and A„.) 

We shall now, further, suppose (and this is not always as justifiable 
an assumption as [22]) that rj v = a v /K v is constant with depth. Then 


B v = Bp+B< v i). 


K. 


t. 


Bp~\- x y3^L t . 


( 22 ) 


« v +°- v v ~ v 1 h - 777 v ‘ 

With B v given by equation (23) the equation of transfer takes the form 

+ X 


dl ' A 

^Tt = / ~i( 1 ~ A ) J dp' —A 

— 1 


l+ev . 


(24) 


where, for convenience, we have suppressed the subscript v to the 
various quantities. 

mltion ™ SOlUtim ° f tAe eiUation °f transfer (24) in the n-th approxi- 

oft^:r 7 s:r ation ’ we repiaoe equati ° n (24) ty the 


Pi 


Ut 

dt 


Wd-A)2«,4_A 


l~ir€r) 


^ j (* — ± 1,..., dt.™), (25) 

^Tht tt:™ Symb ° 1S W th6ir Us ™ 1 meanings. 

ogeneous system associated with equation (25) has already 
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been considered in Chapter III, § 26.1. The solution can now be 
completed by observing that 

— -S (0) + —(7+Aq) ===: db db w ) (26) 

I- —f— e - 17 

satisfies equation (25). The solution appropriate to the problem on 
hand can therefore be written in the form 


A BV> ( V L a e~ k ^ 


L 




> 01 I t-A- LL I 1 Hi 

i+ e7 ?l^i ^ A -S a) j 


(i — zb dz^)> (27) 


where the /c a ’s (a — 1 are the positive roots of the characteristic 


equation 


n 


1 = (l—A) > 


(1a 


‘Ic 2 


(28) 


i-i “ 

and the Lf s (a — 1 are n constants of integration to be deter¬ 

mined from the boundary conditions 

I . = 0 at t — 0 for i — l,...,n. (29) 


84.2. The elimination of the constants and the expression of the solution 
in closed form 

Quite generally, in transfer problems in semi-infinite plane-parallel 
atmospheres, the boundary conditions which determine the constants 
of integration and the equation which governs the angular distribution 
of the emergent radiation can both be expressed in terms of the same 
function. Thus, in the present instance, the boundary conditions and 
the emergent intensity 1(0, p) can be expressed in the forms: 



S(p ( ) — 0 (i — I,...,«-) 

(30) 

and 

l(.o, n) = -AP- «(-/*), 

l + er; 

(31) 

where 

- S ...k- _ LL 1 1 + ^ ** 

w — 2^ i—k al i ^ ' A £or 

(32) 

In view 

of the boundary conditions (30), we can write 




(33) 


where c is a constant and P(p) and li(p) have their standard meanings 
(cf. Chap. I’ll, § 25, eqs. [ 54] and [55] and Chap. X, eq. [55]). 
Moreover, according to equations (32) and (33) 


'0 i 


1 )^ky 


'U 


PC IK) 1 1 
SM& XK 


(a — 1 


(34) 
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For the roots of the characteristic equation (28), it can be readilv 
shown that = VA * (35)t 

Equation (33) therefore becomes 

S(fi) = -A *&{-!*)&-<>)• 

To determine the constant c, we proceed as follows: 

First, putting /x = 0 in equations (32) and (36), we have 


y L , = C VA. 

Z \ R(l) 


«=i A BV 

We next evaluate 2 T a in accordance with equation (34). Thus 


(37 


(381 

(39) 


n , ^ PO-IK) l 1 \ 

= (— l) n+1 Jc 1 ...k n f(0), 

where 

Defined in this manner, /(a;) is a polynomial of degree (n—1) in x which 
takes the values ,, x 

(L_c)p(i/*j (4tn 

for x = l/k a (oc = 1,..., n). There must, accordingly, exist a relation 
the form /(*) = (a;—c)P(jc) + i2(iB)(-4a:H-C7), (41 * 

where and C are certain constants; and the constants can be deter¬ 
mined from the condition that the coefficients x n+1 and x n must vanish 
on the right-hand side. We thus find that 


Hence, 






and (cf. eqs. [35] and [38]) 




(43 


(44 i 


a = 1 “ j = 1 


t This relation can be established in a manner analogous to Chap. Ill, eq. (30), a.ri*t 
Chap. X, eq. (58). 
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Inserting this value of 2 ^a. * n equation (37), we obtain 


l-f-€77 


n „ n 

2 1 —V 

r-Z*- 


i ^'Oi 

a = l a 


3 = 1 


” A 

Finally, substituting for c from equation (45) in (36), we have 

A ^ {V> /J 


S(n) = 


3*= 1 


(45) 


(46) 


Equation (31) governing the angular distribution of the emergent 
radiation now becomes 


1 ( 0 , = 


a 

1 —}— €T] 




l + e V B^ V 
A A, 

at — 1 




(47) 


This is the required solution in closed form. 


84.3. Passage to the limit of infinite approximation 
From the theory of the //-functions given in Chapter V it follows 
that the exact solution for the emergent intensity for the problem 
under consideration must be of the form 


r/n ^ J , 1 + er)B«» \ 

/(0 ’^ = W> +q )’ 

where H( g) is the solution of the equation 


X 

Hifi) = 1+J(1-AJ 


which is bounded in the entire half-plane R{z) ^ 0 and 


(48) 


(49) 


i = Um (2 t~ ~ 2 

L « f=i 1 


(50) 


The exact //’-functions characterizing the problem of line formation 
are therefore the same as those which occur in the problem of diffuse 
reflection by a semi-infinite plane-parallel atmosphere with an albedo 

w () = 1 —A. (51) 


The //-functions tabulated in Chapter V (Table XI) are therefore 
equally applicable to this problem. However, to complete the solution 
we must determine q as defined in equation (50). 
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( n n \ 

2 Pke exac, t solution 

™ a = l j = l ' 

Consider the function 

n . 

«</*)=y 7 % ■ +i, (52) 

o^i 1 ^od A 6 

where the & a ’s (a = are the positive roots of the characteristic 

equation (28) and the Z a ’s (a = 1 are n constants determined by 

the conditions / \ ~ . 

= 0 (»= 1,...,%)• 

From these definitions it follows that (cf. eq. [35]) 


(53) 


^(aO — ( 1 ) n lc 1 ... lc n 


PM 




Moreover, according to equations (52) and (54), 

l a = (-l)»k 1 ...k n . pyM (oc = 1. n). 

Now consider 


Vi. = ( _iy , 4 i t WI 


(54) 


(55) 


(56) 


It is seen that the summation on the right-hand side is a special case 
(c = 0) of the one considered in § 84.2 (eq. [38]). We therefore have 
(cf. eq. [43]) „ * , 

Zi*- Z»-2h- 

Oi = l “ j = l 06 = 1 “ 

But Z a /& a can also be expressed in terms of H((Z). Thus, consider 


n 


2 a ii i i sl - —i i i) 


(58) 




Since s(jtq) = 0 (i — 1 we can extend the summation in (58) for 

negative values of i also. Hence 

n 

& 


X a il x i S ( Pi) = 2 »</*<*( —/*<)• ( 59 ) 

i=l i=—n 

Now substitute for s(—p t ) according to equation (52). We obtain 

+n . n , . +n n 7 

j,w(- ft ) = 2 n a ^ 2 j+tF+ 1 ) - .2 

't ——n '0(1=1 1 ' %=■—n a = 1 cx * ^ 

or, inverting the order of the summation, we have 

= 2 2 = 2 f“ 2 4-t+* 


(60) 


i_V 

I'-aH/ 


(61) 



FURTHER ASTROPHYSICALPROBLEMS 


327 


Using the equation defining the characteristic roots (eq. [28]) and 
remembering that — 2, we have 


2 a ihi s (—^i) 

i --1 


U 2 \ V 2A 

v i-a„ 4 v 


(62) 


Hence (cf. eqs. [54] and [57]) 

•». 2 VA / ■s~ a I 




(63) 


(64) 


Now pass to the limit n -> oo. Then H(/x) becomes the solution of 
equation (49) which is bounded in the half-plane R(z) ^ 0 and 


k~ JN = ^ a J H{ ^ d * 


1—A 


(65) 


The exact solution for 1(0, fj,) is therefore given by 

r,n , A^ 1 ' J , 1+tr, m , I-A 

/ (°’ ^ " I+7^ // /x) ( /X A J3<« + 2VA ° dl 


( 66 ) 


84.5. Exact, formulae for the residual intensity. A table of the moments 
of H([x) 

The intensity, / (cont) (0, y,), in the continuum is obtained by letting 
A—> 1 and rj —> 0. In this limit 

H(fi) == 1 (A = 1) (67) 

and J<“»«(0,,a) = + (68) 

(This solution for the case A = 1 can, of course, be obtained directly 
from [24].) The residual intensity, r, in the line is therefore given by 

^ «(/*) , 1-A \ 


( 68 ) 




!+€,, .m , i —a \ 

11 + J3«> + 2VA°T 


i + t7 1 A Jfi l > ‘ 3VA / 

Again, according to equation (66) the emergent flux is given by 


(69) 


a 2 H-\-6m “1' 


1—A 


(70) 


2A g jm J 1 -fey B w l— A a \ ,„ n v 

* (0) = r+7^ (“ a+ ~A~~ Bfi>“ i+_ 2VA “y (70) 

where a 2 is the second moment of H{y). The residual intensity R in 
the emergent flux is therefore given by 

■n A^ ( 1 + Gy B^ i 1 A 2 \ /7iN 

R = r -.™__- ( 0Uy -4-r-- ■wri a lH a, J. (71) 


(1 +[ a * + X ~B {1) ai 
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To facilitate the use of the solutions (66), (69), and (71) we provide 

below a table of the first and second moments of Hiu,) for various 
values of A. 

The predicted variation of the residual intensity r(p) as a function of A 
is dlustrateci in Table XXXIV, in which the values of r at the centre 
ot the disk (y = 1) for the case e = 0 and £«»/£<■» = j. are g i ve n. For 
comparison, the residual intensities in the emergent flux (again, for 
e = 0 and B (0 fB (1 ~> = |) are also given. 

Table XXXIII 


The First and the Second Moments of H{p) 


Wo 

A 

J First 
moment 

Second 

moment 

TU-() 

A 

First 

moment 

Second 

moment 

0 

1-0 

0-500000 

0-333333 

0-7 

0-3 

0-678674 

0-461423 

0*1 

0*9 

0-515609 

0-344357 

0-8 

0-2 

0-735808 

0-503218 

0*2 

A 4f\ 

0-8 

0-533154 

0-356787 

0-85 

0-15 

0-774376 

0-531645 

0*3 

A A 

0-7 

0-553123 

0-370985 

0-90 

0-10 

0-825318 

0-569449 

0*4 

A H 

0-6 

0-576210 

0-387466 

0-925 

0-075 

0-858734 

0-594404 

0*5 

A A 

0*5 

0-603495 

0-407030 

0-950 

0-050 

0-901864 

0-626785 

0*6 

0-4 

0-636636 

0-430922 

0-975 

0-025 

0-964471 

0-674134 


■- 



1-000 

0 

1-154701 

0-820352 


Table XXXIV 


The Residual Intensities at the Centre of the Bisk (/j, = I) and in the 
Emergent Flux for the Case e = 0 and B (Q f B ( V = | 


A 


1-0 

0-9 

0-8 

0-7 

0-6 

0-5 

0-4 


r(l) 

JR 

1-0000 

1-0000 

0-9390 

0-9481 

0-8766 

0-8939 

0-8124 

0-8369 

0-7458 

0-7762 

0-6760 

0-7109 

0-6018 

0-6391 


A 

HD 

0-3 

0-5208 

0-2 

0-4281 

0-15 

0-3746 

0-10 

0-3104 

0-075 

0-2722 

0-050 

0-2264 

0-025 

0-1650 

0 

0 


JR. 


0-5580 

0-4616 

0-4036 

0-3340 

0-2919 

0-2412 

0-1735 

0 


85. The softening of radiation by multiple Compton scattering 

As is well known, when a light quantum is scattered by a free electron 
(at rest) its wave-length is increased by the amount 

SA = ^ (1 ~ cos0 )’ (72) 

where © is the angle of scattering, h is Planck’s constant, m is the mass 
o± the electron, and c is the velocity of light. A problem in the theory 
ot radiative transfer which arises in this context is the manner in which 
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radiation of a particular wave-length gets modified by repeated Compton 
scatterings in transmission through an atmosphere of free electrons. In 
considering this problem, we shall suppose that an infinite plane surface 
radiates uniformly in the outward directions with a known spectral 
distribution and that above such a surface there is an atmosphere of 
free electrons. It is required to find the modified distribution in wave¬ 
length of the emergent radiation. 

In formulating the equation of transfer for this problem of the 
softening of radiation by multiple Compton scattering, we shall suppose 
that for the wave-lengths which come under discussion it is an adequate 
approximation to consider the coefficient of scattering as independent 
of wave-length and having the classical (Thomson) value 


o\, 


87 r 


3 m-c 


N 

2-4 


(73) 


where e denotes the charge on the electron and N r the number of 
electrons per unit mass. 


85.1. The equation of transfer and its approximate. form 
Under the assumptions of the preceding paragraphs, the equation of 
transfer governing the radiation field is 

C 1 27T 

_ i(T>ftiA) __L J J /(t, /i', A — y| I —cow(() |) (74) 

-1 0 


where 


y —1 hjmc — 0-024 A 
COS 0) = pp'-- f-(l—p“)^(l—p' 2 )* cosq/ 


(75) 

(76) 


and r is the optical thickness in a c measured, as usual, from the 
boundary inward. 

The form of the source function represented by the second term on 
the right-hand side of equation (74) arises from, the fact that, in 
accordance with equation (72), we must consider radiation of wave¬ 
length y—yj l — cos 0 j 


in the direction (p',rp') in order that when scattered in the direction (p, 0) 
it may have the wave-length A considered. 

We shall now suppose that 7(r, p', A—yj 1 — cos©]) can be expanded 


as a Taylor series in the form 

A — y[ 1- -COK0J) A) — y(l — oos0) 


a2Xr,pVA) 
&X 




(77) 
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Skf r S ."® 0ie,lt to retain on ‘y the first two terms in the expan¬ 

sion. (The limitations on the solution implied by this assumption will 

become apparent later.) We therefore replace equation (74) by 

+ 1 




3I( T,p,)) 

8t 


f X 

/(r,/x, A)—- J 


(78) 

In the nth approximation we replace equation (78), in turn, by the 
system of 2n equations 

Mi S^A) = j. (r> A) _ t 2 a jIj{Tt X)+h , y ffir.A) 

j Qa 

J J 

(i — zt I?—s zb^)> (79) 

where the various symbols have their usual meanings. 

In the first approximation 


a 


'+i 


a 


— 1 and fx +1 = —/x_ x 
and equation (79) leads to the pair of equations 


1. 

V3’ 


(80) 


JL 

V 3 St 


i S / +1 


2 V ^"-1 
37 Ta~ 


■ 2 ( 1+1 /- 1 ) 


and 




Introducing the variables 

^ = f r and y 


(A—A 0 ), 


(81) 


(82) 


SUitably chosen constant wave-length, we find that 
equations (81) become 


and 


dl +1 

ldl +1 


dx 

2 dy 

dy 

5U+ 

dx 

dy ’■ 

1 s/_ 1 

2 dy 


‘2(1+1 I_i )• 


(83) 

(84) 


and 


We require to solve equations (83) with the boundary conditions 
J +i(xi, V) = a known function of y = ,p( y ) ( say ) 

= 0, 


( 88 ) 


ra^at^ir+rt 1 ™ 17 ^^ kn0Wn speotral distribution of the outward 

In? radLfon^ 7^ 7 atm ° S P W «* * - % and the absence of 
any radiation incident on the atmosphere at r = 0. 
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85.2. The reduction to a boundary-value problem 
Subtracting equation (84) from (83) we have 

^ JL(/ _ I ) — - JL(j 4-/ ) 

2 div +1 2 8y^ +1 ' "~ 1 " 


( 86 ) 


We can therefore write 


T _ r 


V3 —and /+!+/_! = . 

dy + i ' i 8x 


(87) 


The conservation of the net integrated flux of radiation readily follows 
from these equations. 

Next adding equations (83) and (84) we have 




( 88 ) 


or, substituting for I +1 -} /~i and I {1 — 1__ x according to equations (87), 

we have , )2 o « a q 

£* + ** 2®1 (89) 

& e a ^ a ?/ 2 0 y V ’ 


Now put 


N — n'f{x,y). 


(90) 


Equation (89) reduces to the standard elliptic equation in two variables. 
We have 


g/ , g/ 

~l r, O 


-/ = 0. 


dx 1 1 ay/ 2 

Returning to equations (87) and (90), we find that 

‘0/ 


(91) 


I w( x > y) — ¥ :u 


dx 


+ V3 / 




V3^ ' S/ 




>+§ty 

i %/. 


and — *> e,/ 

The boundary conditions (85) are therefore equivalent to 

= 2 e-tyiy), 


(92) 


% \ Mf+f 


dx 


dy) 


and 


|¥_ v 

’df+V] 1 

dx 

V ' By) J 


a: xi 


x ~ 0 


= 0. 


(93) 


Our problem then is to solve the elliptic equation (91) with the 
boundary conditions (93). 
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85.3. The solution of the boundary-value ‘problem 
The boundary-value problem formulated in § 85.2 can be solved by 
a special method based on Green’s theorem. We findf 



m v) - 1 f e-^'F(P)[(p-^q)+i^p+q)] 

JK >V) ~ V(2-7r) J (?WW( 1+/* 2 ) 

— 00 

(94) 

and 

— V(ew) j dft, 

— oo 

(95) 

where 

-foo 

'Hi8) = J e % fr>e-vf{y) dy, 

— oo 

(96) 

and 

p = N /{3(l+^ 2 )}cosh{^(l-h/3 2 )}+2sinh{a; 1 ^(l-byS 2 )}, 

q = sinh^ 

(97) 


85.4. The spectral distribution of the emergent radiation 
From the linearity of the equation of transfer and more particularly 
of the reduced equation (91) it follows that the solution for an arbitrary 
continuous function i fi(y) can be derived simply from the solution for 
the case j/f(y) = S (y), (98) 

where S (y) is the S-function of Dirac. Thus, if I +1 (0,y;8) denotes the 
solution for the emergent radiation for the case when the surface at 
x — x x radiates monochromatically at a wave-length A (cf. eq. [82]), the 
solution when the surface radiates with a spectral distribution corre¬ 
sponding to an assigned j p(y), is given by 

—|— CO 

■£kl(°> 2/; *A) = J I+i{Q,y—V’S)ip(7))d7i. (99) 

— 00 


It might be thought that the assumption of monochromatic emission 
by the radiating surface is incompatible with our earlier expansion of 
J(r,/x, A) in a Taylor series (cf. eq. [77]). But this is not the case. For 
the manner of deriving the solution for an arbitrary f i* 1 terms of the 
solution for the case (98) is a mathematical statement strictly con¬ 
cerning the solution of the boundary-value problem formulated in § 85.2 
which has no bearing on what has gone before. However, our earlier 
assumption concerning I(r, y, A) means, now, that physically significant 
solutions are obtained only after ‘smearing’ 7 +1 (0, y;S) by a relatively 


t For the details of the derivation see S. Chandrasekhar, Proc. Roy. Soc. (London), A, 
192, 508 (1948). 
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smooth, function ifr(y) according to equation (99). With this under¬ 
standing we proceed to consider the basic solution 1+ i( 0 , 2 /;S) of the 
problem. 

For i p(y) = 8 (y) it is apparent that (cf. eq. [96J) 

'F(jS) = 1 /V(^), 


and equation (94) reduces to 

—j— CO „ 

wn , A _l f e->^{( V -^q) + mv + i)} ^p (100 ) 

J\y,y) 2 ^! J (p a +/3VW( 1 +i3 2 > 

— CO 

or, equivalently, 

CO # 

f/f, _ 1 f ( p—/ 32 ' Z) c os ^ + (P+ g )ff sm ft , ry (101) 

n °’ y) -^) ' (p a +/3V)V( 1 +^) 

0 

We are, of course, particularly interested in the distribution with 
wave-length of the emergent radiation. According to equation (92) 


§t + V3(/-f n • i 
r dx V dyj J 


df 


( 102 ) 


x-0 


/+1(0, ?/) = i<?" 

or, vising equation (93), we have 

Li( 0,2/) = V3 - e "(/+^) 

Now substituting for/(0,y) according to equation (101) we find, after 
some minor rearranging of the terms, that 


(103) 


x ■ 0 


r in «-Si — W" f ( P 008 ft/+ rf.ft 

I +1 (0,y,S)-—c J - (;p»+/3V) 

0 


(104) 


where it may be recalled that p and q are given by equations (97). 

For any given x x and y, the emergent intensity can bo found by 
evaluating the integral (104). The results of such calculations for 
x ± — 1 , 2, and 3 are illustrated in Fig. 33. In examining these results 
it should be remembered that y measures the wave-length shifts in 
units of § the Compton wave-length. And the values of x x for which 
the calculations have been made correspond to optical thicknesses 
equal to |, §, and 2, respectively. 

From Fig. 33 we observe that the calculated distributions predict 
finite intensities to the violet as well. An exact solution of the equation 
of transfer (74) will not, of course, predict this. The error in the treat¬ 
ment was clearly introduced in passing from equation (74) to (78). 
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Indeed, the area to the left of y — 0 may be regarded as a measure of 
the inaccuracy introduced by our approximative treatment of the 
equation of transfer (74). It is therefore gratifying to note that even 
for r ± — § the contribution to the violet in the total intensity is less 
than 15 per cent. A further point to which attention may be drawn in 
this connexion is that the derived spectral distributions are probably 



Fig-. 33. The softening of radiation by multiple Compton, scattering: the spectral 
distribution, .Z +1 (0, y ; 8) of the radiation emergent after transmission, through 
optical thicknesses f, % and 2 of an incident monochromatic flux of radiation. The 
abscissae denote the wave-length shifts in units of $ Compton wave-length 
(== 0-016 A) and the ordinates the emergent intensities in units of the integrated 
outward intensity at the base of the atmosphere. 

less affected by the passage from the exact equation (74) to the approxi¬ 
mate equation (78), in the region of large wave-length shifts, than in 
the region of small shifts; for as r becomes different from r l5 the 
circumstances become more favourable for the use of the Taylor 
expansion (77) when SXfy is large than when SA/y is small. 

One somewhat unexpected result which emerges from the calcula¬ 
tions is the relatively high probability of quite large shifts after trans¬ 
mission through optical thicknesses of order even unity. This result 
has some interesting astrophysical applications; but it will take us too 
far outside the scope of this book to go into them here. 

86. The broadening of lines by electron scattering 

In § 85 we have considered the softening of radiation by multiple 
Compton scattering when each scattering results in an increase of 
wave-length of amount given by equation (72). However, when a 
light quantum is scattered by an electron in motion, the change in 
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wave-length is not given by equation (72); instead, we have the formulaf 


(me —p ) - 7 — (me — p x cos 0 — p u sin 0) = — (1 — cos 0), 
v ' ‘ c 


hv 


(105) 


which relates the frequencies v and v of the incident and the scattered 
quanta with the angle of scattering © and the momentum of the 
scattering electron, p = (p x ,p u ,p z )- In writing equation (105), we have 
assumed that the direction of the incident quantum is the a?-axis and 
that the plane of scattering is the xy-plane. 

In equation (105) the term in hvjc on the right-hand side is peculiar 
to the quantum theory and is characteristic of the Compton effect. 
The terms on the left-hand side, which do not involve h, represent the 
classical Doppler effect. In a classical approximation, therefore, the 
equation relating v, v', ©, and p is 

^ — cos ©j p x — p u sin © = me — 1 j, (106) 

or, to a sufficient accuracy (|p| me), 

(1 — cos 0) p x — p v sin © — me — 1 j. (107) 

Let radiation of intensity J v in the frequency v, confined to an element 
of solid angle dco, be incident on an element of mass dm, containing 
N e dm free electrons with a Maxwellian distribution of velocities corre¬ 
sponding to a temperature T. The scattering of the incident radiation 
will result in a re-distribution over the frequencies, the electrons with 
momentum p — (p x ,p y ,p a ) scattering, in the direction ©, radiation of 
frequency v given by equation (107). 

In our present classical approximation the scattering of radiation by 
the free electrons may be assumed to take place according to Thomson’s 
laws. 

Now in the element of mass dm there will be 


dm - - ---, v « \-vpl 2 tnter dp dp,. dp„ 

(:IrrmlcTY 1 X 1 u 1 ~ 


(108) 


electrons with momenta in the range (p x , p v , p z ) and (p x -\-dp x , p v -\-dp y , 
P z -\-dp z ). Let the scattering by these electrons result in radiation, in 
the direction 0, having frequencies in the interval (v', v'-\-dv'). If the 
incident radiation be assumed to have frecjiiencies in the interval 
(v,v-\-dv), it is evident that not all dv, dv', dp x , and dp y can be prescribed 
arbitrarily: they must be related in conformity with equation (107). 


t Of. P. A. M. Dirac, Monthly Notices Roy. Astron. Roc., London, 85, 825 (1925) 
(eq. [6]). 
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On the assumptions made, the total amount of radiant energy scat¬ 
tered per unit time, in the direction 0, confined to an element of solid 
angle dco' and in the frequency interval (v', v'-j-dv'), will be given by 


/ dvda>Xcr e dmx £(l-f-eos 2 ©)^- X dv ’, 

4tt 

where a e denotes Thomson’s scattering coefficient (eq. [73]) and 

-f-oo 4 ~co 


(109) 


Mvv')= _ - _ f f e Xi>i+ri+it)lMTdp...dp,. (110) 

n ' (27 rmhTf J J dy ±i, ±~ 


'—CO CO 


In (HO), dpjdv must be evaluated according to equation (107) and 
expressed in terms of v, v', and p y ; similarly, p x must also be expressed 
in terms of v, v\ and p y . 

It will be noticed that in writing (109) we have allowed for an 
anisotropy of the scattered radiation according to Rayleigh’s phase 
function; (109) is therefore valid only for incident unpolarized light; • 
its use for light scattered more than once is, strictly, incorrect. How¬ 
ever, in the first approximation, in which we shall solve the equation 
of transfer, the more refined considerations do not make any difference. 

Returning to (110), we easily verify that according to equation (107) 

2 


Pl+Pv 


1 — cos© 


mc(v —v')sin©‘ 
P " + 2v'(l-cos©y. 

dp x me 

dv v'(l— cos©) 


2 m 2 c 2 (v— v ') 2 

+ 2v' 2 (l —cos© - ) 


Also, 

Hence, 

mce -mc\v-vyi4:kTv'Kl-coa 0) 

t//(v;v') = ——-- 7 7 , —— X 


( 111 ) 

( 112 ) 


t /(1 — cos@)(2TrmkT)% 


X 


-f- CO -{-CO 

JJ 


exp 


I Pv~\~ 


mc(v —v')sin©\ 2 


1 — cos©\ v 2v'(l — cos 


©)/ 


+Pt 




-co 00 


>JcT^dp y dp z . 

(113) 


The integral on the right-hand side is readily evaluated and we are 
left with 


<A(v;v')= [- 


me" 


' e --m<i\v-v’fl^kTv'\l-cos ©)_ 


(114) 


47r/cTv ,2 (l —cos0)J 

According to this last equation, for incident monochromatic light, the 
‘fine’ scattered in the direction 0 has the ‘width’ 


-- A 2 (l — cos©) 

me 2 


(115) 


for T — 10,000°, A = 4,000 A, and 0 = r, this amounts to 10-4 A. 
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Combining (109) and (114), we can write for the source function for 
radiation of frequency v,f in the direction (/x, 9 ), the expression 

2tt -f 1 

3 (/x, 9 ,v) = —- J dcp ' J dfx'{ l-fcos 2 ©)X 


X 


J dv'Iip', 


t t r\ 

- 9 , v ) I - 


me* 


\_lrrkTv^(\ — cos 0) 


x 


- v) 2 /4/cTv 2 (l—cos 0) (116) 


where cos0 has now the value given by equation (76). The corre¬ 
sponding equation of transfer for plane-parallel atmospheres is 


dI{T,fX,v) T . , 

P --== d{r,fx,v) — ^(r,fx,v). 


(117) 


In the context of equations (116) and (117) we shall consider the 
following problem: 

An infinite plane surface radiates uniformly in the outward directions 
with a known spectral distribution. Overlying this radiating surface is 
an atmosphere of free electrons at a temperature T. It is required to 
find the modified spectral distribution of the emergent radiation. 

In most practical applications it is a sufficient approximation to 
replace v and v' by a constant frequency v Q (of the ‘centre’ of the line) 
except when the difference (v — v') is involved; moreover, we may let 
the range of (u — v) extend from —oo to -|-oo. With this understanding, 
we may write the equation of transfer (117), explicitly, in the form 




dl (t, fx, oc) 
. dr 


/(r, fx, lx) — 


2 rr -I-1 -l-oo 

— f rW [ dix'{ l+coK a 0) f e-(«‘ '-<*)V(i-oob©> (U8) 

6 tt J f J ^ J -s/M l-~cos 0 )>- 


1677 

0 — 1 

where, instead of v, we have introduced the variable 


IX ~= 



(119) 


v 0 being some suitably chosen constant frequency. (When dealing with 
absorption or emission lines, u 0 may be taken to be the centre of the line.) 
We require to solve equation (118) with the boundary conditions 

I(r x ,fx,cx) --- 7<°>(a) and 7(0, —/x, a) ~ 0 (0 < /x < 1), (120) 


f Notice that this requires tho in.torchan.go of the rolo of v and v'. 


3595.64 


Z 
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corresponding, respectively, to the known spectral distribution of the 
outward radiation at the base of the atmosphere at r = r 1 and the 
absence of any radiation incident on the atmosphere at r = 0. 

The solution of the problem, we shall now present, is due to G. Munch. 


86.1. The Fourier transform of equation (118) 

Applying to equation (118) a Fourier transformation with respect to 
o i, i.e. multiplying the equation by e i - cx ^lf(2rr) and integrating over the 
entire range (—oo, +oo) of a, we obtain 

OT 




27r -{-I 


—h co —{— oo 

da e i<x £ f da' I(r, jx, a) (a - 


16tt 


f dy' f dn'( 1 + cos 2 ©) f f e ^«'-am-oo.e> 

J Y J M J V(2tt) J tt(1—COB0)} 


-h co 


where 


i) = J e i0l ll(r,fx,a) doc, 


( 121 ) 

( 122 ) 


is the Fourier transform of I(r, fx, a). The integrations over a and a' 
in the multiple integral on the right-hand side of equation (121) can 
be performed and expressed in terms of /(t,/,^). We have 


~|— oo —J- co 

f doL f ^'/(r^oQ e ~(a'—*)»-/(!—cos©) 

J \j{^' TT ) J — cos©)} 

— co — CO 


-h co 4~ °° 

J j. 


da 
—cos”©) 


e a)^-(a'--a) 2 /(l-cos©) 


V( 2?t ) 

— CO 

= e-^i-oof fM’ig). (123) 

The application of the Fourier transformation, therefore, reduces the 
equation of transfer to the form 

djP{r,ix;£) 




+ 1 

^(r,fx; £) —§ J p(fx, /x'; £)~^(t, /x'; g) dfx' , (124) 


27T 


where 


p{/x,ix';£) — — ( 1 -pcos 2 © )fi~^ 1—cos ®V 4 dc. p'. 

2vr J ' 


(125) 


Using the integral representation 


77 

IJx) = ~ J e^rooscP' cosncp ' faf 


(126) 
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of the Bessel function of order n for a purely imaginary argument, we 
can easily establish the formula 

pin, ; i) — {[1 -\~p 2 p ,2 + -|( 1 H' t 1 2 ))“i~ 

+i—^*> 1(1 — 1 —/^ a ) • vc 1 —^ /a ))+ 

+J(i-^)(i-F%(i« 8 V( 1 -^)-V( 1 -F*))}«- 4,(, - w *' v *- (127) 

The boundary conditions with respect to which equation (124) must 
be solved are the Fourier transforms of the boundary conditions (120). 
Thus, + oo 

■/(T 1>W f) = •/<«>(£) = -2- J a) dc. 

_ 


and 


J^(0 ,-fjrJ) s= 0 (0 </* < 1). 


(128) 


86.2. The solution of equation (124) the first approximation 
It is seen that equation (124) is of the form to which our standard 
methods of solution apply. Restricting ourselves to the first approxima¬ 
tion (eq. [80 ]), we have the pair of equations 


and 


\M or 

•vo dr 


(129) 


where (cf. eq. [ 127J) 

m) - ir/«um i w>+i4ae)F p,,i 

and N(i)~- i[ Ai( if 4 ) - A (if 2 ) I A 4( AC) P <*. ( J30 > 

It is seen that the general solution of equation (129) is of the form 

^n(r;£) 4(£)«ix’-~|- B{£)« 


and 

| r i x T _|_ ^ 1 — M -|~ c XT', (131) 

where A{^) and B(g) are arbitrary functions of the argument and 




.jir—x’ 

V:ij 


x x(£) 


u 


M(|)f-A^)]W:h 


(.132) 


The boundary conditions (I 28) determine A (£) and ii(£). We find 


|(1 _/ r ( o )/£\ 

(1 — M)sinh yr, | ( x /v'3)c,osh v ' 


and 


s(f) 


i(l —AT—x/y:j) 


( 1 —ihf)sinh x T i+(x/ V3)cosh X t, 




(133) 
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/io?J e SO i lutlons for J +i( r ;l) a nd now follow from equations 

(131) and (133). In particular we have 

4~ CO 

y J e*<T +1 (0, <x) doc = ^;t 1 )j^<0)(^) 5 (134) 

— OO 

where G{£\r x ) = —_ _ xH 3 __ 

(1 df)sinh^r 1 -f-(^/V3)cosh^r 1 ’ ' 

From the inverse property of the Fourier transforms, it follows from 

Ullftifiinn / 1 4 -Vi o 4 

(136) 


4- °o 


equation (134) that 

Ax(°»«) = 4^} f e~“*0(£; d£. 

— OO 

This represents the solution for the emergent radiation. 
Now it can be shown that 

G{t,r x ) -+ e~ TlV3 as -J-oo. 

We therefore rewrite equation (136) in the form 

4-00 


(137) 


_ £-- tiV 3 

r +1 (0, <x) = j d£+ 

-00 


or, 


4 - oo 

+ V(fcj J c - 4 “ f [ (? (f; T i)-«- T -'' 3 ]^ <0) (#) 

— m 


d£, 


— OO 

4 -oo 


-f oo 

/ +1 (0, a ) = e- T ^3j ( o> (a) + _^ j e _i^[- 6f ^. Ti) _ e _ TW 3j jzr( o)^ ) ^ 

” Q0 (138) 

The second term on the right-hand side of equation (138) can be 
reduced in the following manner i 

4-oo 

7(1^) J e-HG(f;T^- e -r.v 3 pno, (f) d( 

— 00 

+. 00 +00 
J df [£(£; T!) —e-TW3] e ~io^ J dp 


277 


— 00 
4-00 


" T 00 4 “ oo 

= 2 ^ J d P I(0 W j [G^;^) — e -TW 3 ] e -^(a-/ 3 ) 

— oo —*oo 


— CO 

4 - co 


= J mp)&(«-P; Tl)d fS, 

- 00 


(139)f 


integrals ar6 effectlvely usirig here one of Parseval’s formulae in the theory of Fourier 
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-f. co 

where A(q:;t 1 ) = f r 1 ) — e~ TlVS ] (14=0) 

2tt j 

—■ OG 

The solution for / +1 (0, a) therefore takes the form 

-|-CO 

I +1 (0,oc) = e -rW3/(0)( a ) + j' /(0)()3)A(a—rZ/3. (141) 

— oo 

The solution for the emergent radiation in the form (141) allows the 
following simple interpretation: The first term represents the part of 



Fig. 34. The broadening of linos by electron scattering: the spectral distribution 
A(a; ri) of the diffuse emergent radiation for an incident monochromatic flux of 
radiation. The abscissae denote tho wave-length shifts in angstroms and tho 
ordinates the intensities in the unit of tho integrated outward intensity at the base 
of the atmosphere. Tho particular case A 0 =- 5,000 A and T 30,000° K. is illus¬ 
trated (of. eq. [119]). (Since tho curves are symmetrical about A - ~ A 0 , only halves 

of the curves are illustrated.) 

the radiation incident on the atmosphere at r — r x , from below, which 
emerges without having suffered any scattering process in the atmo¬ 
sphere (cf. eq. [11). The second term, therefore, represents the diffuse 
radiation which has suffered one or more scattering processes in the 
atmosphere. It is also clear that A (a; r t ) represents the spectral distribu¬ 
tion of the emergent diffuse radiation for incident 'monochromatic light, 
i.e. for /<°>(a) — 8(a) where 8 denotes Dirac’s 8-function (cf. eq. [ 99j). 
It can be shown that A(a;r 1 ) has a logarithmic singularity as a 0: 

fi—Tis! 3 

A (a; rj) -> — — 1 u log a (a ~> 0). (142) 

477 “ 

However, when a continuous distribution / (()) ( a) is ‘smeared’ according 
to equation (141), the resulting distribution has no singularity. 
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The function A (a; r ± ) has been evaluated by Miinch for various values 
of t^. His results are shown in Tig. 34. The effect of electron scattering 
in broadening stellar absorption lines (in accordance with eq. [141]) is 
further illustrated in Tig. 35. It is seen that the effect consists, essen¬ 
tially, in producing very extended wings and in ‘shallowing’ the lines, 



Fig. 35. The broadening of an absorption lino at 5,000 A, initially of half-width 
3 A and total equivalent width 9*4 A, by an atmosphere of free electrons at 
temperature 30,000° K. and optical thickness 0*8. The initial line is shown by the 
full-line curve and the broadened line by the dashed curve. The abscissae 
measure the wave-length shifts in angstroms from tho centre of the line and the 
ordinates the residual intensities in tho line. 


generally. It appears that in these features of the effects of electron 
scattering we have a means of interpreting certain peculiarities in the 
absorption lines in early type stars. 
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87. Introduction 

In this last chapter we shall treat a number of miscellaneous problems 
which have bearings on several points on which we have had no 
occasion to touch. The problems have been selected with a view to 
indicating the directions of further advance of the theory of radiative 
transfer. The topics discussed include the relation of the /f-functions 
to solutions of integral equations of the Schwarzschild-Milne type; 
a time-dependent problem in the theory of the escape of imprisoned 
radiation; and an elementary problem in the theory of transfer in 
atmospheres with spherical symmetry. 

88. An example of a problem in semi-infinite atmospheres with 
no incident radiation and in non-conservative cases 

In the context of the equation of transfer 




dl(r, /x ) 


+ 1 


^ t j J /* 

J Hr ,y/)4</ : 


(1) 


the following problem was formulated in Chapter I, § 12: 
To solve equation (1) with the boundary conditions 

I{0, —/x) = 0 (0 < /x < 1) 


and 


-^( r > /U -*■ L 0 


'jkr 


1 - JCfJL 


(r -> 00 ), 


(a) 

(») 


where L 0 is a constant and 1c is the positive root, less than one, of the 
transcendental equation (Chap. I, eq. [113], Table I) 

1 + /c\ 


2 k 


oiogl 


1 —*7’ 


(4) 


We shah show how, for this problem, the angular distribution of the 
emergent radiation can be found without explicitly solving the equation 

o ransfer by appealing to a principle of invariance of the type eon- 
sidered m Chapter IV, § 29.3. , A 

The equation of transfer (1) admits the integral 


/(T,JU) = Lr 


e 


kr 


1 —kfx 


(L 0 = a constant). 


(~>) 
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This solution does not, of course, satisfy the boundary condition (2). 
We shall therefore let 


I(r,fx) = L 0 


jkr 


l — k 






(6) 


represent the solution of the problem. With this expression of the 
solution as the sum of two terms, one representing the solution for an 
infinite unbounded atmosphere and the other representing the departure 
of the asymptotic solution (5) as we approach t — 0, it is evident that 
at any level r, the intensity J*(r, +ja) in the outward direction 
(0 < [x < 1) must result from the reflection of the inward directed 
radiation /*(r, — p/) (0 < yJ < I) by the semi-infinite atmosphere 
below t. Accordingly, 


P kr 1 r 

I{r, +/x) = L 0 - - rr+o~ -~[x') d[x', 

X /v-' ^ j 


(7) 


where is the scattering function defined in the usual manner. 

Applying equation (7) to the boundary of the atmosphere at r = 0 
we have i 

/(0, F ) = r A_ + JL f fj.') &\x'\ 

1 — k\X 2/JL J 


(8) 


but according to equations (2) and (6) 


/*( o,-V) 


L, 


1 . -|- k'f-l' 


Hence 


/(0,/x) =* L 0 


1 f 

J 1 + V ' A 


(9) 


( 10 ) 


1 —kfi 

Now for the problem on hand (Chap. IV, § eqs. [41.J and [42]) 

.sW) - **«-*-¥■ O-O^V). (11) 

where H(fx) is defined in terms of the characteristic function -|w 0 . 
With this value of N, e<{nation (10) Itecomes 


7(0, 


[x) A<> (-——— l nr 0 //(fx) j* 


(HVXH -V) 


( 12 ) 
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Expressing (1 + V') in partial fractions and rearranging the 

terms, we obtain 


, 1 
l + i OToJ ai/( M ) J d,*'- 




H(j±) 

JCfJL 


7 dr'}. (13) 


On using the integral equation satisfied by 7/(y), the foregoing equation 


reduces to 


mil) = l 0 


HM 

1 — kfx 


l 

2 ^0 j 


H(^) 


l-j-/eju. 


■ 


(14) 


Again, from the integral equation satisfied by H (p.) (cf. Chap. V, eq. [68]) 
it follows that the quantity in braces in equation (14) is [7/(1//c)] -1 - 


Hence 


1(0, ^i) 


A) _ 

H(ljh) 1 — kfx' 


(15) 


This is the required solution. 

The density of radiation in the atmosphere is directly related to the 
inverse Laplace transform of 7(0, y.) (cf. § 89.2 below).f 

There is, of course, no difficulty in adapting the method of solution 
described here to other laws of scattering. An example is given in 
Appendix III. 


89. The relation of 77-functions to solutions of integral equations 
of the Schwarzschild-Milne type. The ‘pseudo -problems’ in 
transfer theory 

In our discussion of transfer problems we have laid the principal 
emphasis on the angular distributions of the emergent radiations. For 
these we have obtained exact solutions under a variety of conditions; 
but for the radiation field in the interior we have obtained only solutions 
in finite approximations. However, we have shown already in Chapter I 
(§§ 11.1 and 11.2) that linear integral equations can be obtained for the 
source functions of the problems as well. Thus, for the simplest problem 
of constant net flux and isotropic scattering we have the Schwarzschild- 
Milne integral equation (Chap. I, eq. [97]) 

CO 

J(r) = £ \ J[f)E,(\t-T\)dt. (18) 

0 

t This form for the solution can. also be obtained, directly, by solving equation (1) in 
a finite approximation and eliminating the constants in the usual fashion. 
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In terms of J(r) the emergent radiation is given by 


1(0,/a) = |' J(r)er T I p 


On the other hand, from the integral equations derived from the 
principles of invariance, we have shown that 


/(0,/x) 


FH(fi), 


where H(fx) is defined in terms of the characteristic function 1. ft is 
therefore apparent that the non-linear integral equation governing H([a) 
must be related in some way with the Laplace transform of equation 
(16). We shall now analyse the nature of the relationship suggested. 

89.1. The H-junction in conservative eases as the Laplace transform 
of the solution of an integral equation of the tfchimrzschild-Milne type 

The relation between //-functions in conservative cases and solutions 
of integral equations of the Soliwarzsehild-Milne type is expressed by 
the following theorem: 

Theorem 1 . Lot. '!» , - (10) 

be an even polynomial in /t satisfying the condition 


v f(p) <ty 


Further, let 


/(0,/t) 


, dr 

3(t)c t/ / 1 , 


where 3( T ) satisfies the linear integral equation 


A(r) 


W) V <hj 11(I/ T l) dL 


Then /(<>,,t) constant //(/*), (-* 

whore Hji) is t,hc«= unique solut ion of the non-linear integral equation 


//(y) 


1 

11 r v. 

J p I p' 


which is hounded in the interval (0, 1). 
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Proof. Multiplying equation ( 22 ) by e~ r/ f l <brjp and integrating over 
ix from 0 to oo, we obtain 

CO CO 

= f f 3(0 2 dt—. (25) 

60 ' x 

Breaking the range of integration at t — r, we write 

T CO 

1(0, p) = J dt j — 3(t) 2 a 2j R 2j+1 (T~~t)e~ r ^-^^ 

0 0 


co oo 


+ J dt J ^ 3(0 2 a *3 w v+i (t~T)e~^. (26) 

T 0 

Inverting the order of the integrations over t and r in (26), we obtain 

OO co 

/(0 >ft ) = J <ft 3(«) J 2 


oo 


+ J dt 3(0 J ^ e " T/, ‘ 2 A W +l (<- T )- (27) 


Now 


[ t/ ^2 3 -+i(t—*) = f — e -T/ ^ f 

t ^ J P J P 




-J d f^‘j £“*{-£ + £)) = (28) 

0 

Similarly, 


dir 




C u' 2j 

- ■ ■ ' [e-Vv—p.-Vf’'] d}x. 

J H* f*' 


(29) 


f ° re i g0mg relations in ( 27 ) an <i recalling the definitions 
(19) and (21), we have 


= (so) 


W) 
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Equation (30) can be written, somewhat differently, in the form 

/(0 lt 0 

L o J 



P P 


(31) 


On the other hand, H(p) satisfies the equation (cf. Chap. V, eq. [75]) 


H(h 0 




3^4 [#(/a) —H(/a')] d/x'. 

—/X - 


(32) 


Remembering that in conservative cases (Chap. V, eq. [16]) 

i 

I' = 1, (33) 

0 

we observe the equivalence of equations (31) and (32). The truth of 
the theorem is now apparent. 


89.2. The relation between H-functions and the Laplace, transforms of 
solutions of integral equations of the Schwarzschild—Milne type in non¬ 
conservative, cases 

In non-conservative cases the relationship between 77-equations and 
equations of the SchwarzschiId—Milne type is expressed by the following 
theorem: 


*v « 


(34) 


Theorem 2. Let x F(/x) — 2 ( Hj P 1} be an even polynomial in p satisfying 
the condition j 

[ H J, (/x) dp <r 1 

<) 

Further, let the transcendental equation 

T‘(a) , 

/x 

— krp 

0 

admit a root 0 < kr ■< 1 . 

Consider the solution of the integral equation 


1 = 2 f 43 rU 

J 1—Ar/x~ 
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which behaves like e ]CT as t oo. 
exist (cf. Chap. I, p. 19).] Then 


Chap. XIII 

[It can be shown that such solutions 


m & = J 

o 


3(r)e-T/ M 


cLt 


(37) 


is given by 1(0,^) = constant (38) 

where H(/x) is the unique solution of the corresponding 77-equation 
which is bounded in the entire half-plane R{z) >0. 

Proof. As in the proof of Theorem 1 we first establish relation (30); 
then substituting for 1(0,/x) according to equation (38), we obtain 


gfr) 

1 ~k[X 


-P 


J P+P' I J M —At' 


0 


At—A 6 " L 1 —&A 6 1 —/qx' J 


d/x'. (39) 


This equation can be readily transformed to 


L J P'+P 


1 1 

= / f dp'. (40) 

0 %J ^ 

0 

On the other hand, since — 1/h is a pole of //(/x) (cf. the remarks 
preceding eq. [106] in Chap. V) 


0 




‘+u 


V 1'V) 


1 /k-j-JX 


> «V) d[x'. 


(41) 


Equation (40), therefore, reduces to equation (32) which 77 (a 0 satisfies 
quite generally. The truth of the theorem is now apparent. 

Prom Theorem 2 it follows, in particular, that when J satisfies the 
integral equation 

J(r) = |-TD- 0 J J(t)E x {\t. — T \) (U, (42) 


the emergent intensity’ defined in the manner (37) is of the form (38) 
where h is now the positive root of equation (4). Equation (42) repre¬ 
sents the integral equation for the problem considered in § 88 and the 

result just stated is in agreement with the solution obtained in 8 88 
(eq. [15]). * 
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89.3. The £ pseudo-problems’ in transfer theory 

In § 89.2 we saw that in conservative cases the //-function is related 
in a direct way with the Laplace transform of a function 3( T ) which 
satisfies a linear integral equation with a symmetric kernel of the form 
(22). We now ask whether there exists an equation of transfer the 
source function of which satisfies the integral equation (22) in the same 
way as equation (.16) represents the integral equation for the problem 
of isotropic scattering and constant net flux. We shall see that such an 
equation exists, though in general it cannot be regarded as the equation 
of transfer of a real physical problem. 

Consider the ‘equation of transfer’ 

= Hr.n) - fl{r, g)T(g) (43) 

— 1 

for the case of no incident radiation. 

•n 

Since <I> — j" I(r, q) x F(/x)y dyu — constant, (44) j' 

-i 

the problem with a ‘constant net <t>’ has a meaning. 

The source function appropriate to equation (43) is 

-i-i -i-1 

3( t ) [ /(t, fx) K V(fi) dy — y <Uj | I(t, dp. (45) 

— i —i 

Since (cf. Chap. T, eqs. [91] and |96|) 

i i ■/* 

f d,i - j ZW/Cu, ,(|/-t|) dt, ( 4 «) 

—’ l d 

it follows that the integral equation governing 3( r ) * s 

GO 

- / m V «. £J K.,J „<|<-t|) dl, (47) 

0 


in agreement with (22). 

From Theorem 1 we now conclude that the law of darkening for the 
problem with a constant net <I> is given by //(/t).;[; 


t This relation readily follows from equation (43) by multiplying by T’(ja), integrating 
over the range of and using the evenness of V I J “ and the condition of consorvativo- 
ness (20). 

:|: This result can also bo ostablishod directly by solving equation (43) in a fmito 
approximation in the usual manner, eliminating the constants of integration in the 
solution for 7(0, g.) and, finally, passing to the limit of infinite approximation. 
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In non-conservative cases, when the characteristic equation (35) 
admits a root 0 < Jc 2 < 1 , equation (43) allows an integral of the form 

/(t,^) = constant —- 7 —, (48) 

l -f- k'/jL 

and if we consider (as in § 88 ) solutions for the case of no incident 
radiation which have the behaviour 


(r\-kr 

I{t, g) -> constant --— as r —> 00 , (49) 

1 - k(JL 

the corresponding integral equation for 3( T ) is again of the form (47). 
The angular distribution of the emergent radiation will therefore be 
governed (as in § 88 ) by H(yd)j{ 1 — hfx). 

As we have already stated, equations of the form (43) cannot, in 
general, be regarded as equations of transfer of genuine physical 
problems. Nevertheless, the solutions of these ‘pseudo’-equations of 
transfer are related to the real physical problems. Thus, for the 
problem with a constant net flux and Rayleigh’s phase function we 
have shown (Chap. VI, § 45) that the angular distribution is directly 
governed by an if-function defined in terms of the characteristic 
function ^(g.) = ^( 3 -y 2 ). (50) 

The law of darkening for this physical problem is therefore the same 
as for the ‘pseudo-problem’ in the context of the equation 




(£I(t,/x) 

dr 


and for a constant net 


+ 1 

—1 


(51) 


+ 1 

<[> = */ /( r,fx)(5-^)fx d/x. (52) 

— 1 

This identity in the laws of darkening for the solutions of the c pseudo’- 
equation of transfer (51) and the true equation of transfer (Chap. I, 
eq. [ 102 ]) has the following consequence: 

The equation of transfer Chapter I, equation ( 102 ), for scattering 
according to Rayleigh’s phase-function, leads to a pair of simultaneous 
linear integral equations for J (r) and K(t) (Chap. I, eqs. [106] and [107]). 
With J and K determined as solutions of these equations, the emergent 
intensity is given by 


/(0, g) = f f e t/ / x [( 3—g 2 )J(r)-)-(3g 2 —l)A(r)]—; 

n ^ 


(53) 
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and this is, apart from a determinable constant of proportionality, the 


same as 


/(0, p) = J e ~ T //*3( T ). 


(54) 


where 3( r ) ^ the solution of the equation 


3(t) 




The pair of equations (Chap. I, eqs. [ 106] and j 107]) governing J and 
K is therefore, in some sense, equivalent to the single equation (55). 
The nature of this equivalence is, however, not quite clear. 

One of the chief reasons for the tractableness of the integral equations 
derived from the principles of invariance now becomes apparent: The 
angular distributions of the emergent radiations are reducible to H- 
functions; and, as we have seen, these are related, through a Laplace 
transformation, to simpler source functions than occur in the equations 
of transfer. The characteristic functions x F(/a) define ‘pseudo-problems’ 
of transfer which arc much simpler than the original ones; nevertheless 
they provide the basic functions in terms of which the solutions of the 
physical problems arc expressed. We shall further illustrate this aspect 
of the matter: 

In the treatment of the problem of diffuse reflection and transmission 
according to the phase-function w 0 (l -1 x cos( H )) (('hap. VI, §40, and 
Chap. IX, § 05) it was found that the solution for the azimuth, indepen¬ 
dent term involves the II- or the X- and I'-functions for 


T(/x) Ito- 0 |1 | ;r(l -w () )//, 2 ]. (56) 

Consequently, the ‘pseudo-problem’ of reflection and transmission in the 
context of the equation (of. Cha p. X, § 00, eq. | 118] and the remarks 
following) 

= - /(T ,, t) j'/(r,/OI I (57) 

- 1 

provides the basic functions which occur in the solution of the original 
problem. liquation (57) is, of course, much simpler than the one 
governing the azimuth independent intensity in the physical problem. 

The foregoing observations suggest that a full discussion of the 
relation of the ‘pseudo-problems’ to the real ones, and particularly the 
relation of the systems of integral equations derived from the formal 
solution of the equation of transfer to the simpler equations of the 


3505.64 


a a 
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type (22), will throw some light on the basic structure of the theory 
of radiative transfer. 


90. The diffusion of imprisoned radiation through a gas 

In our discussion of transfer problems we have so far restricted our¬ 
selves to time-independent situations in which the radiation field is 
stationary. In this section we shall consider a first example of a time- 
dependent problem which arises in the following context: 

To be concrete, suppose that a slab of mercury vapour having been 
illuminated from one side by light from a mercury arc for a length of 
time sufficient to establish a steady state is suddenly cut off from the 
source of illumination. Then on account of the fact that the excited 
atoms of mercury will decay with a certain mean life emitting radiation, 
the radiation field in the gas will not cease instantaneously with the 
source of illumination. The radiation field will die down gradually and 
the problem is to specify the manner of this decay. 

In considering the foregoing problem, we shall suppose that the 
steady state existing before the illumination is cut off is one of radiative 
equilibrium. The situation then is one which has been idealized in 
Schuster’s problem (Chap. XII, § 83), and there will be a determinate 
march of the density of radiation through the gas. The concentration 
of excited atoms, previous to the cutting off of the illumination, will 
follow the density of the radiation (cf. eqs. [09], [70], and [87] below). 
After the illumination has been cut off, the excited atoms will decay 
in a manner calculable from the Einstein coefficients of absorption and 
emission. The radiation field will have a non-station ary character, and 
it is this we wish to describe. 


90.1. The equations of the problem 

Let the suffixes 1 and 2 denote, respectively, the normal and the 
excited states of the atom in question. We shall let the Einstein 
coefficients B lt , A 21 , and B 21 have the followin g meanings: B 12 I V is 
the probability, per unit time, that an atom exposed to isotropic 
radiation of intensity I v dv will absorb the quantum hv and. pass to the 
state 2; A 21 is the probability, per unit time, that an atom in the state 2 
will spontaneously emit a quantum hv and pass to the state I, and B 21 I P 
is the additional probability that the same atom will be induced to 
undergo the same transition when exposed to isotropic radiation I v . 
The Einstein coefficients defined in this manner are related by 


^21 
B 


12 


2hv 3 q x 


and 


B 


21 


B 


12 


7a 


(58) 
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where q x and q 2 are the statistical weights of the states 1 and 2 and 
c is the velocity of light. 

If o(v) is the atomic absorption coefficient for the frequency v, then 

(a(v')dv’ = bJ^, (59) 

J 4 t 7 

where the integral is extended over the absorption line corresponding 
to the transition l->2. We shall approximate the relation (59) by 

a{v) Av = B V J~\ (60) 


this is equivalent to supposing that the absorption through the line is 
uniform and has a breadth Av. 

Let n x and n 2 denote the number of atoms per unit volume in the 
states 1 and 2; n x and n, 2 must, of course, be considered as varying 
through the gas and dependent on the time. 

Counting the gains and losses of a pencil of radiation through a length 
of path ds in the gas, we find (cf. Chap. T, § 6) 


. A,. 


dl v 

ds 


//..(A 2l -f- B 21 I v )— n x B r J v ] 


T hv 
4^’ 


( 61 ) 


where the quantities proportional to n 2 and n x represent the number of 
emissions and absorptions (per unit time) of the quantum hv. Dividing 
equation (61) by !> V2 hvj-\u and making use of the relations (58) and (60), 
we have ,, , „ x ■> 

<t<Ih \ ' <hl C 2 <J., - ' 

This is the equation of transfer. 

Turning next t.o the condition of radiative equilibrium, we note that 
the number of emissions per unit volume and per unit time, in an 
(dement of the gas, is 

•«., f ] />*„, T„)~ ! (03) 

J ~ “ 4 rr 

where the integration is extended over the entire solid angle. The 
corresponding number of absorptions is 

j (64) 

The excess of the number of absorptions over the number of emissions 
must equal the rate of: increase of the number of atoms in the excited 
state. Hence 


n. 


f« I—. 

J ll7 


■ ‘U .j (/l 2i'~b -®21 


dco 8 


4zTT 


8t 


(65) 
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Dividing this equation by B x2 and rearranging the terms, we have 




‘ c h) 


■ n z~\J v - 


2hv *Vx„ 2hv*< h dn 2 

r ' rvc\ =: — •—— 


c 2 q 2 


c 2 qzA^dfr 


( 66 ) 


where J v , as usual, denotes the mean intensity of the radiation. 
Equations (62) and (66) were first derived by Milne. 

In most problems of practical interest n 2 may be neglected in com¬ 
parison with n x \ also, n x may be treated as a constant and independent 
of time. On this approximation, equations (62) and (66) become 


dl, 


n x o ds 


T _L ( Jl 
J -V P n 


c- q z n x 


and 


dUc 


i±(n. + -^S- 
c <i 2 %\ “ r A 21 dt., 


Writing 


N = ( h 

c 2 r/ a n x : 


(67) 

( 68 ) 


and measuring time in the unit 1 /A n (i.e. the unit is the mean life of 
the excited state), we obtain the equations 




dljj , T,jz) 

8t 


I{t, T, fx)~N(f,T) 


and 


J(t,T) = 1V(t,r) + ? AAZ> 


dt 


(69) 


(70) 


where it will be noted that we have suppressed the subscript v and 
further specialized the equations for>ta.ie-parallel slabs and introduced 
the normal optical thickness, r ? through the slab. 

For the particular problem of the diffusion of imprisoned radiation 
through a plane-parallel slab of optical thickness 2 Tl {—^ < r < + T ) 
when the surface t = + Tl is illuminated by radiation of intensity /»> 
up to a certain instant t = 0 and then suddenly cut off from the source 

°' 1 umination, the boundary conditions for solving equations (69) and 
(70) are 


I(t, -f-Tj, -j-^t) 




r i> 


-H') 


and 1{ t> + T i’ +^) 


m\ 

0 J 

0 1 

0 I 


for 


1 < 0 and 0 < JJ, ^ I, 


(71) 


for all t > 0 and 0 ^ y ^ 1. (72) 


T i> ft) 

This is the boundary-value problem we have to solve. 
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90.2. The general method of solution 

The boundary-value problem formulated at the end of § 90.1 can be 
solved in a manner similar to analogous boundary-value problems in 
the theory of heat conduction: 

First we seek a set of fundamental solutions of the equations (69) and 
(70), which are separable in the variables t and r, and which will satisfy 
the boundary conditions (72) for t > 0. These solutions provide a com¬ 
plete set of orthogonal functions ^(»0( r ) in the interval (— t x , -f-Tq) in 
terms of which any arbitrary (continuous) function defined in the 
interval (—r l5 -j~7q) can be expanded. 

Next, considering the solution for t < 0, we observe that all the 
quantities are independent of time and that the conditions (71) suffice 
to determine the solution uniquely. The solution J(t, T ) =~ J( T ) for 
^ < 0 is then expanded as a series in <//"'>(r). In terms of such an 
expansion the evolution of J for l >> 0 can be written down at once. 

Following the procedure outlined above, we first seek solutions of 
equations (69) and (70) which are of the form 

J&'J-./a) — /x), 


(73) 


T 1 

J(t,T) ^ dfi = rr >( T ) # 

- i 

and lS J (t,T) i )/ / nj i'( T ), 

and which satisfy the. boundary conditions (of. eq. | 72]) 

<-/»( t : r,, -1-/4) -..r-v tf>( . -r,, — fl) 0 (0 < ft ]). (74) 

Inequations (79) nr > I is a certain constant unspecified for tilts present. 

It wall be noticed that in writing the solution (79) we have implicitly 
assumed that 

nr ;> 1 . ( 79 ) 

Strictly, we must expect this to be disclosed by the subsequent analysis; 
hut we have already assumed it as it is apparent on physical grounds 
that under no cireumstane.es can the radiation field decay faster than 
the atoms in the excited state; and in the unit of time wo have adopted 
the mean life of the excited state is I. 

For solutions of the form (79), equations (69) and (70) become 


f Mup) -r(r); ifs(r) =-^ i-r(r). 

Accordingly, we have to find if and when an equation of the form 

^ • — <p{T,fi) - rmfsir) (tv „> 1 ) 


(76) 


(77) 
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will admit solutions which will satisfy the boundary conditions (74). 
It is readily seen that for general values of nr, the problem admits only 
the trivial solution <f>(r, y) ~ 0. However, it can be shown that there 
exists an infinity of values (m — l,2,...,oo) for which non-trivial 
solutions (fP n \r, y) and ^( J »)( T ) exist. An important, and in the present 
context, a decisive property of the functions ?//'">(t) is that they form 
an orthogonal system in the interval (—r x , H ^): 

+ ri 

J cIt — 0 (v/q -/■-■ >/q). (78) 

— Tl 

The orthogonality of the functions «//"'>(r) can be proved in the 
following manner: Consider the equations satisfied by c/> (1) (r, y) and 
a) belonging to two different eigenvalues 'nx (1 > and vr (2 ). We have 

y^^— iliifj — fx) (t) 

dr 

and = <p( r , — ^)~ ot (2 V/ 2) (t). (79) 


It will be noticed that we have written the second of the equations for 
—y; but we are not restricting the range of y in any way. 

Multiplying the first of the equations (79) by </> (2) (r, —y) and the 
second by <£ (1) (t, y) and subtracting, we have 

ju)<P(t, —y)] = nr^if/'^ , y)— —y). 

(XT 

(80) 


Integrating this equation over r from —r 1 
quantity 

[<^> ( 1 ) (t, y)^ 2 ) (r, y)] 


to -| 

— Ti 


T 


3 9 


we observe 


on the left-hand side vanishes identically (i.e. for all —1 
in virtue of the boundary conditions (74). Consequently 


b the 


-<: +i) 


+ Tl 

J ['eej^ 2 ^ 2 ^(t)^ 1 )(t, y) — Tn- 9 -)?// 9 (r)c^( 2 >(T,—y)J dr — 0 

(-l<y<-f-l). ( 81 ) 

Now integrating this equation over y from — 1 to -J-1 and recalling the 
definition of ij>, we have 

+ Tj 

[tST®-737-9)] j* ^ 2 )( Jt = 0. (82) 

— Tl 

This establishes the orthogonality of the functions belonging to different 
eigenvalues. 
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The proof that the functions i // m )( T ) form a complete set of orthogonal 
functions is not so simple and we shall not attempt it here. However, 
if the completeness is assumed, it follows that any arbitrary continuous 

function,/(r), defined in the interval (—r 2 ,.|. r x ) can be expanded as a 

series in in the form 

CO 

/(T) = y a 0«y/m>( T ). (83) 

1 


The coefficients, in the expansion are given by 


+ Ti / + T i 

a (m) _ j' jf( T )0O«)( T ) (] T / J [0( /n )( T )j 2 (Zt. 

— Tl ' -Tl 


(84) 


In terms of the fundamenta l solutions cf> {ni \r, /x), ?// m) (r), and n (m) (-r), 
the general solution of equations ((50) and (70) which will satisfy the 
boundary conditions (72), can be written in the form 


co 


J{f, T, /X) V (nT<m > /u ,) j 

'M — 1 
CO 

j(/,r) - y 


and 


•m- a l 

oo 


A 7 (/,r) y (w<»»)-iy/OT(my i ( m )( T ) > 

1 


(8fi) 


where the o (m), s a.ro arbitrary constants. 

To complete the solution we must determine the particular set of 
constants a (w) in (85) which will lead to a distribution of excited atoms 
through the slab at time / 0, that which prevailed at the instant at 

which the illuminat ion was cut off. The coefficients n (M) must therefore 
he so chosen t-lmt m 

./(<>, r) - V u<>»\f,(»>\ T ) (8(5) 

m. I 

represents the actual expansion of the mean intensity J(t) in the 
solution of the equation of transfer 


<-/ .v, / c«). 


(87) 


which satisfies the boundary conditions 

/(-|-r l5 -| fi) ■■■ / (0) an<l /( r,, //.) -- 0 (0 /x • 1). (88) 

With the coefficients a (w > determined in this fashion, the solution (85) 
satisfies all the conditions of the problem and therefore represents the 
required solution. 
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90.3. The form of the solution infinite approximations 

We shall now illustrate how the general theory outlined in § 90.2 can 
be adapted to the practical solution of the problem in a finite approxi¬ 
mation. 

Considering first the problem of determining the basic set of ortho¬ 
gonal functions, we have to find the condition on -w which will lead to 
non-trivial solutions of equation (77) satisfying the boundary con¬ 
ditions (74). 

In the nth. approximation we replace equation (77) by the system 
of 2 n linear equations 

2 a jh U = ±n), ( 89 ) 


where the various symbols have their usual meanings. Since txt > 1, 
we seek solutions of (89) of the form 

y. e ~Ucr ( y . = constant; j = ±1,..., ±n), 

constant ,. , , , . 

0 = zb 1 ,-, ±n), 


$3 

and find that 


1-f 

and, further, that the characteristic equation for h is 

n 

1 = 21 ffipr 


3 = 1 


Equation (92) admits 2 n roots which occur in pairs as' 

hoc — —(°£ = ilj — ) zb?0- 
The general solution for f 3 - is therefore of the form 

+n \„e~ ik « r 




(x “ — n 


1 -f- i [x.j 


(j — zb I 5 — j zb'^b 


(90) 

(91) 


(92) 


(94):|: 


where A a ’s (a — ±1,..., ±n) are constants. 

It is convenient to rewrite the solution (94) in terms of sines and 
cosines instead of the imaginary exponentials. We have 

» 1 

=== 2 i | 7„a 2 ^ L 'a' r Tj ^ 

<x^l 1 i /v a P'j 

+ ^ a (sin h 0i T-\-h a pj cos t)] (j = ± 1,..., ±w)» ( 95 ) 

where A a and JB a (a — 1 are 2 n arbitrary constants. 


j- Actually only one pair of these roots is real; the others are purely imaginary. This 
does not, however, effect the discussion in any way. 

J In the summation on the right-hand there is no term with ex — 0 (of. oq. [93]). 
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Using the solution (95) we readily find that 

1 -dd 

l l‘( T ) = 2 2 "v <!>j = — > cos k a T+ sin lc a r) 


(96) 


a : I 


and 2 «j y,- fa 


2 ( TIT- 1 ) 


—a 1 

TD- ^ ' ( d ( y sill & a T-f- B a cos /c a r). (97) 

ct -1 1 0i 

Returning to the solution (95), we find that with the definitions 
tan d a j — /i (X fj,j, 0 (X j - ^ a, j 

(c\ 1,..., 71 , j = dl la — s d Z'M')} (98) 

the solution can be expressed conveniently in the form 

n 

2 ^ ^ ^ s (^o tj I ^ nd T ) I ‘ 

0i=l 

ii 

2 7i a cos^Hin(^-|^ a T) (i =- (99) 

a: ■ 1 

The boundary conditions (of. eq. [ 74]) 

f Ai./( I T i) </>-;( r i) : 0 (j — l,...,w) 


now lead to 

n 


( 100 ) 


|d a cosd u; eos(^. | k\ x t,) | V />‘ (1e cos ft lx jHin(0 (X j | ■/■ a T JL ) = 0, 


0£—l 

n 


(X 1 

n 


2 « C( ,S °,xj C(>lS (^v; I T 1) 2 t>( >« () <xj wi 11 1 K T l) = 0 

a—l a: 1 

(;j ( 101 ) 

The pair of equations (101) is equivalent to 


7t 



2-i 

fV t 

IV COS f( v ;(‘OS(d v; | 

/ dv T i) 0 O' 



and 

2 h 

(V 1 

‘,v ( *osd v; sin(d VJ . | 

/ dv T i) 0 0 

I ,..., H). 


Hence, 

either 






^ a / 

/> (V . 0, and 

||cosd (v; <H>s(d^. I 

1 / *’,v. r l)ll ~ 

= 0, 

or 

d a 0, 

/>’ (Y , / 0, and 

||oosd, v /sin(d (V ; | 

I /bUi)ll - 

= 0. 


( 102 ) 


hot the values of to- which lead to tlie vanishing of the determinants 
||cos d, x; c.os(/; ay I /i\ x t,)|| and ||cos 0 aj sin(^. |-/^rJH 
bo denoted by 

'UT (r ' n,) arid ttt ( " , "' ) (m .1,2,..., oo), (104) 

respectively. Let the corresponding roots of equation (92) be 

/4°" ) and (iv 1w • 1,2,..., oo). (105) 
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Also Jot the sequences and B™ ( a = and m = 1 , 2 ... oo) 

equations etermmed apart from a constant of proportionality by the 


71 


2 A^cos^costerMJi«‘) Tl ] = o ( y = 

and J^^eos^sin^O+^^j = o J (Joe) 


be made unique by the condition that the functions' 

T'b 

^ {e ’ m \r) = COS &*?•»">?■ 

/v —- 1 


and 


a = l 
n 


V°- m) {-r) = 2 B<”*> sin &»■>«> t 

a = l 


(107) 


are normalized. 

excited ^tom^f S °^ U *'* oa for mean intensity and the number of 
excited atoms for t > 0 can now be expressed in the forms 


J(t ’ T) = J 1 a<e, " , ‘A fe “ , (r)exp{-[^.„)_ i] 


and 


oo 

+ 2 a<°* Ml >^r (o .»')( T ) OX p|_r m < 0 , m )_ 

??l — 55 X ” * j 


00 

T ^ = m 2 a (c,,n) exp{—[xo-fcV/7)^ J 

oo 

+ exp{—[ m (o.m) __ 2 j^Co,™)}. ( 208 ) 

a <».-) 0 in°nnsf r th ° S ° Iuti ° n we must determine tho coefficients ««•«> and 
a m ( 10s ) by the condition that 

00 

• / (°’ T > = ra ?/ a ' e- ” ! V fem) (T)+a<»'"» v '/fo.»«)(r)]^ ( 10 fl) 

:: «r» cbc»cssss 

:=TCI?.iSir -* 1 - * * *■ - ^ 

dr j ^ 2 a j (j = zb 1,..., ±n) (110) 

with the boundary conditions 

i' +j (+r I ) = z<0, and y.(_ Ti) = 0 w=1> ... jn) . (111) 

i The orthogonality of these functions can be established as in § 90.2. 
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By standard methods, we find that 
+n L e 

", ? /.(o)T + A>(' r +/ x i)H- I J „. (j — zbrt?0, (112) 

where the /4°^« (<x ~ i "*>•••> :1:.^ d” 1 and k^ = — k^f) are the roots of 
the characteristic equation (cf. Chap. ITT, oq. [7]) 


Ij 


a ——n 


n 


I == 


a. 


3' = 1 


7C 


a fc a ’ 


(113) 


and the constants L a (<y ~= dz^-pl), ail( -i L n are to he deter¬ 

mined from the equations (cf. eq. 

/ » f» *'Vv * * 

/( 0 ) 

\H k «' ' ‘.. 


*- T.U U 

2 fhir/#+ ^oK+^)+i» 




oi — n 


/' r ! A- (0> ri 

and 2 p°^ x ;^( oT ~ L »( t iI /q-) I L n = 0 (j=l,...,w). 

CX — — 71 '7 fV 

Fro m (11 2) wo obtain 


4-71 


' y ( T ) i 2] a j h /v 0 t i-yy rt -i- y 


J *06 r . 


(114) 


(115) 


a — — ii* 


It is the expansion of the function J(r) in i/A.»0( r ) and that 

determines the: coefficients < 7 (<, " ,) and in the solution (108). And 

with the determination of these coefficients the solution of the problem 
also becomes determinate. 

90.4. The. .solidinn. in, the first ap/>ro.vimntion 

In the first approximation (o 41 a_ x - - 1 and /a , t — y^_ x = 1/V3) 
the equations given in § 90.3 for the characteristic roots and eigenvalues 

become i | }f;\ U\,n() ■ kj'JW, (116) 

cos (0 1 kr { ) O and sin((f ( krf - 0. (117) 

Equations (117) can be expressed, alternatively, in the forms 

tan /i’t| cot 0 ■■ s/3 jk 


and 


t a n kr. 


fan 0 


(118) 


Each of these equations admits a single infinity of roots. Denoting 
them by and /d°* w) (m 1 , 2 ,..., oo) respc>ctively, we have the 


norm al i z ed e i ge i i ft me t ions 


cos 


s 




[t 1 -|-V3/(**4-:!)J* 


and 


si n /d° iW 'V 


hV3/(/c 2 +3)P' 


(119) 
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The solution of the stationary problem in the first approximation is 


4i = -^ (0) 


U+- 
\ T 1 


and 


J( T ) = |J<°) 1 


t±1/V3\ 
+ 1/V3/ 

\ 


( 120 ) 


Ti+T/^3/ 

The coefficients in the expansion of J(r) in the eigenfunctions (119) are 
readily found. They are: 

I < 0) sin ^ c « m )r 1 


a (e,?n) 


&(e,m)[ Ti _|_ V3/(& 2 -|-3)]~ 


and 


__ J (0) (sin U°^r 1 —cos U°> m) T x ) 

a ~ (t!+ 1 /V3)[^°* ,m >] 2 [ti+ V37T^" a + 3)P * 

The solution of the problem can now be completed. 


( 121 ) 


91. The transfer of radiation in atmospheres with spherical 
symmetry 


In this book we have restricted ourselves to problems of radiative 
transfer in plane-parallel atmospheres, principally, with the object of 
illustrating and analysing, as fully as possible, the role of general prin¬ 
ciples (such as the principles of invariance) in the theory of radiative 
transfer; and plane-parallel geometry is. the most suitable for this 
purpose. The extension of the approximate methods of solution to 
other geometries is straightforward; but it is not equally apparent 
what the nature of the general principles are which will play the same 
unique role as the principles of invariance in plane-parallel atmospheres. 
Nevertheless, it is of interest to provide at least one example of the 
manner in which the method of solution of replacing integrals by sums 
in finite approximations can be adapted to transfer problems in 
geometries other than plane-parallel. 


The example we shall consider is the spherically symmetric problem 
under conditions of conservative isotropic scattering. The equation of 
transfer appropriate to this problem is (Chap. I, eq. [136]) 

-i-i 






dr 


r 


dpi 


Kpl{r, pu)~\~^Kp j I{r, p.') dpi' . (122) 


On the method of replacing integrals by sums, equation (122) would 
lead, in the nth approximation, to the system of 2 n equations, 


Pi 


dlt 

dr 


-A( d JL 


r \dp 




K P I i~hl-Kp'Ea j I j (i = ±1,-., ±:n), (123) 
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where the various symbols have their usual meanings; but the question 
is immediately raised as to the values we are to assign to the derivatives 
at the points of the (Prussian division. The question which 
is raised here is of general significance: The Gaussian and other quadra¬ 
ture formulae are devised with the intent of evaluating integrals "most 
accurately’ for a given number of divisions; the question we now ask is, 
essentially, the converse one: what are the analogous formulae for 
differentiation V Without going into these more general implications of 
the question, we shall indicate how the explicit appearance of the 
derivatives in equation (123) can be eliminated. 


Let G/(/0 ; 

[From this definition it follows that 




(124) 


dQj 

d[L 


■I i 


Now consider 


7/00 and 0/(H-l) <>• 


Qiil Ovy^P (7 l,...,2n). 


(125) 


(126) 


Integrating (126) by parts and making use of the relations (125), we 
arrive at the result 


Ki _ -I a 

I' I' PMTdp. 

1 — 1 


(127) 


[Replacing the integrals on either side; of this equation by the corre¬ 
sponding Gauss sums, we have 


2 


% — n 


>r 

7b/., , tl 


a i 7 /(/b)0 0 rT ^ 1 v, Zn). 


i — it 


Equation ( 1 2S) provides 2/a e(jiiations for determining the derivatives 
at the points of flic Gaussian division in terms of the values of the 
function at the same points.'!' 

Equations (123) and ( I2H) together provide the required reduction 
of the equation of transfer to an equivalent system of linear equations 
in a finite approximation. For purposes of practical solution it appears 
advantageous to combines these equations in. the following manner: 

t Notice that since ) 0 (/• : | ; I,..., ; p•/».), relation (128) cannot bo inverted 

into one giving lho values the function in terms of the derivative)*. 
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Multiplying equation (123) by a i P' l (pi i ) and summing over all i, we 
obtain 


d xu 
dr xL-t 


a m P' M I i + l Jtfil 2 a.PMT, = - K p 2 a i P' l (f, i )I i + 

+W2%U«i- P iW (1= J,...,3») (129)t 

on using equations (124) and (128). 

Using the known expressions for the Legendre polynomials, we find 
that equation (129) for l = 1, 2, 3, and 4 takes the form 

dr 2 2 aifMiIi = °’ 


d_ 

dr 


d xu 
dr 2 


^ X \ 

-^£ H - ~ i )-^i ^ K P 2 Pi 

i Pi(5y| l)^i + ~ — g/cp X 


^2^ rf(7rf y 2- a i^^Pi — 30/X,f-[-3)Z £ — Kp^ a iH'i( i Pi 

etc. (130) 

The first of the equations (130) integrates at once and gives 

P* = = P>~ 2 , ( 131 ) 

where P 0 is a constant; this is the flux integral. 

It may also be noted that in the nth approximation 

0, (132) 

as, by definition, the p^’s are the zeros of P 2/l (p.). 

91 . 1 . T/ie solution in the first approximation 

In the first approximation, we consider the first two of the equations 
(130); and remembering that a +1 = a_ ± = 1 and p, +1 — —/x„ 1 = 1/V3, 
we have /e) 

(133) 


and 




2 r 2 

K P (T T ^ _ /<r P ^ 

^U + 1— 2_i) — — — —. 


(134) 


f A system of equations entirely equivalent to this set can be obtained by expanding 
I(r, p) in the form 

2w — 1 

•10%/d = 2 *<2Z+l)P,(,*)to(p). 

1—0 

On examination, it is seen that the two methods are equivalent in all details including 
*he particular recursion formulae which are used. 
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Hence, 


it, 




;$ jj\ | /v -P t/t 

“ i0 J 


-J- constant, 


(135) 


where r = It defines the extent of the atmosphere. 

The constant of integration in equation (135) can be determined by 
the condition I_ x 0 at r R.-\ In this manner we find that the 
solution for the source function is 


J ----- i) 


V;.i I 


r 


4- H 


,1 {* _ 

0 I l\ TJ1 , /C P 

4 ir () , —- 

* J • 


dr 


(136) 


Tor an atmosphere which extends to infinity, we should require that 
both I +1 and I_ x tend to zero as r oo. The solution (136) for J then 
reduces to 00 T 

j ,,, p;, J ^ = pi J (137) 

r 0 

where r denotes the radial optical thick ness measured from r — oo 
inward. 


91 . 2 . The rtf initial)* for the .second approximation, 

In the second approximation we consider all lour of the equations 
(130); however, in the last of these equations the term in 1 Jr on the 
left-hand side vanishes: in the second approximation the /x/s are the 
zeros of I\ (p). 

Writing 


f 1 

tJ - ■ n 

V a 

1), " 

. 1 
«> 

2 T/L A; 

/v ^ i 

2>i/44 



L 

: a i 

h ; 

i,nd ;!/ 

■a ib "i/4 J 


(138) 

we have the e 

< putt 

ions: 








II > A 7 r 

II 1 1 o ' 

*> . 

J 

351/ 

30 /v 1 3*/ 





(IK 1 
dr 1 i 


-/) - 

Kpl/ i 




;'/> 

l 

(5 d 

3//) 

f;/q>(3/v - 

J), 


and 



3/v ) 


1L 3//). 


(139) 

In terms of 

the! 

quantities 








.V 3 K 

,/ ; 

and T 

: 5,/y 3//, 


(140) 


*|* In the first approximation it in mom a<i van. tn goons to lot J -•- at r — 11 ; tlien t 

replaces V3/4 as tho factor of /P- in (136). 
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equations (139) take more convenient forms. After some elementary- 
reductions we find: 

v r 

K= - f -dr-\F 0 f —dr, = - fc P Y, 

Jr J r~ dr r 

and = ~-§,cpX + ^. (141) 

dr r r 3 

These equations, together with the flux integral, H = F 0 /4= r 2 , provide 
the basic equations of the problem in the second approximation. 


91 . 3 . The solution of the equations in the second approximation for the 
case Kp oz r~ n {n > 1) 

Let Kp — cr~ n (n >* 1), (142) • 

where c is a constant. The optical thickness, r, measured from r — oo 
inward, has then the value 


r = j* i<p dr = cr~ n+1 j(n —1). (143) 

r 

From equations (142) and (143) we obtain the relations 

Kpr = (n—1 )r and r = (jR/ r)" -1 , (144) 

where R denotes the radius at which r — 1. 

Using the relations (142)-(144) and measuring intensity in the unit 
F 0 /R 2 , we find that equations (141) become 



K == 1 f X dr -4- n 1 t (* i-t)/(«-i) 

n— 1 J r 4(n-|-l) 

0 

(145) 



(1.46) 

and 

dY 4 r (3-ii.)/o»— i) 

dr {n—l)T ■" 3 1 ' 

(147) 


It will be noticed that in equation (145) we have adjusted the limits 
of integration to be in accordance with the condition that under the 
conditions of the atmosphere extending to infinity, all quantities must 
vanish at r — oo, r — 0. 

Eliminating Y between equations (146) and (147), we obtain the 
differential equation 


<PX 2 dX 
dr 2 ( n — 1 )r dr 


2{n+ 3) _ 35 T 7 T (3-7(.)/(-/i—n 

(n— 1)V 2 ~ 9^ 


3(w—l) 


( 148 ) 
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With. the substitutions 
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Z h'T, 


/■ — V35/3 - 

■= 1-9720 


and X 

7 

^ 3(a : -~ 

: o /l 

. </ii-n/(« imh i 

l)/2(/l 


(149) 

equation (148) becomes 







»d*<f> . 

~ f - V. - _ 

’ dz- ’ ' 

_ r/c/> 

* r/;j 

~ (~ 2 1 i*)* 

- 

| 1 

(150) 

where 

n-\ 

v -- - 

2(7/ 

f—* 

■ -; > 

i) 

and /t — 

3- 

2(7/: 

- n 

-\ V 

(151) 


Equation (150) is Lonunol’s equation for a purely imaginary argu¬ 
ment. t Accordingly, the solution of this equation can he written in 
the form (>1 c 

<f> - -U-) f rJ'K,.(z) <lz I K v (z) f rJ%{z) dz, (152) 

* * 

Z C'Z 

where I v {z) and /v,,(,r) are (in Watson’s notation) the fundamental 
solutions of Bessel’s capiat ion for a. purely imaginary argument and 
fq and c a are certain arbitrary limits. 

The limits of integral ion in (152) can be determined by the following 
considerat i o i i s: 

.’First, since none of the quantities must t end to inlinity exponentially 
as z—> oo, we must, require t hat, r, on. This follows from the known 
asymptotic behaviours < >f /,.(.;) and /\,,(.:) as ~ - on. Second, the vanishing 

of all the quantities at z 0 requires t hat (ef. eq. | I49|) 

~X)> i ! 1.-0/ 1 >0 (;; >0). (153) 

Since K v (z) diverges at. 11 »t> origin, the condition (153) can he met only 
by letting 0. The solut ion lor </> appropriate to the problem is, 

therefore, 

•!> /,.(-) j .(-)'/■ I A',.C-) J .(-)'/-• ( 15 C) 

;t <’) 

With this expression for <f> the solution for A' givcm by equation (149) 
l becomes detc*• ri u i n a t.c\ 

The solutions for A’ and -/ 3 1\ X now follow from equation (145). 

They are: 


K = h 1 n/( " 


3(a I ) 2 J 

o 


zi l </>(;:) dr: {■ ' - W' 1 1] 

1 1 I (// | I) 


t Of. 0. N. Wut.son, r !'rr<tl i.sv on the I'hcorij of HcnsvI Fnnt'li onu, § 10.7, p. 316, C-a.m- 
Itridgo, 1922. 

35K5.G1 15 p 
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and 

J 


j c -(n+l)l(n-l) 


{n—l) 


a J ^( 2 ) 


dz- 




3(n— 1) ^n+D/in-l) 
4(74+1)'’' 


(155) 


For the case n = 2 (v — 3*5 and / jl — 0-5) the solutions as given by 
the foregoing equations have been evaluated numerically. The results 
are given in Table XXXV. For comparison, the solution for J given 
by the first approximation (eq. [137]) is also included. It is seen that 
the second approximation introduces corrections to the extent of 
10 per cent. 

Table XXXV 


The Solution for a Spherical Atmosphere 
in which Kpoc r~ 2 


z 

lc s X 

JdK 

k*J 

+ 3 

z 

lc z X 

me 

7c 3 ,/ 

fs 3 

0 

0 

0 

0 

0 

2-8 

2-5081 

2-8719 

6-1075 

5-4880 

0-1 

0-0002322 

0-0001605 

0-0002500 

0-00025 

2-9 

2-7048 

3-1664 

6-7944 

6-0973 

0-2 

0-0018377 

0-0012825 

0-0020097 

0-00200 

3-0 

2-9068 

3-4791 

7-5304 

6-7500 

0*3 

0-0061122 

0-0043092 

0-0068154 

0-00675 

3-1 

3-1137 

3-8103 

8-3172 

7-4478 

0*4 

0-014237 

0-010158 

0-016238 

0-01600 

3-2 

3-3254 

4-1606 

9-1564 

8-1920 

0-5 

0-027265 

0-019718 

0-031890 

0-03125 

3-3 

3-5414 

4-5303 

10-0494 

8-9843 

0-6 

0-046111 

0-033844 

0-055420 

0-05400 

3-4 

3-7617 

4-9199 

10-9979 

9-8260 

0-7 

0-071559 

0-053357 

0-088512 

0-08575 

3-5 

3-9858 

5-3297 

12-0033 

10-7188 

0-8 

0-10426 

0-079047 

0-13288 

0-12800 

3-6 

4-2136 

5-7603 

13-0671 

11-6640 

0-9 

0-14475 

0-11167 

0-19026 

0-18225 

3-7 

4-4448 

6-2119 

14-1910 

12-6633 

1-0 

0-19345 

0-15195 

0-26241 

0-25000 

3-8 

4-6792 

6-6852 

15-3763 

13-7180 

1*1 

0-25067 

0-20059 

0-35109 

0-33275 

3-9 

4-9165 

7-1804 

16-6246 

14-8298 

1-2 

0-31661 

0-25824 

0-45813 

0-43200 

4-0 

5-1.565 

7-6979 

17-9373 

16-0000 

1-3 

0-39146 

0-32557 

0-58523 

0-54925 

4-1 

5-3991 

8-2383 

19-3159 

17-2303 

1-4 

0-47522 

0-40317 

0-73429 

0-68600 

4-2 

5-6440 

8-8019 

20-7618 

18-5220 

1-5 

0-56792 ! 

0-49165 

0-90703 

0-84375 

4-3 

5-8911 

9-3892 

22-2766 1 

19-8768 

1-6 

0-66950 

0-59158 

1-10524 

1-02400 

4-4 

6-1401 

10-0006 

23-8617 

21-2960 

1-7 

0-77985 

0-70352 

1-33072 

1-22825 

4-5 

6-3909 

10-6365 

25-5184 

22-7813 

1-8 

0-89876 

0-82800 

1-58525 

1-45800 

4-6 

6-6434 

11-2973 

27-2484 

24-3340 

1-9 

1-0261 

0-96556 

1-8706 

1-7148 

4-7 

6-8975 

11-9835 

29-0529 

25-9558 

2-0 

1-1616 

1-1167 

2-1884 

2-0000 

4-8 

7-1528 

12-6954 

30-9334 

27-6480 

2-1 

1-3051 

1-2819 

2-5405 

2-3153 

4-9 

7-4095 

13-4336 

32-8914 

29-4123 

2-2 

1-4563 

1-4616 

2-9286 

2-6620 

5-0 

7-6672 

14-1985 

34-9283 

31-2500 

2-3 

1-6148 

1-6564 

3-3545 

3-0418 

5-1 

7-9260 

14-9905 

37-0454 

33-1628 

2-4 

1-7805 

1-8667 

3-8197 

3-4560 

5-2 

8-1856 

15-8100 

39-2443 

35-1520 

2-5 

1-9529 

2-0930 

4-3259 

3-9063 

5-3 

8-4461 

16-6574 

41-5263 

37-2193 

2-6 

2-1319 

2-3356 

4-8749 

4-3940 

5-4 

8-7072 

17-5333 

43-8928 

39-3660 

2-7 

2-3171 

2-5951 

5-4682 

4-9208 

5-5 

8-9690 

18-4381 

46-3453 

41-5938 
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92. The exponential integrals 

The nth exponential integral K n (.v) for positive real arguments is defined 
by x 


K(*) 


s 


/) xt, 


(if 

t" 


c ' r '7yp' 


i ( h L 

fX 


( 1 ) 


1 0 

(We shall be concerned with only positive integral values for 7 b.) 

The functions E„(x) defined in this manner satisfy the recursion 
formulae: 


mA',, i ,(.!•) .!■/<]„(.>■) («. I), 

I l(' K ) «„(•'■) (" ' I) iMl,| 

The first of these relations follows by writing 


" K n\ iU‘) 


V. H - f l " (U , 


( 2 ) 

(») 


(4) 


and. integrating by parts. The second follows by direct differentiation 
of(I). 

A further relat ion which is useful is 


f 


n I 


(«• ' I )• 


J 
0 

An. integral which occurs frequently is 

X 

(I 

By repeated .integration by parts and using (:t), we obtain 


(* r >) 


J. 

1 


x!.E n (x) dx, 


pi 


.r 




/ | 1 ^ (/ | I)(/ | i>) /v " ^ 1 ‘ 




4 I n 


x 


H-... 


i+l)(/ | ■>)...(! | ,,) 


V I !)(/ ! I II) . 


| x 11 " V. -Mr, (<)) 


in which the last, remaining integral is an elementary one. 

According to (2) all exponential integrals can bo reduced to the first 
exponential integral 


h\(x) 


„ .17 


(It 


, <h 

V ’ 

t 


(7) 


X 
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For large values of a; an asymptotic expansion for E x (x) can be readily 
found. Thus, by continuing the process 


E ± {x) 


^ CO 

Js^ 7 = ?+ J 


d , dt 

s (e V 


a* 


we obtain 




-£D 


a? 


r 1 _i + i_i + 

I 0*2 /y.4 ~ 

L *.{/ 


■] 


{«) 


For a: -> 0, E x (x) has a logarithmic singularity, and a series expansion 
a PPi°priate to this case can be found, in the following manner: 


OO 1 

E^x) = J e-d'-f j e-ti£ 


X 


/ *-'f-/ <—-.?•}+/f + s. 


Hence 


E x (x) 


X 

-y— logo;+ J (1 — e 


(9) 


( 10 ) 


where y — 0-5772156... is the Euler-Maschemui constant. The integral 
in (9) has a convergent series expansion for a- —> 0. We find, 


E x (x) 


y log#-}- y 


( 11 ) 


n = i 


In addition to ^(x) it is sometimes convenient to introduce, also, the 
function 


Ei(rr) 


/ e< T 


(— 0O <c a < -f CO). 


( 12 ) 


— CO 


For negative values of the argument, Ei(.c) is, apart from sign, the same 

Ei( x) = E x (x) (x >• 0). (I‘j) 

On the othei hand, foi positive values of the argument, the integral 
" mUS 6 underst °ocl m the sense of the Cauchy principal value 


Ei(a;) = lim 
8 -+o 


[/•'?+ /-?] 

8 -CO -I 


(x :> o). 


(14) 
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§ 93 

93. The functions F^r, p.) 

In Chapter VIII, § 60 (eq. [118]), we introduced the function 


F,j(r,fx) = p 


1 

J 


IL 


o-l 


l X-p 


h(H)i: 


dfjb'. 


(15) 


where j is an integer ^ 1. This function is related to the exponential 

(16) 


integral Ef. 


Hirst writing 


,s' — 1/p and s' — 1/p/, 
we have the alternative expression 


00 




Since 


T 

f 


G-Hn'-S) fa 


S —-S 


1-C-T<»'-«)] 5 


(17) 


(18) 


we can rewrite (L7) in the form 


<> 


00 7* T CD 

Fj(t,s) - - J yj J* (It ^ •••= J (It et* |* yj- v. 

1 


Hence, 


i 

Fj(t, f.i) ---= f (U. 


(19) 


( 20 ) 


A recursion formula which enables the reduction of Fj{r, p) to Fj(t, p) 
can be derived from equation (20). Thus, from 


T 

/i) /<• [ <U, 


( 21 ) 


we obtain after an integration by parts and making use of (II),(5), 

and (20) r , -i 

Ej , (t, p) | e T //*//;(r) — - - . (22) 

,/ * , 


Fj(r,fi) ■ fi 


According to equation (22), it is sufficient to consider only 

1 


F l (t, ft) 


j 




ft - fi 


1 CXP' 


r ]_ V 

fh 


df t ; 


(2H) 


however, the cases p • ' 0, 0 < /t < I, and p 1 must be distinguished. 
For p 0 there is no difficulty in reducing (211) to E x (t). VVc have 







376 


§93 


APPENDIX I 

The evaluation of the integral (23) for 0 <r u, <- i nnrl — i 
borne care. Ihus, considering; the oaqp n ^ ^ i .f 1 

integral (of. eq. [ 17 ]) < ^ < 1 ’ we rewrite the 


in the form 


F 1 (r,s ) = l J -) (« > 1 ), 

T * 


(25) 


^i(r, 5) = Alim 
<S S—>0 


“ S-S-, 

i + /]t 


-<S‘ 6“ 


77 ) ( 1 e T ' s_ ' T ' s ) ds', (26) 


-s + S 1 

and nnd after some elementary reductions that 

1 


^l( T > s) 


- log (s 1 ) -f- e TS E 1 (r) - 1 - li in I 

S—>0 1 


s—1 —S^ 


+■ \e ru 


Hence (cf. eq. [14]) 

F x {t,^) = p ~log^"-l)+ eT// *®L('r)+E i ^-. r j 

In like manner, we find that 

F\{t, 1 ) = y -f- log T e T E ± (r). 

94 The integrals 6 „ m ( T ) and G' nm {r) 

n Chapter VIII, § 60.1, we introduced the integrals 


dy 
y J 


(27) 


(0 < y c 1). 


(28) 

(29) 


CO 

^,m( T ) = f-FJ t, — S)~ 

J 8‘ 


ds 

m 


and 


CO 

°n,m{T)= f ,s)!t 

J S IU 


(30) 


thTm 6 °!r b<! 6X P ressed more conveniently by introducin 

them, explicitly, the expression for F n according to (20). Thus 


■8 m 


f ds 

J 5=' 


or 


Similarly, 


&n,m( T ) — J ~ J dt e~ ts E n (t) = f dt E n (t) 

1 0 J 

T 

G n,m( T ) = J K(t)Kn(t) dt. 

0 

r 

^n,m( T ) = / E n (t)E m ( T - t ) dt= [ ^( T — eft. 

0 a' 


(31) 


( 32 ) 
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From. (31) and (32) it is apparent that G. n m [T) and 0' Mn (r) are sym¬ 
metrical in the indices n and m: no loss of generality will therefore be 
entailed by requiring m 7>- n 1. 

The function G n . m {r) can he expressed directly in terms of the 
exponential integrals. Thus by (2) and (20) 


(»»— 1 (t) 


dt. 

T 

K( T.-l)- \tK(l)K, 


i)l — 1 


Similarly 


o 

T 


„(r) « /'’Jr, I). |',(0*. 


(34) 


On the other hand, by an integration by parts we have 


Gn,m(' r ) ~ r ®n( T )finX T ) I ' ^ (0 K ,n l(0 ^ “ I ' n ^ K^t) (It. (35) 

0 0 

Combining equations (33) (35), we obtain 

(W'4■»'— 1 ■■■■■■■ tI$ h (t)E ih (t) t F v {r, .I) I K,( r ’ —- l )* 

The functions <7' f <m ( T ) cannot be similarly ml need to known functions. 
However, recursion formulae can be derived which will relate all of them 
to <7 ' u (t). Thus using the recursion formula. (22) for the /^-functions, 
we have 


<r «. »<e) j 




I 




^V(t) 


or 


^h iM ,( t ) •!.», I l( T )“~ I i( T ) I- 


m 


(37) 


From the symmetry of G’ um in the! indices, we ea.n conclude from 
(37)that . , 

G\,, m {r) d' m i,„ i i( T ) 1 ^iiiW‘K, i W' ( :}S ) 




■M 


A more symmetrical form <>f these illations is 


/ C 

fr n. M 


( T ) (f t T \ ^m( r ) 

l( ) m 1 " ' //• I 


(3D) 


It remains to consider (}\ { (t). 'By a somewhat elaborate re.duction 
van do Hulst has shown that. 

(f u (r) 2| Fj , (t) 1 (log r 1 y) /£>(t) |, (40) 


where 


i i) 

/.,y>(r) )'/.;,(/)*. 


(■U) 
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It does not seem that this new function jE\ 2) (t), can he reduced to the 
ordinary exponential integrals; hut van de Hulst has given the following 
series expansion which is convenient for the computation of the function 
for t < 1 


JJ< 2 ) (t) = !(logT+y) 2 + 


77" 

12 


o 

T 


3 2 .3! 


(42) 
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the Appendix to this paper; S. Chandrasekhar, ibid. 109, 555 (1949). 

The functions P 2 and were also computed by these authors; but they have 
not been published. 

Finally reference may be made to the following valuable compilation: 
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95. A problem in interpolation theory 

In Chapter VIII, § 59.1, we encountered the following problem: 
To determine two polynomials s(x) and t(x) such that 


s(Xj) = A jt(-Vj) and ^ A jSi-Xj) (j — (1) 

where Xj (j = 1,...,??.) are n distinct values of the argument and A j 
(j — are n assigned numbers all different from one another. 

If F(x) s(x) ■! -f(.v) and G(x) — s(x)~~t(x), (2) 

then 

F(xj) = Xj F{—Xj) and G(xj) ■-AjO(-Xj) (j ----- (3) 


Certain consequences which follow directly from (3) are: 

(i) For sufficiently general (x f ) and (Ay), n is the lowest degree of a 
polynomial (not identically zero) which will satisfy the conditions of 
the problem; further, under the conditions stated, F and <7 are uniquely 
determined apart from a constant of proportionality. 

(ii) Polynomials of degree higher than n can be constructed which 
will satisfy the conditions (3). Thus if F and (/ a.re polynomials of 
degree n which satisfy the conditions (3), then aF | />/<// (where a and b 
are constants) is a, polynomial of degree n | I which also satisfies the 
conditions on F\ similarly, a(j | bfiF satisfies the conditions on G. 

We shall now obtain explicit formulae for polynomials of degree n 
which satisfy the conditions of t lie; problem:']' 


Let F(x) Vrq.rh (4) 

The conditions on F require 

I «,i i i m i)•"!•'; <> a i.■«■)• (f>) 

:/ o 

The determinant. <if the (u | 1) equations represented by (I) and (f>) 
namely, 

n >') ■ imi 

f Tho problem considered in this Appendix has been treated by tt. (Uiatulrasekhar, 
Aslrophys. J. 106, lf>2 (11M7); see particularly § 4 (pp. inS -On) of this paper. ttxplioit 
formulae for F and (I am obtained in 1.1 xiw paper by a. somewhat indirect method; the 
more direct solution given in the text is duo to Dr. .11. Kostelman, to whom, and to 
Dr. H. Davenport, the author is indebted in this context. 
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7b —1~ 1 ) 5 


( 6 ) 


where 

Ka = xi ~ x and hj = [i+Vi(—i) ; N=i 

(1 < m+1; 2 < i 

will satisfy the required conditions. 

Let P denote a permutation of the integers 1, 2 ,..., n-f-1; and let P i 
be the ‘image’ of i. Taking the rows (i) in the order 1, 2 ,..., n- {— I, we 
shall select the elements P l5 P 2 ,..., P. ll+X in the various columns. Then 

F{x) = T [P]/nf (7) 

r '£=2 

where [P] is +1 or —1 according as the permutation is even or odd. 
We shall now group the terms of P(x) according to the factors 
which they contain. Let L denote any one of the 2 >l possible 
sets of integers chosen from among 1, 2 ,..., n and IJ denote the set 
of integers among 1, 2 ,..., n which are not in L. ( L or L' may be 
empty.) Then, by (7), 


(n\= i #= o) 

■L ssL, 'seZ, 1 


( 8 ) 


where 


Thus 

where 


jl - 


y> 


m 


n 4-1 

- 1 n xfri 1 n (—i) /i|1 



r ni c= Jj 

yf tn i 1 # 

(0) 

■ii'ifPK'-'n* 1 - 1 , 

jP m « 1 


(10) 

= — x m ^ rn e L ) 

— +£c m if m e 27, ) 


(11) 


and l is the number of members in L. 
Hence 

1 
I 


ft 


(—iy 


x 

Vi 


x 2 


X 


n 


where 

y L = ( — \)n+l 


y 


n 


y\ 


yi 


Vi 


y\ 


n 


yl, IT (x—yj)’ 

j -1 


( 12 ) 


y i 


y 


n 


VtT 1 


Vn~ X 


(— l) W+? IT ('Ur —Vs)- 

(13) 


In the product (13) we divide the pairs (r, s) in three classes, according 
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to whether I, 2, or none of r ,,s belong to L. Let S x denote the product 
of those factors y r — y s for which (r, ft) belong to the first class: i.e. let 


TT (?/>•—:>/«) 


s* 

r or s c Tj 


«s* ij t v' rj 


Let 


where a(r,s) — (r — s)J\r —<s*|. (14) 

(15) 


8 s = II (■>'* — *r) <WMl 8»= TT (iB r — *,)• 

r c,/ j ,&* Ij rc 7 /,tf 7 / 

r -s r>.s 


TT (//r—z/«) == SiS 2 s 0 . 

1 


Then 

If X has Z members, then So lias \t{l —1) factors and 


(16) 


So = (- TI (*r“**) - (-3 ) m 


1) 


TI ( x r x s) 


r:> « 


r - s 
r * L a nd «s r 
or r* //and. «S' 1 / 


Hence, S, S 3 S„ (- I )>«<-■>'[ [ Cy-; 0 ) f [ 

f ./ r. ?p »• s! 

Combining equations (12), (12), (16), and (IS) we have 

Pn = (-l) lw " 


TT Cv— *>(»',«)' 

rc I/,sL 

(17) 


(18) 


i j 


(•L-.-L-) | I (•**, I d J I (•**, *) 

«s* /v ?*• // r //.*• /v 


• r L:LTd 

:»V : hJ 


(ID) 


Since the function F(.v) is determined apart from a constant 
of proportionality, we shall omit the factor J l ( J 'i x j) * n (*h) and 

choose as the solution 


'I 7 


f,r, .r, 

r i ,s* 


F(.v) > €}'■> 

v 4/ 1 J. i \.r.. a-,./ j. j. 

//.«• /P ' ,s/ *■ i. 


\P'» I *) 


/. 


r* // 


where clonoh's Hie K<*<|uonro of inloy;<'rs 

<;■'> -m,( 0" i,( i)". i u I)” i.( ))">•• 

'Pile analogous solution lor O is 


( 20 ) 


( 21 ) 


< ; w I*- 1 u (> 1 :!•)] T11 <■*■'• *>• 

L V //.S’ /P 1 h/ 8 /, r // 


where e^ f,) denotes the sequence 

I L( 0", L( I)" L I L( 0", - L ( 1)" f... • (22) 

On examining the sequences (21) and (22), we observe that the tortus 
7b, n —2, etc., in F and (/ agree, while! the terms n ■ 1, v 2, etc., are 

of opposite signs. We can, therefore, express A’(.r) and ( /(.r) in the forms 

n<0 '■'„(.,:) | 1 ■) and (i(.v) (•„(.<■) (\(.x), (24) 
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'o 


and 



z=n,(1-2,... 

' 2 <i\. 

2*' 1 terms nL'jeL 




\ a V~ a! j/ 


n 



'sr,s 


rs V 


{x r ~x) (25 


Hr 2 •?> 

W- 1 terms rd'JtcL 


%-{-$ s ) 


\ X r~~ X sl 




where 


sgL 


tgIj 


{z-x), 

(26) 


and 


i "fl for integers of the form n—4n 

1 for integers of the form n~4m~2 
= 0 otherwise, 

^ = + 1 for in %rs of the form n-4m-1 
1 for integers of the form % - 4m —3 
= 0 otherwise. 

From equations (3) and (24) it readily follows that 

Vf ) = hOJ-x,) and OJr) ~ \ m \ ,■ , 

. . 3 11 W-W~xj) 0 = 1 ( 27 ) 

Accordingly, returning to equation m w» ' 

•olutionfor , M and|)inti,form ’ ° X, “ fc g “' 

<M = ! .C.W + , 1 C lW and i W = JlClW+}iCi(l)i (28) 
e 1o a nd gj are arbitrary constants. 
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96. The problem in semi-infinite atmospheres with no incident 
radiation and for scattering according to the phase function 
'£D’q( 1 —1~ x cos0) 

Partial solutions of this problem using very complicated methods have 
been published.! It is, therefore, of some interest to see how very simply 
the angular distribution of the emergent radiation for this problem can 
be found by appealing to a principle of invariance and using the known 
law of diffuse reflection (Chap. VI, § 46). The principle of the method 
has already been described in Chapter XIII, § 88, in the context of 
isotropic scattering. 

The equation of transfer appropriate to the problem is 

: 7(r,/x)-. -Jzir M I I(r, fi)(\-[ Xfifi') dft . (1) 

U.T J 


It is readily verified that this equation admits the integral 

,. , . . 1 | .r( 1 to-Ju/A: , 

1 (t, ft) ; - constant • , r c-'- , 


( 2 ) 


where h is a root of the transcendental equation'! 


1 w» 


1 I ■.»*(! ‘or 0 )/-t a 


a^o 


1 4 


i ^ v 
■»’( 1 **{))’ 


<i n 


lou 


1 I k\ 

"l l l 


-:rtn* 0 (I w () ). 


(») 


Wo therefore seek a solution of equation (1) which satisfies the boundary 
condition, 1(0, -,i) 0 (()■■>• I), (4) 

for no incident radiation, and which has the behaviour 


// „s / 1 I ;r (* 

/(T,,0 k - -<■ .1. 


IS T * I/.). 


O) 


(Z/ 0 is some assigned constant.) 


t B. Davison, Milne Problem in a Multiplying Medium ivith a Linearly Animtropic. 
Scattering, National Research Council <>f Canada, Atomic Knotty Project, Chalk River, 
Ontario (1946). Soo also R. R. Marshak, Pltyn . Hen. 72, 47 (1947). 

J Cf. S. Chandrasekhar, Astrophyn. ,J. 103, 10f> (1946); see pa.rticularly § 3 ol; this 
paper. 
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As in Chapter XIII, § 88, we can obtain the solution lor the emergent 
radiation by writing 

I(r,p) = L„ J*(r, p) (6) 

1 — kjju 

and noting that I*(r, ff-y) (0 /x ^ 1) must result from the reflection 
of/*(r, — [x) (0 <C p ^ 1) by the semi-infinite atmosphere below t. Thus, 

i 

I(n +/*) = i 0 1 e ,„ + g, C -n') dp’, CO 

1—/ty/, 2/x J 

o 

where -cr 0 $<°) is the azimuth independent term in the scattering function 
(cf. Chap. VI, eq. [43]). 

At r = 0, I*(0, —p') = , (8) 

and equation (7) becomes 


Iff-/cp' 


J(0,^) = T 0 


I —f-0?( 1 — w 0 )p//c zcr 0 f /S^p, p') 

2p J 1 ff~7v"p' 


1—A 


:/x 


a;(l— tzr 0 ) , 
1-1 —iL^ 

/D 


clfx' 


(9) 

The integral over $ ( °) which occurs in this expression can be evaluated 
in terms of the known law of diffuse reflection (Chap. VI, § 4b). We 
shall indicate the principal steps in this evaluation. 

First rewriting equation (9) in the form 

f 1 ff-cc(l — /& I"i i ^(1 — ^o) lf ^< 0) (ff>ff') f y /. 

/r 2 J 2/x J Iff-A’p' 


1(0, p) L 0 


V 


1—A 




' __p 


aff 1 — td" 0 ) 


7e 2 


Jp 


J tf<°>(p,p/) dp! j, (10) 


we observe that the (second) integral over $ (0 >(^t, p') can bo evaluated 
directly in terms of known functions (Chap. VI, eqs. [47] and [58]). 
Next, substituting for $ ( °)(p,p') according to Chapter VI, equation (49), 
we obtain after some elementary reductions that 

_ ! | _j_ 1 __ 

k 1 & 2 

l 


J(0,/u) 


+ 1 


D 

[ 


I—&p 

a?(l — w 0 )"|i 
7c 2 

a?(l—nr 0 )li 




\m S) pH(jj.) J —— [1— x(l — -w^pp] dp 


lc* 


■ faoHfa) J 


Eiitl 

Iff -k[A 


t[ 1 — C(pff-p') — x(l — -cr^pp'] dfx >, 


( 11 ) 
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where it will be recalled that //(/x) is defined in terms of the charac- 
teristic function »F(/u) = -J«r„[l+a:(l.-,*•>*]. (12) 

Now according to Chapter VI, equations (46), (49), and (69), 

1 

Wo/iffW f 

J p -he 

0 

1 

= iw 0 f = <AM-1 = J?(/x)(l-OAi)-l. (13) 

J A 4 


Also, rewriting the second integral in (1 1.) in the form 

i 

1 C rr, ^(c-f-^(i — 'nr 0 )gd-A;(l—C/i) 

* J ^)(-r 

0 


• [ c -|-a'( 1 — 'cr () )/r j| dji 


L 

i[c+a:(l — ttr 0 )/a--|-A*( 1 - -ey)J j —i|> | :r(l —'trr 0 )^]ot 0 , (14) 


/ 


we can evaluate the integral 


j 


according to Chapter VI, e<[nation (53). Using the results of these 
evaluations in (I I), wo obtain 
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The quantity in braces on the right-band side ol this equation simplifies 
considerably when use is ma.de of Chapter VI, equations (59) and (61). 
We find: 


urn 


//(,<) 
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>0—O7 0 ) 


)■ 




(17) 


An alternative form of this equation is 

um" w [ > v • 

All the functions and constants which are necessary to make this 
solution determinate are known (Chap. VI, Tables XVI and X VII). 

&59J5.64 q q 
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Absorption coefficient, 5, 355; see also Con¬ 
tinuous absorption coefficient, Mean 
absorption coefficient. 

Absorption lines, see Formation of absorp¬ 
tion lines. 

Albedo, 6 , 81, 124, 209, 325; for reflecting 
surface, 147, 270 ; for single scattering, 6 . 

Angular distribution of emergent radia¬ 
tion, 15, 83; for axially symmetric prob- 
“E non-conservative cases, 346, 
F 'i’ ^ 83 ; for disuse reflection, see Law 
of diffuse reflection; for diffuse reflection 
and transmission, see Law of diffuse re- 
flection and transmission; for isotropic 
scattering, 76, 80, 98, 124, 135; for line 
formation problem, 320, 327; for plane¬ 
tary problem, see Planetary problem- 
for problem with a constant net flux see 
Law of darkening; for Rayleigh scatter- 
mg, -46, -48 ; for Rayleigh’s phase func¬ 
tion, 134, 135; invariance of, 90- reci- 
procity with boundary conditions" 76 

« 9 ° P articIss: Sieving by, 45 et 
s©q , 3 et seq. 

Ai ago point, 281 et seq. 

Asymptotic solution of equation of trans¬ 
fer, 15, 18 19 ‘i 4 d Q QQ 

. . ’ ’ rf44 > 483; invariance 

arising from, 92, 345 , 383. 

Atmosphere: electron scattering, 43 ‘> 34 . 
et seq., 249 ; finite, 12; in local thermo¬ 
dynamic equilibrium, 7; plane-parallel, 
11, scattering, 7; semi-infinite, 12 14 
18; spheriea 1 , 23; stellar, 14, 288, see 
btellar atmosphere. 

Axially symmetric problems in non-con¬ 
servative cases, 18, 20 , 344 , 349 , 383. 

Babinet point, 281 et seq. 

Bessel functions, 339, 369. 

.) r\ 1 ' . . ' " _ 15, 20, 22, 43, 45, 
-91, and interpolation theory, 198 379 

00 S Ten for Principles of invariance, 92 
M;U1 finite approximation, 72, 82 
lob; reciprocity with emergent radia. 
tion, 76, 83, 127, 196, 241, 323. 

Boundary temperature, 293. 

Boundary-value problem, 331, 343 , 357 

Brewster point, 281 et seq. 

Charaoteristio equate. 19 , 89, 105 , 117 , 

lo3, -S.> 344, 349, 363; as a trams, 
cendental equation, 19, 344 , 349 , 383- 

tertaf Tsf' “ Otro i- io 

termg, 71, 81; for -nr 0 (l +■» cos ©), 383; 


for Rayleigh scattering, 237 ; for scat¬ 
tering by anisotropic particles, 285. 
Characteristic function, 105, 183; as defin- 
ing pseudo -problems ’ in transfer theory, 
351 et seq.; conservative case, 107, 187, 
190; for Rayleigh scattering, 246, 253, 
260; for Rayleigh’s phase function, 129, 
130, 143, 220, 222, 226, 352; for 

^ 0 ( 1 +® COS©), 136, 228, 230, 353; for 
l-bur-i. Px(cos©)-f-tirr 2 P 2 (cos ©), 159. 
Characteristic roots, 19, 79, 240, 300, 344, 
363 ; complex, 360 ; relation to zeros of 
Legendre polynomials, 74, 242, 324. 
Chris toff el numbers, 58, 63, 64, 65. 
Compton effect, 328, 335 ; softening of 
radiation by, 329 et seq. 

Compton wave-length, 329, 334. 
Conservative ease, 6, 7; ambiguity in X- 
and i-functions, 190; characteristic 
function for, 107 ; //-functions and in¬ 
tegral equations of Schwarzschild-Milno 
typo, 347 ; inadequacy of principles of 
invariance, 208, 212, 222, 268; /v -inte¬ 
gral, 13, 52, 74, 208, 212, 213, 219, 224, 
234, 279; special integrals in, 107, 108, 
109, 187, 188; X- and X-functions in, 
190 et seq. 

Conservative scattering, (}; flux integral 
for, 10, 74 213, 224, 234, 246, 279, 290, 
-97, 315, 331; isotropic, 15; Rayleigh 
scattering, 35; Rayleigh’s phaso func¬ 
tion, 17. 

Continuous absorption coefficient, 288; 
dependence on wavo-Iongth of solar, 307 
et seq., 316; mean, 291, 298, 300, 312 
et seq.; of H~, 310; of hydrogen, 312; 
role of, in lino formation, 321; stellar, 
303 et seq. 

Continuous spectrum, of a stellar atmo¬ 
sphere, 288 ; analysis of, 304 et seq.; 
intensity distribution in sun, 303. 

Darkening, see Law of darkoning. 

Density of radiation, 3, 4. 

Depolarization factor, 49, 50, 233 282 
Diffuse radiation, 22. 

Diffuse^ reflection, 20 ; equation of transfer 
for, 22, 150; for conservative isotropic 
scattering, 86, 125, 147, 148; for iso¬ 
tropic scattering, 80 et seq., 88, 124, 140, 
147, 149; for Rayleigh scattering, 254 
et seq.; in accordance with general phase 
function, 149 et seq.; in accordance with 
Rayleigh’s phase function, 101 et seq.. 
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128 et seq., 132; in accordance with 
-dToCl+a; cos ©), 99 ot seq., 138, 140 ot 
seq.; in accordance with 1 ~\~ur l P 1 (oos 0) 
H-zo- 2 P z (coa 0), 158; principle of reci¬ 
procity, 94; see Diffuse reflection and 
transmission. 

Diffuse reflection and transmission, 20, 208 
et seq.; effect of ground on, 270 ; equa¬ 
tion of transfer for, 22, 150; expressed 
in terms of X- and Y-functions, 181,209, 
213, 226, 230, 267, 268 ; flux of, 273, 274, 
278, 279; for Rayleigh scattering, 249 et 
seq., 265 et seq., 286 ; for Rayloigli’s law, 
44; for Rayleigh’s phase function, 219 
et seq.; for tet 0 (1 + ee eos0), 227 ot seq.; 
in Schuster’s problem, 319; planetary 
problem, 270; principle of reciprocity 
in, 172; standard problem in, 22, 233, 
269. 

Diffuse transmission, 20 ; sec Diffuse reflec¬ 
tion and transmission. 

Diffusion of imprisoned radiation, 354, 
371. 

Dirac’s S-function, 332, 341. 

Doppler effect, 335, 343. 

Effective temperature, 290; of sun, 301. 
Einstein coefficients, definition of, 354. 
Electron scattering, 36, 343; broadening 
of lines by, 334 et seq.; Dirac's formula, 
fox*, 336; Doppler effect duo to, 335; 
importance in stellar atmospheres, 43, 
249; softening of radiation by, 328 ot 
seq. 

Electron scattering atmosphere, 43; IIdi ¬ 
ner’s observations on, 249; law of 
darkening in, 245 ot, seq.; polariy.nt.inn 
of emergent radiation, 247 et seq. 
Elimination of the constants, 77, 84, 127, 
158, 197, 241, 286, 323. 

Elliptic equation, 331. 

Emergent flux, as an integral over source 
function, 57, 304, 305, 314 ; in absorp¬ 
tion lines, 320, 327. 

Emergent intensity, in continuous spec¬ 
trum of stars, 304 ot seq. ; in absorption 
lines of stars, 320, 327. 

Emission coefficient, 7; Kirehhoff, 8, 288. 
Equation of transfer, 1, 8 ot seq.; bound¬ 
ary conditions for, 15, 20, 22, 4 3, 45, 
291, 356, 357; for an electron scattering 
atmosphoro, 43, 234; for broadening by 
electron scattering, 337; for diffuse re¬ 
flection and transmission, 22, 44 ; for 
diffusion of imprisoned radiation, 356; 
for general phaso function, 150; for inte¬ 
grated intensity, 293, 296; for isotropic 
scattering, 15, 70; for line formation, 


322; for local thermodynamic equili¬ 
brium, 289, 292 ; for plane-parallel prob¬ 
lems, 11; for Rayleigh’s law, 37 et seq.; 
for softening of radiation by Compton 
scattering, 329; for sphei'ically sym¬ 
metric case, 23, 364 et seq.; formal solu¬ 
tion of, 9, 76, 83, 196, 240, 289, 294; 
Fourier transform of, 338 ; fundamental 
solutions of, 357 ot seq.; in finite ap¬ 
proximations, 56, 70, 151, 195, 235, 294, 
297, 322, 330, 339, 360, 364; in (2, 1) 
approximation, 299; in (2,2) approxi¬ 
mation, 300 et seq.; orthogonality of the 
solutions of, 357 ; particular integrals of, 
81, 154; ‘pseudo’-, 351 ot seq.; induc¬ 
tion of, for Rayleigh scattering, 249, 
250, 254; replacement by systems of 
linear equations, 54 et seq., 68; special 
solutions of, 14, 19, 344, 383. 

Exponential integral, 16, 347 et seq., 373 
et seq. 


Finite atmosphere, 12, 156, 195 ; principles 
of invariance for, 161 et seq. 

Flux: derivatives of, 290; distribution in 
sun, 303; evaluation by quadrature 
formula, 65 ot seep, 315; in diffuse reflec¬ 
tion and transmission, 273, 279; inte¬ 
gral, 1 1, 13, 74, 213, 224, 234, 273, 279, 
366; integrated 290; monochromatic, 
295 ; not, 2 ; of radiation in a grey atmo¬ 
sphere, 295. 

Formation of absorption lines, 318, 321, 
342, 343 ; broadening of, 342. 

Fourier transform, 338 ot. seep 

Function, FAr, f i), 203, 207, 375 


a. .. 203, 267, 376, 378; see 


' ii.vi ' ' 'ii.in' 

functions and 


378; 
//- 


X- and .1"-functions. 


(laussian division, 62; differentiation for¬ 
mula based on, 365. 
daussian weights, 56, 62. 

(lauss’s quadrature formula., 56, 61, 62, 71 
dream’s theorem, 332. 

droy stellar atmosphere, 291 ; boundary 
temperatures of, 293; llux of radiation 
in, 295; law of darkening in, 293; radia¬ 
tive equilibrium of, 293 et Heap 
dround corrections, 270; matrix repre¬ 
senting, 279 ; on illumination of sky, 281 
eff. seq.; on law of diffuse reflection and 
transmission, 273. 

1 C“, 288 ; as a source of oontimmus absorp¬ 
tion in stellar atmospheres, 308 et seep, 
31 6 ; eoniinuoiiM absorption coefficient eif, 
310, 316; electron affinity of, 288, 309; 
in model stellar atmospheres, 311 ot seep 
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//-equation, 105; alternative forms of, 107, 
109; explicit solution of, 115 et seq.; 
general solution of, 123; in finite ap¬ 
proximation, 110 et seq.; relation to 
H -functions in finite approximation, 110 
et seq.; uniqueness of the solution of, 
122, 123. 

//-functions, 77, 97 et seq., 105 et seq.; an 
identity governing, 84, 112, 116; as 
Laplace transforms, 347 et seq.; as law 
of darkening for ‘pseudo-problem’, 351; 
as limit of //-functions, 183, 186; ex¬ 
plicit solution for, 115 et seq.; for iso¬ 
tropic scattering, 124 et seq.; for prob¬ 
lem of line formation, 325; for Rayleigh 
scattering, 248, 261; for Rayleigh’s 
phase function, 132; for ■nr 0 (l + cos 0), 
139, 141; in conservative case, 107, 108, 
117, 347; in finite approximation, 77, 
89, 110 et seq.; in non-conservative case, 
117, 349; integral equation for, 105; 
integral properties of, 106 et seq., 130, 
133, 136, 256; moments of, 106; pole of, 
122, 350 ; practical method for evaluat¬ 
ing, 123; representation as a complex 
integral, 114, 117; tables of, 125, 132, 
139, 141, 248, 261; tables of moments 
of, 126, 133, 141, 248, 328; uniqueness 
of, in conservative cases, 123. 

Helmholtz’s theorem, 176, 182; see also 
Principle of reciprocity. 

Hopf-Bronstein relation, 78, 88, 109; ana¬ 
logues of, 109, 134; derivation of, from 
principles of invariance, 98. 

Hyperbolic equation, 343. 

Hydrogen-metal ratio, 311. 

Identities, 73, 78, 83, 87, 112, 116, 245. 

Integral equation: generalized Sehwarz- 
schild-Milne type, 347, 349; for /T-fune- 
tions, 97, 105 et seq.; for law of darken¬ 
ing, 96; for problems with spherical 
symmetry, 24; for Rayleigh’s phase 
function, 18; for scattering and trans¬ 
mission functions, 169 et seq., 178 et 
seq.; for scattering and transmission 
matrices, 170, 265; for scattering func¬ 
tion, 94, 99 et seq.; for scattering 
matrix, 103, 255; for source function, 
10; for X- and E-functions, 181, 183; 
Schwarzschild-Milne, 17, 93; systems of, 
100, 103, 180, 220, 221, 227, 255, 265, 
266; see also Reduction of integral equa¬ 
tions. 

Integro-differential equation, 9, 54; re¬ 
ducible directly in terms of H- or X- and 
E-functions, 252, 353. 

Intensity: average, 4; evaluation of, 65, 


305 ; expansion of, in terms of Legendre 
polynomials, 366; integrated, 2; inward, 
12; outward, 12; specific, 1. 

Interpolation theory, a problem in, 198, 
379 et seq.; see also Lagrange’s formula. 

Isotropic scattering, 6, .15, 70 et seq. ; 
characteristic equation for, 19; con¬ 
servative case of, 15, 18; constants of 
integration for, 78, 79; diffuse reflection 
and transmission on, 180, 195 et seq.; 
diffuse reflection on, 80 et seq.; diffusion 
of imprisoned radiation, 354; equation 
of tx’ansfer for, 15, 18, 22; equation of 
transfer for, in finite approximation, 70, 
81; integral equations for, 96 et seq.; 
pro blem with a constant net flux for, 70 ; 
Schwarzschild-Milne integral equation 
for, 16, 346; source function for, 75, 83. 

//-integral, 13, 52, 74, 219, 234; in diffuse 
reflection and transmission, 213, 224, 
279 ; in spherical atmospheres, 368 ; role 
in resolving the ambiguity in principles 
of invariance, 208, 212, 224, 269. 

Kirchhoff’s law, 8, 288, 321. 

Lagrange’s formula, 58, 111. 

Lambert’s law, 147, 148, 270. 

Laplace transform, 346 ; of Schwarzschild- 
Milne integral equation, 347, 349. 

Law of darkening: definition of, 15; de¬ 
pendence on wave-length, 303; exact, 
98, 135, 248; for conservative isotropic 
scattering, 77, 80, 124, 135; for non¬ 
conservative scattering, 346, 385; for 
‘pseudo-problems’, 351 et seq.; for Ray¬ 
leigh scattering, 245, 247 et seq.; for 
Rayleigh’s phase function, 133, 135; in 
a stellar atmosphere, 304 et seq.; in sun, 
303; in terms of H-f unctions, 98, 134, 
159; invariance of, 91, 92, 133. 

Law of diffuse reflection: for isoti-opic 
scattering, 85, 86, 97, 124, 140, 147 et 
seq.; for Rayleigh scattering, 259 et 
seq.; for Rayleigh’s phase function, 132, 
143 et seq.; for ur 0 (l-i-aJ cos 0), 138, 140 
et seq., 148, 149, 160; for 

1 +ZEFi P 1 (cos 0) /' , 2 (cos ©), 

158; illustrations of, 147 et seq., 262 et 
seq.; invariance of, 90; of natural light 
on Rayleigh scattering, 261 ; of primary 
scattering, 145 et seq. 

Law of diffuse reflection and transmission: 
effect of ground reflection on, 269, 273, 
279; for conservative isotropic scatter¬ 
ing, 213 et seq., 218, 231 et seq.; for 
non-conservative isotropic scattering, 
181, 201, 209, 216 et seq., 232; for 
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Rayleigh scattering, 265 ot soq.; for 
Rayleigh’s phase function, 226; for 
w 0 ( 1+x cos 0), 230 ; illustrations of, 231 
et seq.; invariance of, 170. 

Legendre polynomials: addition theorem 
of, 150; differentiation formula based 
on., 365; expansion in terms of, 1, 149, 
366; quadrature formula based on, 01 ; 
relation to characteristic equation, 74, 
242, 324; zeros of, 62. 

Light scattered once, 145 ot scq., 216 ot 
seq,; as a basis for the approximate 
solution of X- and Inequations, 202, 207. 

Line scattering coefficient, 3IS. 

Local thermodynamic equilibrium, 7, 2SS ; 
as a basis for the analysis for continuous 
spectrum of stars, 288; equation of 
transfer for, 289; source function for, 8. 

Lommel’s equation, 369. 

Mass absorption coefficient, f>. 

Maximum-modulus theorem, 122. 

Mean absorption coefficient, 29L ; in stellar 
atmospheres, 3.12 et soq.; method of 
defining, 298, 300. 

Mean intensity, 4, 293; evaluation by 
quadrature formula, 65 ot soq. ; in a grey 
atmosphere, 294; in a slightly non-grey 
atmosphere, 299; in a. spherical atmo¬ 
sphere, 370; in the problem of impri¬ 
soned radiation, 359, 363 et seq. 

Milne-Eddington problem, 321,313; exact 
solution for, 327. 

Model stellar atmospheres, 311 et soq.; 
early work on, 316, 317. 

Molecular scattering, 38, 53; classical 

theory of, 45 ot soq.; ,srr also Rayleigh 
scattering. 

Natural light, 30 et seq, ; diffuse reflection 
of, on Rayleigh scattering, 261 et soq.; 
principle of reciprocity for, 176; Ray¬ 
leigh scattering of, 35. 

Negative hydrogen ion, see 11. 

Net flux, see Flux. 

Neutral points, 26 1 , 28 1 et seq. 

Non-conservative scattering, 18, 34 1 , 383. 

Non-uniquonoss of the solut ion of A' - and 
Inequations, 190; of the integral equa¬ 
tion derived from the principle of in- 
varianco, 208, 212, 222, 268. 

Opposite polarization, 31, 34, 

Optical equivalence, 29, 

Optical thickness: definition of, 9; in a 
moan absorption cooflieiont, 291; nor¬ 
mal, 12; varying as in versts j sower of r, 
368 ct soq. 


ParsevaPs formula, 340. 

Pencil of radiation, ]. 

Perfect scattering, sec Conservative scat¬ 
tering. 

Phase function, 5; expansion in Legendre 
polynomials, 7, 149, 177 ; inadequacy of 
the concopt of, 2(54, 2 86; Rayleigh’s, 0 ; 
see also Rayleigh’s phase function ; 
to- 0 (1 +x cos ©), see Phase function 
ot 0 (1 +x cos 0); !+to* 3 P 1 (cos ©)+■ 

t ir a P 2 (cos©), 157. 

Phase function ^r 0 (l + x cos 0), 6; axially 
symmetric problem in semi-inf ini to at¬ 
mospheres, 383 ot seq.; characteristic 
equation for, 383; diffuse reflection and 
transmission in accordance with, 227 ot 
scq.; diffuse reflection in accordance 
with, 99 ot soq., 135 ot soq. 

Phase matrix, 37, 40, 103, 170, 250, 275, 
280; for Rayleigh scattering, 37, 42; for 
resonance lino scattering, 50 et soq.; for 
scattering by anisotropic particles, 49 ; 
roducibility of, 42; symmetry of, 173. 

Photos]>heri<5 surface, 318, 321. 

Planck function, 8, 288. 

Plane of scattering, 24. 

Plane-parallel atmosphere, 1.1, 13, 

I Monetary atmospheres, illumination of, 
44, 231, 270 ot soq. 

Planetary problem, 279; for scattering 
according to phase function, 274 <4. soq.; 
for scattering according to phase mat rix, 
279 et seq.; reduction to standard prob¬ 
lem, 270 ot soq., 286. 

.Polarizability tensor, 46. 

Polarization: degree of, 25, 247 ; olliptieity 
of, 25, 27 ; of sky, sec also Sky ; opposite, 
31 ; plane of, 25, 27, 

Polarized light : nllipticuUy, 25, 175, 260; 
independent streams of, 29 ; left-handed, 
26; oppositely, 31 ; optically equivalent, 
29; representation of, 24 et seq., 31, 33; 
resolution into oppositely polarized 
beams, 33, 34, 175; right-handed, 2(5; 
Stokes parameters of, see Stokes para¬ 
meters; Stokes’s theorem on, 32. 

Principle of reciprocity, 21, 42, 94, 17.1 of 
seq.; allowing for polarization, 173 ot 
seq., 182; for ollipfically polarized light, 
175; for matter waves, 182; for natural 
light, 1 76 ; for plane polarized light, 174, 

Principles of invariance, 89 ot seep, 1.04, 
127, 133, 161 <4 seq., 182; allowing for 
polarization, 103, 179; arising from 

asymptotic solution at inlinity, 92, 104, 
344, 383 ; as n guide for solving systems 
of integral equations, 127, 208; as de¬ 
fining * p sou d o -pro b to m s ’ in transfer 
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theory, 353; as necessary conditions, 
208 ; for finite atmospheres, 161 et seq., 
170; for semi-infinite atmospheres, 89 et 
seq., 165, 166; insufficiency in conserva¬ 
tive cases, 208, 212, 222, 268; mathe¬ 
matical formulation of, 90 et seq., 162 
et seq.; of Stokes-Rayleigh, 104; role of 
iT-integral in, 208, 212, 219, 224, 269. 
Problem with a constant net flux, 14; for 
an electron scattering atmosphere, 234 
et seq.; for general phase function, 156; 
for isotropic scattering, 15, 70 et seq., 
97, 127; for Rayleigh scattering, 234 et 
seq.; for Rayleigh’s phase function, 17; 
for Thomson scattering, 43, 234 et seq.; 
for 1-t-TUi jP 1 (cos©)+'nr 2 P 3 (cos©), 159. 
Problem with a constant net <X>, 351, 352. 
Problems with spherical symmetry, 23, 
364 et seq., 371. 

‘Pseudo-problem’ in transfer theory, 351 
et seq. 

Quadrature formula, 54 et seq., 68; based 
on Laguerre polynomials, 57, 64; con¬ 
struction of, 57 et seq.; for mean in¬ 
tensities and fluxes, 57, 65 et seq.; 
Gauss’s, 56, 61; Radau’s, 63; Reiz’s, 66 
et seq., 315. 

Radiation: density of, 3; integrated energy 
density, 4. 

Radiation field: axially symmetric, 2; dif¬ 
fuse, 22; division into streams, 55; 
homogeneous, 1; in finite atmosphere, 
161 et seq.; in semi-infinite atmosphere, 
165, 166; in spherical atmosphere, 370; 
in stellar atmosphere, 295; isotropic, 1; 
reduced, 22, 162; spherical symmetric, 2. 
Radiative equilibrium, 290; condition of, 
290; of a grey atmosphere, 293 et seq.; 
of a slightly non-grey atmosphere, 296 
et seq.; of a stellar atmosphere, 288 et 
seq., 315. 

Rayleigh scattering, 35 et seq., 233 et seq.; 
as a basis for illumination of sky radia¬ 
tion, 44, 233, 280 et seq.; phase matrix 
for, 37, 42, 250. 

Rayleigh’s phase function, 6; diffuse re¬ 
flection and transmission in accordance 
with, 219 et seq.; diffuse reflection in 
accordance with, 101 et seq., 128 et seq.; 
error in the concept of, 264,286 ; problem 
with a constant net flux, 17, 133 et seq. 
Rayleigh’s phase matrix, 37; an integral 
property of, 251; explicit form of, 42, 
250 ; reducibility of, 249. 

Reciprocity, principle of, see Principle of 
reciprocity. 


Recursion formulae: for D m , 73, 236; for 
D\% 152; for yf, 155; for #», 153, 156. 

Reduced incident radiation, 22, 162. 

Reduction of integral equations, 99, 101, 
130, 137, 177, 221, 227, 256, 265. 

Reflection effect, 88. 

Residual intensity, 320, 327, 328. 

Reversing layers, 318, 321. 

Scattering, 5 ; by anisotropic particles, 45, 
282; by free electrons, 36, 43, 249, 328, 
334; coefficient, 5; conservative, 6; 
plane of, 24; primary, 145, 202, 216, 
263; Rayleigh, 35 et seq.; resonance 
line, 50 et seq., 282 et seq.; theory of 
light, 53; Thomson, 35, 36. 

Scattering and transmission functions: 
ambiguity in, 208, 212, 224, 268; expan¬ 
sion of, in Fourier series, 177 ; expression 
in terms of X- and F-functions, 209, 
226, 230; expression of, in functions of 
one variable, 180; for isotropic scatter¬ 
ing, 181, 201, 209, 213; for planetary 
problem, 273 et seq.; for Rayleigh’s 
phase function, 220 et seq. ; for 
tet 0 (1 +* cos ©), 227 et seq.; integral 
equations for, 169 et seq., 178 et seq.; 
resolution of ambiguity in, 214, 224, 
268; symmetry of, 172. 

Scattering and transmission matrices: ex¬ 
pression in terms of X- and Y- functions, 
267, 268; for planetary problem, 279, 
280; form of, for Rayleigh scattering, 
252 et seq., 265 et seq.; integral equa¬ 
tions for, 170, 265; reducibility with 
respect to ellipticity of, 249; symmetry 
°f, 173. 

Scattering atmosphere, definition of, 7; 
source function for, 8; the JC-integral 
for, 13; see also 1C-integral. 

Scattering function, 20, 161 ; expression of, 
in terms of H-functions, 85, 86, 124, 132, 
138, 140, 143, 158 ; for diffuse reflection 
of natural light and Rayleigh scattering, 
261 ; for isotropic scattering, 85, 140 ; for 
Rayleigh’s phase function, 101, 128, 132, 
143; for w 0 ( 1-fa: cos ©), 99, 135, 138, 
140; integral equation for, 92 ©t seq.; 
symmetry of, 95, 176; see Scattering and 
transmission functions. 

Scattering matrix, 44, 103; for Rayleigh 
scattering, 260, 261; form of, for Ray¬ 
leigh scattering, 252 et seq.; integral 
equation for, 103, 255; symmetry of, 173, 
176; see Scattering and transmission 
matrices. 

Schuster’s problem, 318, 342, 354; solution 
of, in terms of X- and Y -functions, 320. 
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Schuster-Schwarzschild method of ap¬ 
proximation, 55, 330, 339, 363, 366. 

Schwarzschild-Milne integral equation, 17, 
52, 93, 344; generalized, 347; relation to 
//-functions, 346 ot seq.; special solution 
of, 19, 350. 

Semi-infinite atmosphere, 12, 14, 159; 

axially symmetric problems in non-con¬ 
servative cases, 18, 20, 344, 383; prin¬ 
ciples of invariance for, 89 ot soq.; role 
of /[-functions in, 105; under conditions 
of radiative equilibrium, 291; .see Prob¬ 
lems with a constant not flux. 

Sky, illumination and polarization of, 280 
et seq., 286; basic problem in, 44, 270; 
neutral points in, 281 ot soq. 

Source function: definition of, 8; for a 
scattering atmosphoro, 8, 10; for an 
electron scattering atmosphere, 240; for 
broadening of linos by electron scatter¬ 
ing, 337 ; for diffuse reflection and trans¬ 
mission, 93, 167 ; for isotropic scattering, 
75; for local thermodynamic equili¬ 
brium, 8, 288; for ‘pseudo-problem’, 
351; for Rayleigh scattering, 38, 40; for 
softening of radiation by Compton scat¬ 
tering, 329; integral equation for, 10. 

Spherical atmosphere, 23, 371 ; a problem 
of radiative transfer in, 364 ot seq.; 
solution in first approximation, 36(5; 
solution in second approximation, 367 
et seq. 

Spherical harmonies, see- Legendre poly¬ 
nomials. 

Spherically symmetric problems, 23, 364 
et seq., 37.1. 

Standard problem, in diffuse reflection and 
transmission, 22, 233, 2(59, 273; reduc¬ 
tion of planetary problem to, 2(59 ot soq. 

Standard solutions, of X- and V-oquu- 
tions, 191, 20(5, 222; for isotropic scat¬ 
tering, 212, 319; for .Rayleigh scattering, 
268 ; for Rayleigh’s phase function, 222 ; 
properties of, 192, 194. 

Stellar atmosphere, 14; continuous spec¬ 
trum of, see Continuous spectrum; grey, 
291; see also drey stellar atmosphere; 
in local thermodynamic equilibrium, 
289; slightly non-grey, 296 oh soq., 304 ; 
temporaturo distribution, see, Tempera¬ 
ture distribution. 

See Model stollar atmospheres. 


Stokes parameters, 27 et seq., 36, 38, 47, 
53, 233, 249, 265; additivity property 
of, 29; for a mixture of independent 
streams, 29; for an arbitrarily polarized 
light, 28 et soq.; for ©lliptically polarized 
light, 27; law of transformation of, 34 
et seq., 39, 173. 

Stokes’s theorem, 31 et seq. 

Temperature distribution, in a stellar 
atmosphere: equation governing, 289 ot 
seq.; in a groy atmosphoro, 293 et seq.; 
in a slightly non-grey atmosphere, 296 
et soq.; in the sun, 314. 

Thermodynamic equilibrium, 7; see also 
Local thormodynamic equilibrium. 

Thomson scattering, 35, 43, 249, 329, 336. 

Transmission function, 20, 161; see also 
Scattering anti transmission functions. 

Transmission matrix, 44, 170; sec also 
Scattering and transmission matrices. 

True absorption, 5. 

Uniqueness: of //-functions, 123; ques¬ 
tions of, 208. 

Variation of parameters, 296. 

Weight functions, 302. 

X- and V-oquations, 181; alternative 
forms of, 184; non-uniqueness in con¬ 
servative case, 190 ot soq.; standard 
solutions of, 191, 212, 222, 2(58, 319; 
solution, by iteration, 202. 

A”- and Y- functions, 181, 183 ot soq.; a 
meaning for, in isotropic case, 211; cor¬ 
rection of approximate solutions, 204; 
for isotropic scattering, 181, 205, 20(5, 
21(5 otsoq.; for Rayleigh scattering, 253, 
251, 2(58; for .Rayleigh’s phase function, 
220, 222 ; for small values of iq, 202 ; for 
tJ7 „(H-.t cos(**)), 227, 228; in conserva¬ 
tive ease, 187 ; integral properties of, 186 
et, seq.; integro-clifforential equations 
for, 184 et seq.; moments of, 183, 203; 
rational representation of, 194 et soq., 
201; relation to //-functions, J83, 18(5; 
solut ion of Schuster’s problem in terms 
of, 320. 

V-functions, see, X- and Y-funotions. 



INDEX OE DEFINITIONS 


Albedo for reflection, by surface, 147. 
Albedo for single scattering, 6. 

Anisotropic particle, 45. 

Average intensity, 4. 

Axially symmetric problem in non-con¬ 
servative cases, 20, 383. 

Boundary temperature, 293. 

Characteristic equation, 19, 105. 
Characteristic function, 105. 

Characteristic root, 19, 105. 

Christoff el numbers, 58. 

Compton effect, 328. 

Conservative case, 6, 107. 

Degree of polarization, 247. 

Density of radiation, 3. 

Depolarization factor, 49. 

Differentiation formula, 365. 

Diffuse radiation field, 22. 

Diffuse reflection and transmission, 20. 

Effective temperature, 290. 

Einstein coefficients, 354. 

Elliptically polarized beam, 25. 

Emission coefficient, 7. 

Equation of transfer, 9. 

Exponential integral, 16. 

Finite atmosphere, 12. 

Flux integral, 11. 

Function Fj(r, p), 203. 

Functions G n%m and &' nM , 203. 

Gaussian division, 62. 

Gaussian weight, 62. 

Gauss’s quadrature formula, 61. 

Grey atmosphere, 291. 

Ground correction, 273, 279. 

B-equation, approximate form of, 110. 
if-equation, exact form of, 105. 
if-function, exact definition, 105. 
if-function, in finite approximation, 105. 
Hopf-Bronstein relation, 78. 

Independent streams of light, 29. 

Integral equations of the Schwarzsehild- 
-Milne type, 347. 

Integrals I (a, fi) and F(a, /3), 305. 
Integrated energy density, 4. 

Integrated intensity, 2. 

Isotropic scattering, 6. 


if-integral, 13. 

Lambert’s law, 147. 

Laplace transform, 347. 

Law of darkening, 15. 

Local thermodynamic equilibrium, 7. 
Lommel’s equation, 369. 

Mass absorption coefficient, 5. 

Mass scattering coefficient, 5. 

Mean absorption coefficient, 298. 
Milne-Eddington model, 321, 343. 

Model stellar atmosphere, 31 1. 

nth approximation, 62. 

Natural light, 31. 

Net flux, 2. 

Neutral points of Arago, Bnbinot tmd 
Brewster, 281. 

Normal optical thickness, .12. 

Opposite polarization, 31. 

Optical equivalence, 29. 

Optical thickness, 9. 

Phase function, 5. 

Phase matrix, 37, 40. 

Plane of scattering, 24. 

Plane-pa,rallol atmosphere, 1 1. 

Planetary problem, 270. 

Polarizability tensor, 46. 

Principle of reciprocity, 172 ot seq. 
Principles of invariance, 90, 162-6. 
Problem with a constant net flux, 14. 

‘ Pseudo-problems ’ in transfer theory, 
351. 

Quadrature formula, 56. 

Badial optical thickness, 367. 

Badiative equilibrium, 290. 

Bayleigh scattering, 35. 

Bayleigh’s phase function, (!. 

Bayleigh’s phase matrix, 37, 42. 

Beduced incident radiation, 22. 

Besidual intensity, 320. 

Scattering atmosphere, 7. 

Scattering function, 20. 

Scattering matrix, 44. 

Schuster’s problem, 318. 

S ch warzsch i Id -Mi In e integral equation, 

Semi-infinite atmosphere, 12. 
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